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Streszczenie

W tej rozprawie prezentujemy wyniki dotyczace znajdowania najliczniejszych
skojarzen oraz ograniczonych t-skojarzen w pewnych klasach grafow.

W rozdziale 2 rozwazamy trzy nastepujace problemy w grafach podkubicznych:
problem wazonego skojarzenia bez trojkatow (tzn. problem wazonego Cs-wolnego
2-skojarzenia), problem wazonego 2-skojarzenia bez kwadratow, w ktorym chcemy
znalez¢é najciezsze 2-skojarzenie bez kwadratow, ale potencjalnie zawierajace
trojkaty, oraz problem wazonego Cy-wolnego 2-skojarzenia. W dwoch ostatnich
problemach zakladamy ze funkcja wagowa jest indukowana przez wierzchotki
na kazdym kwadracie grafu wejsciowego. Przedstawiamy prosty algorytm kom-
binatoryczny dla tych problemoéw, ktory uzywa jednego obliczenia najciezszego
b-skojarzenia dla b € {0, 1,2}V, gdzie V oznacza zbiér wierzchotkow grafu we-
jsciowego. Czas dzialania naszego algorytmu to O(n?logn). Jesli graf jest
niewazony, czas dzialania zmniejsza sie do O(n®/2). Wyniki przedstawione w
rozdziale 2 zostaly opublikowane w Information Processing Letters [PW21b].

W rozdziale 3 przedstawiamy proste algorytmy kombinatoryczne dla wersji
wazonej oraz niewazonej problemu t-skojarzenia bez K;,; w grafach dwudziel-
nych dla t > 2. W wersji wazonej zakladamy ze wagi krawedzi sg indukowane
przez wierzchotki na kazdym podgrafie izomorficznym z K;;. Oproécz bycia
znacznie prostszymi, nasze algorytmy sa réwniez szybsze od tych znanych wczesnie;j.
Dla problemu niewazonego 2-skojarzenia bez kwadratéw, nasz algorytm dziata
w czasie O(nm), gdzie n oznacza liczbe wierzchotkow a m liczbe krawedzi. Dla
wazonej oraz niewazonej wersji problemu ¢-skojarzenia bez K, prezentujemy
algorytm o czasie dzialania, odpowiednio, O(tnm+t*n? log n) oraz O(nm+tn?).
Wyniki przedstawione w rozdziale 3 zostaly opublikowane na 29th Annual Eu-
ropean Symposium on Algorithms [PW21a].

W rozdziale 4 przedstawiamy proste algorytmy kombinatoryczne dla wazonej

oraz niewazonej wersji problemow ograniczonego t-skojarzenia oraz t-skojarzenia



bez KP

q )
W wersji wazonej zaktadamy, ze wagi krawedzi sa nieujemne oraz indukowane

oba w grafach o maksymalnym stopniu co najwyzej t + 1 dla ¢t > 3.

przez wierzchotki na kazdym zakazanym podgrafie. Przedstawione algorytmy sa
pierwszymi dla wazonych wersji tych problemoéw. Czas dzialania naszych algo-
rytméw to O(min{nmlogn,n3}). Ponadto, w wariancie niewazonym, nasze al-
gorytmy dzialaja w czasie O(y/nm) i sa szybsze niz te znane wezesniej. Wstepna
wersja wynikow przedstawionych w rozdziale 4 jest dostepna na arXiv [PW24].

W rozdziale 5 przedstawiamy prosty algorytm kombinatoryczny dla prob-
lemu doskonalego skojarzenia w multigrafach kubicznych bez mostow. Algo-
rytmy Biedl, Bose, Demaine i Lubiw [BBDLO1| oraz Diksa i Stanczyka [DS10]
sa efektywnmi implementacjami dowodu Frinka [Fri26]. Chociaz oba sa w miare
proste (patrz sekcja 5.2), czesé ich ztozonosci ukryta jest w pelni dynamicznej
strukturze dla (krawedziowej 2-)spéjnosci. Udowadniamy ze da sie tego uniknad,
i prezentujemy implementacje ktora uzywa tylko struktury do utrzymywania
dynamicznego drzewa, takiej jak drzewo link-cut. To prowadzi do prostego i
niezaleznego algorytmu, ktory dziala w deterministycznym czasie O(nlogn) bez
korzystania z zadnych operacji bitowych. Wyniki przedstawione w rozdziale 5
zostaly opublikowane na 32nd Annual European Symposium on Algorithms [GW24].

Prezentujemy dwa dodatkowe rezultaty dotyczace skojarzen w rozdziale 6.
Wyniki zaprezentowane w sekcji 6.1 nie zostaly opublikowane. Wyniki przed-
stawione w sekcji 6.2 zostaty opublikowane na 29th Annual European Sympo-
sium on Algorithms [PW21a].



Abstract

In this thesis we show several results connected to finding maximum size match-
ings and restricted ¢t-matchings in some graph classes.

In Chapter 2 we consider the following three problems in subcubic graphs:
the weighted triangle-free 2-matching problem (i.e. the weighted Cs-free 2-
matching problem), the weighted square-free 2-matching problem, in which we
want to find a maximum weight 2-matching without any squares, but possibly
containing triangles and the weighted Cy-free 2-matching problem. In the last
two problems, we assume that the weight function is vertex-induced on every
square of the input graph. We present a simple combinatorial algorithm for
these problems that use one computation of a maximum weight b-matching for
b€ {0,1,2}V, where V denotes the vertex set of the input graph. The running
time of our algorithm is O(n?logn). If the graph is unweighted, then the run
time of this algorithm becomes O(n?/?). The results presented in Chapter 2
were published in Information Processing Letters [PW21b].

In Chapter 3 we present simple combinatorial algorithms for the weighted
and unweighted version of the K ;-free t-matching problem in bipartite graphs
for ¢ > 2. In the weighted version, we assume that the weights of edges are
vertex-induced on every subgraph isomorphic to K;,;. In addition to being
significantly simpler, our algorithms are also faster than those known previ-
ously. For the unweighted square-free 2-matching problem our algorithm has
running time O(nm), where n denotes the number of vertices in the graph
and m the number of edges. For the weighted/unweighted version of the K ;-
free t-matching problem we give an algorithm with running time, respectively,
O(tnm +t*n%logn) and O(nm +tn?). The results presented in Chapter 3 were
published at the 29th Annual European Symposium on Algorithms [PW21a].

In Chapter 4 we present simple combinatorial algorithms for the weighted

and unweighted versions of both the restricted {-matching problem and the K?-
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free t-matching problem, both in graphs of maximum degree at most ¢ + 1 for
t > 3. In the weighted setting we assume that the weights of the edges are
nonnegative and vertex-induced on every forbidden subgraph. The presented
algorithms are the first ones for the weighted versions of these problems. The
running time of our algorithms is O(min{nmlogn,n®}). Moreover, for the
unweighted version, our algorithms work in O(y/nm) time and are faster than
those known previously. A preprint of the results presented in Chapter 4 is
available on arXiv [PW24].

In Chapter 5 we present simple combinatorial algorithm for the perfect
matching problem in bridgeless cubic multigraphs. The algorithms of Bied],
Bose, Demaine, and Lubiw [BBDLO01] and Diks and Stanczyk [DS10] can be
seen as efficient implementations of Frink’s proof [Fri26]. While both are rea-
sonably simple (see Section 5.2), they arguably hide some of their complexity
in the fully dynamic (2-edge-)connectivity structure. We show that in fact this
can be avoided, and present an implementation that only needs a structure for
maintaining a dynamic tree, such as a link-cut tree. This results in a simple
and self-contained algorithm that works in deterministic O(nlogn) time with-
out any bit-tricks. The results presented in Chapter 5 were published at the
32nd Annual European Symposium on Algorithms [GW24].

We present two additional matching results in Chapter 6. The results pre-
sented in Section 6.1 were not published. The results presented in Section 6.2

were published at 29th Annual European Symposium on Algorithms [PW21al].
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Chapter 1

Introduction

1.1 Matchings

Since this thesis describes problems connected to matchings and its generaliza-
tions, we start with basic definitions of matchings and some well-known results

about them.

Consider an undirected graph G = (V,E). A subset of edges M C F is
called a matching if each vertex of G is incident to at most one edge of M. Such
a matching can represent the pairing of objects represented by the vertices,
with the edges indicating the possible pairs. Notice that some objects may be
left unpaired. Therefore, it is a natural question to ask for a matching of the
maximum size. We call such a matching mazximum. The maximum matching
problem consists in finding the maximum matching in G. This problem can
be solved in O(y/nm) time using the Micali-Vazirani algorithm [MV80], where
n = |V| and m = |E|. For dense graphs, a better complexity of O(n*), where
w is the exponent of n x n matrix multiplication, has been achieved by Mucha
and Sankowski [MSO04].

An important special case of the maximum matching problem is bipartite
maximum matching problem in which the input graph G is bipartite. This
special case has a natural interpretation where the vertices of GG can be divided
into two disjoint groups and we want to find a pairing of the vertices of G whose
every pair contains exactly one vertex from every group. Here we describe the
classical algorithm for the bipartite maximum matching problem which uses

augmenting paths. For any matching M, a path P in G is said to be M-

9



10 CHAPTER 1. INTRODUCTION

augmenting if the edges of P alternately belong and do not belong to M, and
both endpoints of P are not incident to any edge of M. The algorithm starts
with an empty matching M and proceeds in phases. In each phase, we search
for and apply any M-augmenting path in G. Applying an M-augmenting path
P involves removing from M all edges of P which belong to M and adding to
M all edges of P which do not belong to M. It is easy to check that M remains
a matching after this operation and that it increases the size of M by one. Since
an M-augmenting path can be found in O(m) time and the size of the maximum
matching is at most 4, this algorithm works in O(nm) time.

The Hopcroft-Karp algorithm [HK73] is a well-known speedup of the pre-
sented algorithm. It finds several shortest M-augmenting paths in each phase in
O(m) time. It turns out that O(y/n) such phases are sufficient to find the max-
imum matching. Therefore, the Hopcroft-Karp algorithm solves the bipartite
maximum matching problem in O(y/nm) time. For the case of sparse bipartite
graphs, i.e. m = O(n), a long and successful line of research based on apply-
ing continuous techniques resulted in an m!'T°() time algorithm by Chen et
al. [CKLT22].

The method of augmenting paths have been adopted to the general, non-
bipartite case by Edmonds [Edm65] by introducing the notion of blossoms. Find-
ing an augmenting path is conducted in several steps, every consisting in finding
and "shrinking" a blossom. In fact, the Micali-Vazirani algorithm generalizes
the ideas used in the Hopcroft-Karp and Edmond’s algorithms to general graphs.
Several attempts to prove the correctness of the Micali-Vazirani algorithm were
presented by Vazirani [Vaz94, Vaz13, Vaz20| since the original paper of Micali
and Vazirani [MV80] did not provide a complete proof. The Micali-Vazirani al-
gorithm achieves the claimed O(y/nm) running time on the RAM model using
Gabow and Tarjan’s linear time algorithm for a special case of set union [GT85]
as described by Gabow [Gabl4]. On the pointer machine model, the Micali-
Vazirani algorithm can be implemented to run in O(y/nm - a(m, n)) time using
Tarjan’s set union algorithm [Tar75], where « is the very slowly growing in-
verse Ackerman function. There are some alternatives to the Micali-Vazirani
algorithm for the maximum matching problem in general graphs which achieve
the same running time bounds. Blum [Blu90] presented such an algorithm by
reducing the problem of finding an augmenting path to finding a path in a
directed bipartite graph. As it turned out, this algorithm was incorrect, so
Blum [Blu99, Blul5] revised the algorithm in such a way that it does not use

the idea of blossoms anymore. Gabow and Tarjan [GT91] presented another
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algorithm for general graphs which works in O(y/nm) time and reduces the
maximum matching problem to its weighted variant. Moreover, Goldberg and
Karzanov [GK04] presented an algorithm for the maximum matching problem
which works in O(y/nmlog(n?/m)/logn) time which is faster that the Micali-

Vazirani algorithm in very dense graphs, i.e. when m = n?=°(1),

1.2 Restricted 2-matchings

A natural generalization of matchings are 2-matchings. A subset C of edges of an
undirected simple graph G is a 2-matching if every vertex of G is incident to at
most two edges of C. Notice that a 2-matching can also be viewed as a collection
of vertex-disjoint paths and cycles of G. 2-matchings belong to a wider class of
b-matchings, where for every vertex v in the set of vertices V' of the graph, we are
given a natural number b(v) and a subset of edges is a b-matching if every vertex
is incident to at most b(v) of its edges. A b-matching of maximum size/weight
can be found in polynomial time by a reduction to a classical matching. We
refer to Lovasz and Plummer [LP09] for further background on b-matchings.

We are interested in 2-matchings without short cycles, for example triangles
(cycles of length three) and squares (cycles of length four). We say that a 2-
matching is Cj-free if it does not contain any cycle of length at most k. The
Cy.-free 2-matching problem consists in finding a C-free 2-matching of maximum
size. Observe that the Ci-free 2-matching problem for n/2 < k < n, where n
is the number of vertices in the graph, is equivalent to the Hamiltonian cycle
problem, and thus A'P-hard. As mentioned before, Hartvigsen [Har84| gave a
complicated algorithm for the case of k = 3. Papadimitriou [CP80a| showed
that this problem is NP-hard when & > 5. The complexity of the Cy-free
2-matching problem is unknown. We say that a 2-matching is triangle-free
if it is Cs-free. Similarly, we say that a 2-matching is square-free if it does
not contain any squares, but possibly contains triangles. The square-free 2-
matching problem consists in finding a square-free 2-matching of maximum size.
Nam [Nam94]| constructed a complex algorithm for this problem for graphs, in
which all squares are vertex-disjoint.

In the weighted version of the Ci-free (or square-free) 2-matching problem,
each edge e is associated with a nonnegative weight w(e) and we are interested in
finding a Cy-free (resp. square-free) 2-matching of maximum weight, where the

weight of a 2-matching M is defined as the sum of weights of edges belonging to
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M. Vornberger [Vor80| showed that the weighted Cy-free 2-matching problem
is N"P-hard.

A graph is called subcubic if its every vertex has degree at most three. Two
polynomial time algorithms were given for the weighted triangle-free 2-matching
problem in subcubic graphs. Hartvigsen and Li [HL13] gave a rather compli-
cated primal-dual algorithm with running time O(n3) and long analysis. The
algorithm uses a type of so-called comb inequality. Kobayashi [Kob10] devised
a simpler algorithm using the theory of M-concave functions on finite constant-
parity jump systems. This algorithm needs O(n?) computations of a maximum
weight b-matching for b € {0,1,2}V. Its running time is O(n® logn).

Bérczi and Kobayashi [BK12] showed that the weighted square-free 2-matching
problem is AP-hard for general weights even if the given graph is cubic, bipar-
tite and planar and gave a polynomial algorithm that, given a subcubic graph
in which the weights of edges are vertex-induced on every square of the graph,
finds a maximum weight 2-matching that contains no squares (but it can contain
triangles). For a subgraph H of an undirected graph G = (V, E), the weight
function w : F — R is said to be vertex-induced on H if real (possibly nega-
tive) values called potentials can be assigned to the vertices of H in such a way
that the weight of every edge of H is equal to the sum of the potentials of its
endpoints.

In bipartite graphs, a shortest possible cycle has length four — a square.
Polynomial time algorithms for the square-free 2-matching problem in bipartite
graphs were shown by Hartvigsen [Har06], Pap [Pap07], Babenko [Babl12| and
analyzed by Kiraly [Kir99]. Both algorithms by Hartvigsen and Babenko run
in O(n3) time and the one by Pap in O(n*). As for the weighted version of the
square-free 2-matching problem in bipartite graphs, it was proven to be NP-
hard [Gee99, Kir09] and solved by Makai [Mak07] and Takazawa [Tak09] for the
case when the weights of edges are vertex-induced on every square of the graph.

Some generalizations of the Cg-free 2-matching problem were investigated.
Recently, Kobayashi [Kob20] gave a polynomial algorithm for finding a maxi-
mum weight 2-matching that does not contain any triangle from a given set of
forbidden edge-disjoint triangles. One can also consider non-simple b-matchings,
in which every edge e may occur in more than one copy. Problems connected to
non-simple b-matchings are usually easier than variants with simple b-matchings.
Efficient algorithms for triangle-free non-simple 2-matchings (such 2-matchings
may contain 2-cycles) were devised by Cornuéjols and Pulleyback [CP80a, CP80b],
Babenko, Gusakov and Razenshteyn [BGR10], and Artamonov and Babenko
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[AB18]. Other results for restricted non-simple b-matchings appeared in [Pap09,
Tak17a, Tak17b].

1.3 Restricted t-matchings

A natural generalization of 2-matchings are t-matchings. Given a positive inte-
ger t, a subset M of edges of an undirected simple graph G is a t-matching if
every vertex is incident to at most ¢ edges of M. t-matchings belong to a wider
class of b-matchings. Therefore, a t-matching of maximum size/weight can be
found in polynomial time. We denote by K, a clique consisting of a vertices
and by K, a bipartite clique with color classes consisting of a and b vertices.
We say that a t-matching of G is restricted if it does not contain an edge set of
any K1 and K, of G. The restricted t-matching problem consists in finding
a maximum size restricted t-matching, respectively. We refer to respective sub-
graphs K;11 and K, ; as forbidden subgraphs. Polynomial time algorithm for the
restricted ¢-matching problem in graphs of maximum degree at most ¢t + 1 was
presented by Bérczi and Végh [BV10]. It runs in O(t*n + nmlogm) time where
n and m denote the number of the vertices and the edges in the input graph,
respectively. Notice that the restricted 2-matching problem is equivalent to the
Cy-free 2-matching problem since K3 is a triangle and K» o is a square. Since
the weighted version of the restricted 2-matching problem is AP-hard already,
in the weighted version of the restricted ¢t-matching problem an assumption was
typically made that the weight function is vertex-induced on every K. of the
input graph.

A generalization of a square-free 2-matching in a bipartite graph is a K ;-
free t-matching — a t-matching without any K;;. K;,free t-matchings were
first considered by Frank [Fra03], who provided a min-max formula for K, ;-free
t-matchings based on a result in [FJ95] on crossing bi-supermodular functions.
Using this formula, it is possible to compute the size of a maximum K ;-free ¢-
matching by the ellipsoid method or a combinatorial method by Fleiner [Fle01].
Moreover, one can compute a maximum K ;-free t-matching through Végh and
Benczur’s algorithm [VBO05] for covering pairs of sets and directly using Pap’s
algorithm [Pap05]. Polynomial algorithms for the weighted K, ;-free t-matching
problem in bipartite graphs were presented in [Mak07, Tak09| assuming that
the weight function is vertex-induced on every forbidden K. Recall that this

problem is NP-hard in bipartite graphs for general weights for ¢ = 2. The
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algorithm by Takazawa has runtime O(tn?m+tn?logn) for the ¢-factor problem
(in which each vertex has to be incident to exactly t edges) and O(t°n® +
t*nSlogn) for the t-matching problem because of the costly reduction to the
t-factor problem. The algorithm by Makai has polynomial time but it uses the
ellipsoid method.

It is an interesting question to generalize the known results for the square-
free and/or triangle-free 2-matching problem in subcubic graphs to restricted
t-matchings. Since all of these algorithms critically used the fact that every node
of a forbidden subgraph is incident to at most one edge which does not belong
to this forbidden subgraph, it is natural to consider restricted t-matchings in
the graphs of the maximum degree at most ¢ + 1. The unweighted version of
this problem in such graphs was considered by Bérczi and Végh [BV10].

It is worth mentioning that restricted ¢-matchings in graphs of maximum
degree at most ¢ + 1 have some connections to the (vertex-)connectivity aug-
mentation problem in which we want to make given undirected graph G with n
vertices k-connected by adding a minimum number of new edges. As pointed
out by Bérczi and Végh [BV10], this problem is equivalent to finding a maximum
size t-matching with no bipartite clique K, ; consisting of a + b = ¢ 4 2 vertices
in the complement of G for t = n — k — 1. A special case of the connectivity
augmentation problem is the increasing connectivity by one problem when given
graph G is already (k — 1)-connected. There exists a polynomial algorithm for
this case given by Végh [Végl1] which works in O(kn”) time. Notice that the
maximum degree of the complement of a (k—1)-connected graph is at most t+1
for t = n — k — 1, therefore the increasing connectivity by one problem can be
reduced to a problem of finding a maximum size ¢-matching with no bipartite
clique of size t+ 2 in the graphs of the maximum degree at most t+1. Weighted
versions of these problems are also of interest since, in the same paper, Végh
considered a generalization of the increasing connectivity by one problem when
the edges of the complement of G are given weights and we want to minimize
the total sum of added edges. This version is NP-hard for general weights,
however, Végh presented a polynomial algorithm for the weighted version if the
weights are vertex-induced on the whole complement of G.

It turns out that the polynomial solvability of the restricted t-matching
problem has connections to jump systems. It was conjectured by Cunning-
ham [Cun02| that for every natural number k, the degree sequences of Cy-free
2-matchings of any graph form a jump system if and only if there exists a poly-

nomial algorithm for finding such 2-matchings of maximum size. The only open
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case of this conjecture is k¥ = 4. It was shown by Kobayashi et al. [KST12|
that the degree sequences of Cy-free 2-matchings of any graph form a jump
system which suggests that there should exist a polynomial algorithm for the
Cy-free 2-matching problem in general graphs. A generalization of Cunning-
ham’s conjecture to the t-matchings seems to be true also. In the same paper,
Kobayashi et al. proved that restricted t-matchings in any graph form a jump
system. In fact, they proved an even stronger result. They showed that the
degree sequences of t-matchings with no subgraphs from a given family H of
t-regular connected graphs form a jump system in any graph if and only if every
member of H is a complete partite graph. A graph H = (Vy, Eg) is complete
partite if there exists a partition Vi, Va, ..., V}, of Vg of size p > 2 such that
Eg ={(v,u): 3 #j veV;AueV;}. Eachsuch V; is called a color class of
H. We denote the i-th color class of H by V;(H). If all color classes of H have
the same size, we denote H by KP where ¢ = |V1|. Observe that a clique K,
consisting of a vertices and a bipartite clique K, with color classes consisting
of a and b vertices are special cases of complete partite graphs. It was shown
by Kobayashi and Yin [KY12| that it is NP-hard to find a maximum size t-
matching with no subgraph isomorphic to a given t-regular connected graph H
which is not complete partite, even in the graphs with the maximum degree at
most ¢ + 1. Notice that a t-regular complete partite graph is exactly K7 for
t = (p — 1)g, hence it is natural to consider ¢-matchings with no K?’s for such
values of t. We say that a ¢-matching is K?-free for t = (p — 1)q if it does
not contain an edge set of any subgraph of G' isomorphic to K¥. The K!-free
t-matching problem consists in finding a maximum size K?-free -matching. We
refer to K¥ as forbidden subgraph. Polynomial time algorithm for the K7-free
t-matching problem in graphs of maximum degree at most ¢t + 1 was presented
by Kobayashi and Yin [KY12]. It runs in O(pg®n + nmlogm) time.

The weighted versions of restricted t-matchings were studied in the context
of the M-concave functions on constant-parity jump systems, which can be seen
as discrete counterparts of the submodular functions. Kobayashi et al. [KST12]
proved that the degree sequences of maximum weight restricted t-matchings
in a bipartite graph form an M-concave function on the constant-parity jump
system if and only if the weight function is vertex-induced on every forbidden
K. The algorithm of Bérczi and Kobayashi [BK12] for a maximum weight
square-free 2-matchings in subcubic graphs is based on the fact that the degree
sequences of these 2-matchings form an M-concave function in any subcubic

graph if the weight function is vertex-induced on every square. On the other
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hand, the degree sequences of maximum weight triangle-free 2-matchings form

an M-concave function in any graph, which was shown by Kobayashi [Kob14].

1.4 Generalizations of b-matchings

Some generalizations of b-matchings were considered in the literature. Let G =
(V,E) be an undirected simple graph. For an edge set F C E and v € V,
we denote by degp(v) the number of edges of F' incident to v. Recall that
for a vector b € NV, an edge set M C F is said to be a b-matching of G if
deg,;(v) < b(v) for every v € V. If we are additionally given a vector [ € NV,
an edge set M C E is said to be an (I, b)-matching of G if [(v) < deg,,(v) < b(v)
for every v € V. For a vertex v € V, [I(v), b(v)] is said to be a capacity interval
of v. Given a weight function w : E — R (we allow negative weights here), a

maximum weight (I, b)-matching can be computed efficiently.

Theorem 1 ([Gab83|). There is an algorithm that, given a graph G = (V, E),
a weight function w : E — R and vectors 1,b € NV, finds a mazimum weight
(1,b)-matching of G in time O ((3,cy b(v)) min{|E|log|V|,|V[*}), assuming
that G admits any (1,b)-matching.

We can further generalize (I, b)-matchings to B-matchings, where for every
vertex v € V, we are given a set B(v) C {0,1,...,deg(v)} of allowed degrees
of v. An edge set M C FE is said to be a B-matching if deg,,(v) € B(v) for
every v € V. Lovasz [Lov72| proved that it is N/P-hard to check if a given graph
contains any B-matching. However, there are polynomial algorithms for finding
B-matchings if some restrictions are put on the sets { B(v)},ev. A B-matching
is said to be uniform if every set from the family { B(v)},cv is either an interval
of the form {a,a+1,...,b} or a set of all integers of the same parity between a
and b, for some a,b € Z. Szabo [Sza09] proved that a maximum weight uniform
B-matching in an edge-weighted graph can be found in a polynomial time. In a
more general setting, Cornuéjols [Cor88| gave a polynomial algorithm for finding
a B-matching if every set from the family {B(v)},cy has no gap of size more
than one. A gap of size k of set B(v) is any sequence a + 1,a +2,...,a + k of
integers which do not belong to B(v) such that a and a + k + 1 belong to B(v).
Notice that if a B-matching is uniform, then no set from the family {B(v)},ev
has a gap of size greater than one. Dudycz and Paluch [DP18] gave a polynomial

algorithm for finding a maximum weight B-matching if no set from the family
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{B(v)}yev has a gap of size greater than one and the weight of every edge of

the graph is a natural number.

1.5 The traveling salesperson problem

One of the applications of restricted 2-matchings is the traveling salesperson
problem (TSP for short), which is one of the most fundamental combinatorial
optimization problems. It is the generalization of the Hamiltonian cycle prob-
lem, in which we are given an undirected graph G and our goal is to find a
cycle in G which visits every vertex of G exactly once. We call such a cycle a
tour of G. This problem is well-known to be N'P-hard — it is one of Karp’s 21
NP-complete problems [Kar72|. Therefore, it is unlikely that there exists an
algorithm solving it which works in a time polynomial in the number of vertices
and edges of G.

Given a complete undirected graph G with a cost function ¢ on the edges of
G, the goal is to find a tour 7 of minimum cost in G, where the cost of T is the
sum of costs of the edges traversed by 7. The TSP is N'P-hard, since it may be
seen as a generalization of the Hamiltonian cycle problem in a given undirected
graph with edges represented by edges of cost 1 and non-edges represented by
edges of cost 2. This observation justifies that the special case of the TSP in
which all distances between the vertices are either 1 or 2, i.e., the cost function
is of the form ¢ : F(G) — {1,2}, is N'P-hard. This special case is generally
known as the (1, 2)-TSP.

One of the frameworks to solve AN'P-hard problems efficiently are approxima-
tion algorithms which have to work in polynomial time, but are allowed to out-
put nonoptimal solutions. For some real positive number «, an a-approximation
algorithm for the TSP is any algorithm which works in a time polynomial in
the size of the input graph G and outputs a tour 7 of the cost at most «
times the cost of the optimal tour in G. It can be shown that there exists no
a-approximation algorithm for the TSP for any constant o unless P = NP.
Therefore, an assumption is typically made that the cost function c satisfies
the triangle inequality, which states that for any three vertices u,v,z of G,
c(u,v) < ¢(u,z) 4+ ¢(z,v). This version of the TSP is called the metric TSP.
Four decades ago, Christofides [Chr76] devised a 3/2-approximation algorithm
for the metric TSP. Recently, this approximation factor was improved to 3/2 —¢
for some € > 1073¢ by Karlin, Klein and Gharan [KKG]. The (1,2)-TSP prob-



18 CHAPTER 1. INTRODUCTION

lem has been considered in numerous papers [PY93, MM18, BK06, FdIVK99,
KS12, GHK15, KS15|. The best approximation factor of 8/7 for (1,2)-TSP
was given by Berman and Karpinski [BK06] and Adamaszek, Mnich and Paluch
[AMP18].

1.6 Approximation algorithm for the (1,2)-TSP

using 2-matchings

One of the approaches to construct an approximation algorithm for the (1,2)-
TSP is to use 2-matchings. One can view the (1,2)-TSP as the problem of
finding a tour that uses the maximum number of 1-edges in the given instance;
here we will refer to edges of cost i as i-edges, for i € {1,2}. To approximate
the (1,2)-TSP in a simple undirected graph G, we can compute a maximum
2-matching Cpi, of G1, the subgraph of G containing all 1-edges of G. Then we
remove any edge from every cycle of Cpn, and we connect the resulting paths
into a tour 7 in an arbitrary way. We claim that the presented procedure
is a 4/3-approximation algorithm for the (1,2)-TSP. To prove it, consider an
optimal tour OPT of G and let o be the number of 1-edges of OPT. Notice
that 1-edges of OPT form a 2-matching, so Cp, consists of at least o edges.
Since a shortest possible cycle in Cpy, is a triangle, i.e. cycle of length three,
the number of 1-edges in 7 is at least %a. Let n be the number of the vertices
of G. We conclude that the cost of OPT is equal to a4+ 2(n — o) = 2n — o and

the cost of 7 is at most 2n — 2a: < 3(2n — a) since a < n.

It is easy to check that the procedure given in Subsection 1.6 is a 5/4-
approximation algorithm if C,;, contains no triangles. Recall that one can find
such Cpin by applying Hartvigsen’s algorithm [Har84| for finding maximum size
triangle-free 2-matching. The approximation factor of this procedure is even
smaller if Cyiy is Cy-free, and depends on the size of the shortest cycle in Cpip-
Hartvigsen’s algorithm is used as a subprocedure in the state-of-the-art 8/7-
approximation algorithm for the (1,2)-TSP given by Adamaszek, Mnich and
Paluch [AMP18].
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1.7 Perfect matchings in bridgeless cubic multi-
graphs

Another result we present in this thesis is connected to the maximum match-
ing problem in sparse graphs. Recall that there are faster algorithms than the
Micali-Vazirani algorithm [MV80] for the maximum matching problem in dense
graphs. However, for sparse general graphs, there was no further improvement,
and the O(n'®) time algorithm obtained by applying the approach of Micali and
Vazirani remains unchallenged. This naturally sparked interest in searching for
natural classes of sparse graphs that admit a faster algorithm. A natural can-
didate is a class of graphs that always contain a perfect matching. A matching
M of G is said to be perfect if every vertex of G is incident to exactly one edge
of M. The perfect matching problem consists in finding a perfect matching of a
given graph, if it exists. Notice that the perfect matching problem is a special
case of the maximum matching problem, since a matching M is perfect if and
only if |[M| =n/2.

An edge e of G is called a bridge if its removal disconnects G. We say that
G is bridgeless if no edge of G is a bridge. One of the earliest results in graph
theory attributed to Petersen [Pet91], states that any bridgeless cubic graph
contains a perfect matching, where cubic means that the degree of every vertex
is exactly 3. In fact, the theorem is still true for a cubic multigraph with at most
two bridges, i.e. we allow loops and parallel edges. The original proof was very
complicated and non-constructive, but Frink [Fri26] provided another approach
that can be easily implemented to obtain a perfect matching in O(n?) time. The
high-level idea of this approach is to repeatedly apply one of the two possible
reductions, in each step choosing the one that maintains the invariant that the
current multigraph is bridgeless and cubic. Then, we revert the reductions one-
by-one, which possibly requires finding an alternating cycle to make sure that
a particular edge does not belong to the matching. Biedl, Bose, Demaine, and
Lubiw [BBDLO1] improved the time complexity to O(nlog*n) thanks to two
insights. First, we can apply a fully dynamic 2-edge-connectivity structure of
Holm, de Lichtenberg, and Thorup [HALTO01] to decide which reduction should
be applied. Such a structure maintains a multigraph G under the following

operations:
e add an edge to G,

e remove an edge from G,
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e check if given two vertices of G are in the same 2-edge-connected compo-
nent of G.

Second, finding an alternating cycle can be avoided by requiring that a cho-
sen edge does not belong to the matching. Diks and Stanczyk [DS10] further
improved the complexity to O(n log? n) time by observing that in fact a fully
dynamic connectivity structure suffices if we additionally maintain a spanning
tree of the current multigraph in a link-cut tree. The fully dynamic connectiv-
ity structure supports checking if two given vertices of the multigraph are in
the same connected component, and allows adding and removing edges. The
link-cut trees are described in more detail in Section 5.1. By plugging in the
fully dynamic connectivity structure by Wulff-Nilsen [WN12|, the complexity
of their algorithm can be further decreased to O(nlog®n/loglogn). Alterna-
tively, at the expense of allowing randomization and bit-tricks, plugging in the
structure of Huang, Huang, Kopelowitz, Pettie, and Thorup [HHK¥23] results
in expected O(nlogn(loglogn)?) running time.

As mentioned before, Petersen’s theorem can be generalized to cubic multi-
graphs with at most two bridges. Finding perfect matching in such multigraphs
can be easily reduced to finding perfect matching in bridgeless cubic multigraphs
in linear time [BBDLO1]. Hence, the algorithm for the perfect matching prob-
lem in bridgeless cubic multigraphs can be used for finding perfect matching
in cubic multigraphs with at most two bridges. We note that generalizing this
algorithm to arbitrary cubic graphs can be difficult, as finding perfect matching
in general graphs can be reduced in linear time to finding perfect matching in

cubic graphs [Bie01].

1.8 2-factors in cubic graphs

The perfect matching problem in cubic graphs can be used compute 2-factors
in cubic graphs, which are a special case of 2-matchings. A subset C of edges
of an undirected simple graph G is a 2-factor if every vertex of G is incident to
exactly two edges of C. Notice that a 2-factor can also be viewed as a collection
of vertex-disjoint cycles of G which span all vertices of G.

Notice that the complement of a perfect matching of a cubic graph is a 2-
factor. A 2-factor can be used to approximate graphic TSP problem, where
we have to find a shortest (possibly non-simple) cycle visiting all vertices of

an undirected graph G. It can be seen as a special case of the metric TSP



1.9. PRELIMINARIES 21

where we set the cost of an edge connecting any two vertices as the length
of the shortest path connecting these vertices in G. Several approximation
algorithms for the graphic TSP problem in cubic graphs were presented [GLS05,
AGG18, BSvdSS11, CLS15, vZ15, CL15, DKM17]. Recently, Wigal, Yoo and
Yu [WYY21| presented a 5/4-approximation algorithm for the graphic TSP
problem in cubic graphs which works in O(n?) time. We can obtain a faster
approximation algorithm for this problem in bridgeless cubic graphs by patching
the cycles of a 2-factor of the input graph into a single cycle. Its approximation
ratio is 5/3, since every cycle of the computed 2-factor has length at least three.

Another application of finding perfect matching in bridgeless cubic graphs
is finding P,-decomposition in bridgeless cubic graphs, which consists in parti-
tioning the set of edges of the input graph into a collection of paths of length
exactly three. Kotzig [Kot57] presented a simple construction that, given a
perfect matching M of a cubic graph, finds its P;-decomposition in linear time
by directing every cycle of the complement of M. Therefore, using the algo-
rithm for the perfect matching problem in bridgeless cubic multigraphs, such a

decomposition can be found in bridgeless cubic graphs.

1.9 Preliminaries

Let G = (V, E) be an undirected (multi)graph with vertex set V and edge set E.
We denote the number of vertices of G by n and the number of edges of G by
m. We denote an edge connecting vertices v and w by (v,u) or {v,u}. If there
is exactly one copy of an edge connecting v and w, we refer to such an edge as
single. Moreover, we call a pair of two different edges connecting the same pair
of vertices a double edge. A path of graph G is a sequence P = (vp,...,v;) for
some [ > 0 such that (v;,v;41) € F forevery ¢ € {0,1,...,l—1}. We refer to [ as
the length of P. We say that P connects vertices vg and vy. A cycle of graph G
is a sequence ¢ = (vg, ..., v;—1) for some [ > 3 of pairwise distinct vertices of G
such that (v;, V(1) mod 1) € E for every i € {0,1,...,1 —1}. We refer to [ as
the length of c. We will sometimes treat a path or a cycle as an edge set and
sometimes as a sequence of edges. For a given cycle ¢ = (vg, ..., v;—1), any edge
of G which connects two vertices of ¢ and does not occur in c¢ is called a diagonal
(of ¢). Additionally, given a weight function w : E — R, we denote by w(c) a
sum of weights of edges of c¢. For a subgraph H of GG, we denote the vertex set
of H by V(H) and the edge set by E(H). Given a weight function w : E — R,
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we denote by w(H) the sum of weights of edges of H. For an edge set F' C E
and v € V, we denote by degp(v) the number of edges of F' incident to v. For
any natural number k, we say that G is k-regular if every vertex of G has degree
exactly k. For a vertex set A C V, we denote by G[A] a subgraph of G induced
by A. Given an edge e of G, we denote by G \ e the graph obtained from G by
removing exactly one copy of e. Given a vertex v of G, we denote by G \ v the
graph obtained from G by removing vertex v together with all its incident edges.
Given an edge e = {v,w}, for some v,w € V, we denote by G U e the graph
obtained from G by adding one copy of e. Given two graphs H; = (V3, E)
and Hy = (Vi, E3), we denote by Hy; N Hy a graph (V4 N Va, E1 N Ey). With a
slight abuse of notation, we denote that H; and Hs are isomorphic by H; = Hs.
For any two edge sets F, Fo C E, the symmetric difference F; & F5 denotes
(F1\ Fo) U (Fy \ Fy). For a weight function w : E — R which is vertex-induced
on some subgraph H of G, we say that a function rg : V(H) — R which assigns
a potential to every vertex of H is a potential function of H.

A subgraph H of G is said to be spanning if V = V’. A spanning subgraph
T of G is said to be a spanning tree of G if T is a tree. Given a spanning tree T’
of G, we say that e € E(G) \ E(T) covers f € E(T) (in T) if f € E(P), where
P is the path in T connecting the endpoints of e.

We say that the restricted/ K P-free t-matching problem is bounded if every
vertex of the input graph is assumed to have degree at most ¢ + 1. We say
that an edge set M C E is a co-t-matching of G if E\ M is a t-matching of
G. Additionally, we say that a co-t-matching M C F is covering (resp. KY-
covering) if E'\ M is a restricted (resp. KP-free) t-matching of G. We say that
an edge set M C E covers a forbidden subgraph H of G, or that H is covered
by M, if M contains at least one edge of H. Notice that if the degree of every
vertex of GG is at most t + 1, then an edge set M C FE is a co-t-matching of G if
every vertex of G of degree t+1 is incident to at least one edge of M. Moreover,
M is a KP-covering (resp. covering) co-t-matching if, in addiction, M covers
every K? (resp. every K;i; and K;;) of G. A (KP-)covering co-t-matching M
of G is said to be minimum weight if there is no (K7-)covering co-t-matching
N of G of weight smaller than w(M).

Let M be a b-matching. We say that an edge e is matched (in M) if e € M
and unmatched (in M) otherwise. Additionally, an edge belonging to M will
be referred to as a M-edge and an edge not belonging to M as a non-M -edge.
Given an edge e = (u,v) € M, we say that u is matched to v in M. We call a
vertex v deficient (in M) if deg,;(v) < b(v). An M-alternating path P is
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any sequence of vertices (v1, va, ..., v) such that edges on P are alternately M-
edges and non-M-edges and no edge occurs on P more than once and vy # vy.
An M -alternating cycle C has the same definition as an M-alternating path
except that v, = vy, and additionally (vi—1,v;) € M iff (v1,v9) € M. Note that
an M-alternating path or cycle may go through some vertices more than once
but via different edges. An M-alternating path is called M -augmenting if it
begins and ends with a non-M-edge and if it begins and ends with a deficient
vertex. We say that M is a maximum b-matching if there is no b-matching
of G with more edges than M. Given a weight function w : E — R we define
weight of M as w(M) =} ., w(e). We say that M has mazimum weight
if there is no b-matching of G of weight greater than w(M).

Given a weight function w, the alternating weight of an M-alternating
path or cycle P is defined as w(P) = 3. c pras w(e) =2 e py s w(e). We say that
an M-augmenting path P is ménimum if it has minimum alternating weight
among all M-augmenting paths and cannot be shortened without increasing its
alternating weight. An M-alternating cycle is a negative cycle if its alternating
weight is negative. An application of an M-alternating path or cycle P to M
is an operation whose result is M @ P. Note that w(M @ P) = w(M) — w(P).
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Chapter 2

Restricted 2-matchings in

subcubic graphs

2.1 Outline of the Algorithm

The general scheme of the algorithm for each variant of the restricted 2-matching

problem is the same - we give it below.

Algorithm 1 Computing a maximum weight restricted 2-matching of a subcu-
bic graph G given a weight function w : £ — Rx.

Step 1. Construct an auxiliary graph G = (V', E’) of size O(n) by replacing
some triangles and/or squares of G with gadgets containing half-edges. (Both
gadgets and half-edges are defined later.)

Step 2. Define a weight function w’ : B/ — R and vectors ,u € NV such that
u(v) < 2 for every v € V',

Step 3. Compute a maximum weight (I, b)-matching M’ of G’.

Step 4. Construct a 2-matching M of G by replacing all half-edges of M’ with
some edges of G in such a way that w(M) > w'(M’).

Step 5. Remove the remaining triangles and/or squares from M by replacing
some of their edges with other ones without decreasing the weight of M.

Claim 1. Algorithm 1 runs in time O(n?logn).
Proof. Tt will be easy to implement all steps of an Algorithm 1 except Step 3

25
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in linear time. Hence, the running time of our algorithm is dominated by the
running time of an algorithm for computing a maximum weight (I, b)-matching
of G/, ie., it is equal to O((3, ¢y w(v)) min{|E’|log [V'|, |[V'[?}). Recall that
[V'| +|E’| = O(n) and u(v) < 2 for every v € V'. Hence, the running time of
Step 3 is O(n?logn). O

Let us also remark that in the unweighted versions of the problems Algo-

rithm 1 runs in O(n%/?).

2.2 Triangle-free 2-matchings in subcubic graphs

In this section we solve a maximum weight triangle-free 2-matching problem
in subcubic graphs. We may assume that each connected component of G is
different from Ky, i.e., different from a 4-vertex clique. Such components can
be dealt with separately.

One can observe that, since G is subcubic, any edge e of G belongs to at
most two different triangles. Also, any triangle of G shares an edge with at most
one other triangle or, in other words, any triangle of G is not edge-disjoint with

at most one other triangle.

Definition 1. A triangle t, which has a common edge with some other triangle
t' such that w(t) < w(t') is said to be unproblematic. Otherwise, t is said to

be problematic.

Unproblematic triangles can be easily got rid of from any 2-matching M of
G by replacing some of its edges with other ones as explained in more detail in
the proof of Theorem 3.

Observe that any problematic triangle of G is vertex-disjoint with any other
problematic triangle of G.

We begin with the following simple fact.

Claim 2. Lett = (a,b,c) be a triangle of G, whose edges have weights w(a,b), w(b, ¢), w(c, a),
respectively. Then, there exist real numbers rq, 1y, 7. such that w(a,b) = rq+1p,

w(b,¢) =ry +r. and w(c,a) =1+ 7q.

If the weights of edges of ¢ satisfy the triangle inequality, then Claim 2 has
a geometric interpretation connected to how an incircle partitions the edges of

a triangle - see Figure 2.1.
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Figure 2.1: Partition of the edges of a triangle by its incircle.

If G contains at least one problematic triangle, we build a graph G’ =
(V', E') together with a weight function w’ : E’ — R, in which each problematic
triangle ¢ is replaced with a subgraph, called a gadget for t. The precise
construction of G’ is the following. We start off with G.

Let t = (a,b,c) be any problematic triangle of G. For each edge (p,q)
of t we add two new vertices vf and v, called subdivision vertices (of ),

and we replace (p,q) with three new edges: (p,v}), (v}, v]), (vi,q). Each of
the edges (p,v?),(vl,q) is called a half-edge (of (p,q) and also of t). The
edge (v, v]) is called an eliminator (of (p,q)). The half-edges of edges of ¢ get
weights equal to values of rq, 73, 7c from Claim 2, i.e., w'(a,vy) = w'(a,v?) = 14,
w'(b,v8) = w'(b,v?) = rp and w'(c,v¢) = w'(c,v§) = re. The weight of each
eliminator is 0. Additionally, we introduce four new vertices ug,, up, Uc, Ut,
called global vertices. For every d € {a,b,c} we connect ug with u; and with
every subdivision vertex connected to d. Every edge incident to a global vertex

has weight 0.

We define vectors [,u € NV as follows. We set a capacity interval of every
vertex of the original graph G to [0,2] and we set a capacity interval of every
other vertex of G’ to [1, 1], i.e., every vertex of V' \ V is matched to exactly one
vertex of G’ in any (I, b)-matching of G’.

The main ideas behind the gadget for a problematic triangle ¢t = (a, b, ¢) are
the following. An (I, b)-matching M’ of G’ is to represent roughly a triangle-free
2-matching M of G. If M’ contains both half-edges of some edge e, then e is
included in M. If M’ contains an eliminator of e, then e does not belong to

M (is excluded from M). We want to ensure that at least one edge of ¢ does
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not belong to M. This is done by requiring that two of the global vertices
Ug, Up, U are matched to subdivision vertices. In this way two half-edges of ¢

are guaranteed not to belong to M’ and hence to M.

Figure 2.2: A gadget for a problematic triangle ¢t = (a, b, ¢).

In the theorem below we show the correspondence between triangle-free 2-
matchings of G and (I, b)-matchings of G'.

Theorem 2. Let M be any triangle-free 2-matching of G. Then we can find an
(1,b)-matching M’ of G' such that w'(M') = w(M).

Proof. We initialize M’ as the empty set. We add every edge of M that does
not belong to any problematic triangle of G to M’. Consider any problematic
triangle ¢t = (a,b,¢) of G. Since M is triangle-free, there exists an edge of ¢ that
does not belong to M. If more than one edge of ¢ does not belong to M, we
choose one of them. Suppose that we chose (a,b) ¢ M. Then we add edges
(v, uq), (v8,up) and (ug,ue) to M'. For every other edge e of ¢ we proceed as
follows. If e € M, we add both half-edges of e to M’, otherwise we add the
eliminator of e to M’. Since the weight of any edge of ¢ in G is equal to the sum
of the weights of its half-edges in G’, we get that w'(M’) = w(M). O

Theorem 3. Let M’ be any (I,b)-matching of G'. Then we can find a triangle-
free 2-matching M of G such that w(M) > w'(M’).

Proof. We initialize M as the empty set. We add every edge of M’ that belongs
to G to M. For every problematic triangle of G we will add some of its edges
to M.

Consider any problematic triangle ¢t = (a,b,c) of G. Notice that exactly

two of the vertices wu,, up, u. are matched to subdivision vertices, because u; is
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matched to one of ug,up, u.. This corresponds to excluding two half-edges of ¢
from M’. Since every subdivision vertex is required to be matched to exactly one
vertex in G, we get that an even number and at most four subdivision vertices
of ¢t are matched to the vertices a, b, c. This indicates, which half-edges of ¢ are
going to be included in M’. Observe that the two subdivision vertices that are
matched in M’ to vertices ug, up, u. are adjacent to two different vertices of ¢.

Thus, we have:

Claim 3. If M’ contains exactly four half-edges of t, then the two half-edges of

t that do mot belong to M’ are not incident to the same vertex of t.

Every other subset of half-edges of ¢ containing an even number of at most
four half-edges of ¢ can occur in M’.

In each of these cases, we proceed as follows (see Figure 2.3):

1. Exactly zero subdivision vertices of ¢ are matched to a,b,c. We do not

include any edge of ¢ in M.
2. Exactly two subdivision vertices of ¢ are matched to a, b, c.

(a) The two subdivision vertices of ¢ are matched to two different vertices

u,v of t. Then we include the edge (u,v) in M.

(b) The two subdivision vertices of ¢ are matched to the same vertex u
of t. Then we include in M two edges of ¢ incident to w. (This is the
only case where w(M) may be greater than w’(M') when it comes
to half-edges of . Notice that for any two vertices u, v of ¢ we have
that ry + 17, > 0).

3. Exactly four subdivision vertices of ¢ are matched to a,b,c. Then, by
Claim 3, two of these vertices are matched to the same vertex u of ¢t and
the other two are matched to the remaining two vertices of ¢. In this case

we include in M two edges of ¢ incident to u.

Since half-edges incident to the same vertex have the same weight, we get
that w(M) > w'(M’).

The resulting 2-matching M can contain some unproblematic triangles. We
remove them one by one. Let t = (a, b, ¢) be any such triangle. From Definition 1
there exists another triangle ¢’ = (a, b, d), which shares an edge with ¢ and such
that w(t") > w(t). Hence, either w(a,d) > w(a,c) or w(b,d) > w(b,c). Assume
that w(a,d) > w(a,c). We replace the edge (a,c) with the edge (a,d) without



30 CHAPTER 2. RESTRICTED 2-MATCHINGS IN SUBCUBIC GRAPHS

decreasing the weight of M. Notice that this replacement will not introduce any
additional triangle into M because all edges (a,d), (a,b) and (b, ¢) belong to M

after this operation. Hence, none of them can be part of a triangle. O

Figure 2.3: The construction of a maximum weight triangle-free 2-matching of
G from a maximum weight (I, b)-matching of G’.

2.3 Square-free 2-matchings in subcubic graphs

In this section we solve a maximum weight square-free 2-matching problem in
subcubic graphs. Recall that this problem is AP-hard for general weights,
therefore we assume that weights are vertex-induced on every square, i.e., for
any square s = (a,b,c,d) of G there exist real numbers ry,ry, 7,74, called
potentials of s such that for any edge e = (u, v) of s it holds that w(e) = r,+7r,.
(Note that if a given edge e = (u, v) belongs to two different squares s and s,
then potentials of s and s’ on u and v may be different.)

We may again assume that each connected component of G is different from
Ky.

For a square s = (vg,v1,v2,v3) of G, edges (vo,v1), (v1,v2), (v2,v3) and
(vs,vp) are said to be native edges of s.

One can observe that, since G is subcubic, any two different squares of G

are vertex-disjoint or have either one or two edges in common.

Definition 2. A square s of G is said to be unproblematic if there exists
another square s' such that (i) s shares exactly one edge with s’ or (ii) s shares

two edges with s and w(s) < w(s’). Otherwise, s is said to be problematic.

Observe that any problematic square of G is vertex-disjoint with any other

problematic square of G.
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The following simple observation shows that squares which have exactly one
common edge with another square do not pose any problem for computing a

maximum weight square-free 2-matching of G.

Claim 4. Consider any two squares s = (a,b,c,d) and s’ = (¢,d,e, f) of G
which share exactly one edge. Let My be a 2-matching of G that contains s.
Then there exists a 2-matching My of G, which does not contain s or any square
not already contained in My and such that w(Msy) > w(My).

Proof. We set My = M; \ {(¢,d), (e, f)} U{(c, f),(d,e)}. Tt is straightforward
to check that M, is a 2-matching of G that does not contain s, because G
is subcubic and M; contains neither (¢, f) nor (d,e). Furthermore, the given
construction does not introduce any additional squares into Ms. Observe that

w(Ms) > w(My), since w is vertex-induced on 5. O

We show the construction of a gadget for a problematic square s = (a, b, ¢, d).
We use the notation introduced in Section 2.2. For every native edge (p,q)
of s, we introduce two subdivision vertices v?,v] and replace (p,q) with two
half-edges (p,v}) and (v, ¢) and an eliminator (v}, vf). (We do not replace any
diagonal of s.) Additionally, we introduce two new global vertices u} and u2. We
connect u! with all subdivision vertices adjacent to either a or c. Symmetrically,
we connect u2 with all subdivision vertices adjacent to either b or d.

The half-edges incident to a, b, ¢ and d get weight r,, 1, 7. and 74, respec-
tively, where r,,...,7q are potentials of s. All other edges of the gadget get
weight 0. We set a capacity interval of every vertex of s to [0,2] and we set a

capacity interval of every other vertex of the gadget to [1,1].

Theorem 4. Let M be any square-free 2-matching of G. Then we can find an
(I,b)-matching M' of G' such that w'(M') = w(M).

Proof. We initialize M’ as the empty set. We add every edge of M that does
not belong to any problematic square of G to M’.

Consider any problematic square s = (a,b,¢,d) of G. Assume that (a,b)
does not belong to M. We add edges (v, ul) and (v2,u2) to M’. For every
other native edge e of s we proceed as follows. If e € M, we add both half-edges
of e to M’, otherwise we add the eliminator of e to M’.

O

Theorem 5. Let M’ be any (1,b)-matching of G'. Then we can find a square-
free 2-matching M of G such that w(M) > w'(M’).
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1 =

Figure 2.4: A gadget for a problematic square s = (a, b, ¢, d).

Proof. We initialize M as the empty set. We add every edge of M’ that belongs
to G to M. For every problematic square of G we will add some of its edges to M.
Next we will replace some edges of M with other ones to remove unproblematic
squares.

Consider any problematic square s = (a,b,¢,d) of G. Notice that there
exists a native edge (p,q) of s such that u!l and u? are matched in M’ to two
subdivision vertices, one of which is adjacent to p and the other to ¢q. W.l.o.g.

assume that (p,q) = (a,b). We consider the following cases (see Figure 2.5):

b
a’

native edge of s whose both half-edges belong to M’ to M. Notice that

for every other native edge e of s, the eliminator of e belongs to M’.

1. u! and u? are matched in M’ to v¢ and v?, respectively. We add every

2. Either u! is matched to v or u? is matched to v in M’, but not both
of them. Assume that u} is matched to v¢. Therefore, edges (u2,v?) and
(b,v?) belong to M’. We replace these two edges with (u2,v%) and (b, v?%)

s Ya

without changing the weight of M’. Then we proceed as in case 1.

3. u!l and u? are matched to v% and v?, respectively, in M’. If (v, v2) does
not belong to M’, we connect u!l and u? with v and v?, respectively,
similarly as in case 2, and we proceed as in case 1. Assume now that
(v, v%) belongs to M'. Notice that (d,v?) and (¢, v§) belong to M’. We
add (a,d) and (b, c) to M. Additionally, if both half-edges of (¢, d) belong
to M', we add (e, d) to M.
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The resulting 2-matching M can contain some unproblematic squares. We
remove squares, which share exactly one edge with another square from M one
by one using Claim 4. We remove the rest of unproblematic squares in a similar
way as we got rid of unproblematic triangles in the proof of Theorem 3. Each

such removal does not introduce any squares into M, therefore M is a square-free

2-matching in the end. O
a b a b
a b a b
d c d c
d C d C
(a)
a b a b
d c d c

Figure 2.5: The construction of a maximum weight sqaure-free 2-matching of
G from a maximum weight (I, b)-matching of G’.

2.4 (Cy-free 2-matchings in subcubic graphs

In this section we solve a maximum weight Cy-free 2-matching problem in sub-
cubic graphs. We assume that weights are vertex-induced on every square. As
in the previous two sections we may also assume that each connected component
of GG is different from Kjy.

We say that a cycle C of G is short if it is either a triangle or a square. We
say that a short cycle C' of G is unproblematic if it shares exactly one edge
with some square of G or if it fits Definition 1 or Definition 2. A short cycle,
which is not unproblematic is said to be problematic.

We have the analogue of Claim 4, which justifies considering triangles sharing

one edge with a square unproblematic:

Claim 5. Consider two short cycles: a triangle t = (a,c,d) and a square s’ =
(¢,d, e, ) of G which share exactly one edge. Let My be a 2-matching of G that
contains t. Then there exists a 2-matching My of G, which does not contain t

or any short cycle not already contained in My and such that w(Msz) > w(My).
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The proof is almost the same as that of Claim 4 - it suffices to treat ¢ as s
and again we get rid of the edge (¢, d).

Observe that any two different short problematic cycles that are not vertex-
disjoint must form a pair consisting of a square s = (a,c,b,d) and a triangle
t1 = (a,c,d) with exactly two common edges. We call a subgraph induced on
vertices of such s and ¢; a double triangle T = (a,b,c,d). In G’ we build the
following gadget for every double triangle.

Consider any double triangle T' = (a, b, ¢, d). We remove ¢ and d from G’ and
we add a vertex ur to G’. We connect v} with vZ and we connect ur with both
a and b. Let M J’ (T') denote the weight of a maximum weight Cy4-free 2-matching
of T in which a has degree ¢ and b has degree j. (M;(T) is always a path of
length two or three contained in 7.) We set the weight of edges (vi., v%), (ur, a)
and (ur,b) to M{(T), MZ(T) — M}(T) and M} (T) — M} (T), respectively. We
set capacity intervals of a, b and ur to [0,1]. We set capacity intervals of vk

and v% to [1,1].

0,1 ea

a
MZ(T) — M{(T) 1 U:lp

c A d |:> [0, 1} e uUT M{(T)
M3 (T) — M{(T) 1 U%

0,190

Figure 2.6: A gadget for a double triangle T' = (a, b, ¢, d).

For every problematic short cycle that is not part of any double triangle we

add a corresponding gadget presented in Section 2.2 or Section 2.3.

Theorem 6. Let M be any Cy-free 2-matching of G. Then we can find an
(1,b)-matching M’ of G' such that w'(M’) > w(M).

Proof. We initialize M’ as the empty set. We add to M’ every edge of M that
belongs to no problematic short cycle.

Consider any double triangle 7' = (a,b,c,d) of G. We add (vh,v2) to M’.
Let M = MNE(T). If degy,(a) = 2, then we add (ur, a) to M’. If deg; (b) = 2,
then we add (ur,b) to M’. Note that deg,;(a) < 1 or degy,(b) < 1, therefore
degyp (ur) < 1.
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For every problematic short cycle that is not part of any double triangle we
add edges of a corresponding gadget to M’ in the same way as we did in the

proofs of Theorem 2 and Theorem 4. O]

Theorem 7. Let M’ be any (I,b)-matching of G'. Then we can find a Cy-free
2-matching M of G such that w(M) > w'(M').

Proof. We initialize M as the empty set. We add to M every edge of M’ that
belongs to G.

Consider any double triangle T' = (a,b,¢,d) of G. Let i and j denote the
number of edges of the gadget for T incident to a and b, respectively. Notice
that i +j < 1. We add to M a maximum weight C4-free 2-matching of T in
which a has degree ¢ + 1 and b has degree j + 1.

For every short cycle that is not part of any double triangle we proceed in

the same way as in the proofs of Theorem 3 and Theorem 5. O
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Chapter 3

Kt +-free t-matchings in

bipartite graphs

3.1 Outline of the Algorithm for Square-Free 2-
Matchings

The general scheme of the algorithm for each variant of the square-free 2-

matching problem is the same - we give it below.

Algorithm 2 Computing a maximum (weight) square-free 2-matching of a
bipartite graph G.

1: Let M be an empty 2-matching of G.

2: Construct an auxiliary bipartite graph G’ = (V’, E') with O(n) vertices and
O(m) edges, and its 2-matching M’ of size O(n) by replacing some squares
of G with gadgets containing half-edges. (Both gadgets and half-edges are
defined later.)

3: Compute a shortest (resp. minimum) M’-augmenting path P of G'. If
G’ contains no M’-augmenting path (resp. no M’-augmenting path with
negative alternating weight), stop the algorithm and return M.

4: Apply P to M’ obtaining M" and extract a square-free 2-matching M; of
G from M" such that |[M;| = |M|+ 1 (resp. w(M;) > w(M)). Set M as
M and go to 2.

Claim 6. Algorithm 2 runs in time O(nm + n?logn).

Proof. 1t will be easy to implement all steps of Algorithm 2 except Step 3 in
linear time. Step 3 can be implemented to run in time O(|E’| + |V'|log |V’|) by

37
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Fredman and Tarjan’s implementation of Dijkstra’s algorithm [FT87] similarly
as in the Hungarian method described by Schrijver [Sch03| - see Section 3.5
for more details. Every step is executed O(n) times since |M| increases by one

every time Step 4 is executed. O

Let us also remark that in the unweighted version of the problem Algorithm 2

runs in time O(nm) since Step 3 can be implemented to run in linear time.

3.2 Maximum square-free 2-matchings in bipar-
tite graphs

In this section we show how to find a maximum square-free 2-matching in a
bipartite graph G. When computing a maximum 2-matching N of G, which
is not required to be square-free, we can proceed as follows. As long as G
contains some N-augmenting path P, apply it to N and repeat. When the
goal is to compute a maximum square-free 2-matching of G, this approach is
not applicable for two reasons. Firstly, by applying an augmenting path to a
square-free 2-matching we may obtain a 2-matching which is not square-free.
Secondly, it may happen that a square-free 2-matching M is not maximum but
G does not contain any M-augmenting path P such that M @ P is square-free.
An example of such a 2-matching is shown in Figure 3.1. Nevertheless, it turns
out as we demonstrate below, that we may still use this method if the search for
an augmenting path is conducted in an appropriately modified graph G, called
G'.

&

ay

NNANN \NNNNY

S !

Figure 3.1: Edges of a square-free 2-matching M are waved. M is not maximum,
G contains an M-augmenting path P (with endpoints a1,b1) but M @ P is not
square-free. If we apply both P and an M-alternating cycle C' (indicated by red
edges), we obtain a larger square-free 2-matching.

b

First let us check what types of squares of G are in danger of appearing in

a 2-matching after the application of a shortest augmenting path. (In fact P
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does not have to be shortest - it suffices if P has no shortcuts.)

Fact 8. Any shortest M -augmenting path P’ has the property that for any vertex
v, it contains at most two edges incident to v: at most one matched edge and

at most one unmatched one.

Proof. Otherwise P’ would contain an alternating cycle C' and hence could be

shortened. (This property does not hold in non-bipartite graphs.) O

Lemma 1 (Proposition 2.1. in [Tak09]). Let M be a square-free 2-matching of
G and P any shortest M -augmenting path. If M @ P contains a square s, then
exactly three edges of s belong to M.

Proof. Suppose that M @ P contains a square s = (a, b, ¢, d) such that at least
two of its edges do not belong to M, one of which is (a,b). Therefore (a,b) € P
and by the fact above we get that both (b,¢) and (a,d) belong to M. Hence,
(¢,d) ¢ M. Thus, the edges (a,b),(c,d) belong to P and are connected in P
by an odd-length M-alternating path R. R’s endpoints are either a and d or b
and c. Also, R begins and ends with an M-edge. This means that P can be
shortened by replacing R either with (a,d) or (b,c) - a contradiction. O

Suppose that M is a (possibly empty) square-free 2-matching of G. We say
that a square s of G is saturated (in M) if exactly three edges of s are contained
in M. The graph G’ in which we are going to search for an augmenting path is
obtained from the original graph G by replacing a subset of saturated squares
with specially constructed subgraphs called gadgets. Notice that all saturated
squares of G can be found in linear time by considering every path and cycle
formed by M separately. More details are given below.

One can observe that, since G is bipartite, any edge e of G belongs to at

most two different saturated squares.

Definition 3. A saturated square s, which has exactly one common edge with
some other saturated square is said to be unproblematic. Otherwise, s is said

to be problematic.

Unproblematic squares can be easily got rid of by replacing some edges with

other ones as explained in more detail in the proof of Lemma 4.

Fact 9. If two problematic squares have a common edge, then they share exactly
two edges, both of which are in M. Any problematic square is non-edge-disjoint

with at most one other problematic square.
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Proof. Let s; and sy be two problematic squares of G with a common edge.
Since they are problematic, they have at least two common edges. Note that s;
and s cannot share more than two edges because otherwise they would share all
four vertices. However, two different squares cannot share all vertices because
G is simple and bipartite. Let e1, es be the common edges of s; and so. They
cannot be vertex-disjoint because then again s; and s, would have four common
vertices. Hence, e; and e have a common vertex v.

Next we argue that both e; and ey must belong to M. Suppose to the
contrary that e; ¢ M. This implies that the endpoint v'of ey different from v
is incident to three egdes of M - a contradiction.

To see that s; cannot share an edge with a problematic square s3 # so,
observe that in such a case s3 would have to share with s; exactly one of the
edges of {e1,ea} and additionally some edge es. The edge e3 cannot belong
to so because it is incident to a vertex of s; not contained in s;. Hence, s3
and so share exactly one edge, which implies that sy is not problematic - a

contradiction. O

Definition 4. Let s; and sy be two different squares of G which have exactly
two common edges. Then a subgraph s = sy Uss is called a double square. We

say that s is saturated (in M) if exactly four edges of s are contained in M.

It is easy to check that no double square contains more than four edges of
any 2-matching of G.

If G contains at least one problematic square, we build a graph G’ = (V', E')
together with its 2-matching M’, in which each problematic square s is replaced
with a subgraph, called a gadget for s. The precise construction of G’ and M’
is the following. We start off with G’ = G. We initialize M’ as the set of edges
of M which are not part of any problematic square.

Let s = (a,b,c,d) be any problematic square of G such that (a,b) ¢ M. For
each edge (p, q) of s we add two new vertices vh and v, called subdivision ver-
tices (of s), and we replace (p, q) with three new edges: (p,v?), (v2,vi), (vd,q).
Each of the edges (p,v}), (v}, q) is called a half-edge (of (p,q) and also of s).
The edge (vf,v) is called an eliminator (of (p,q)). We remove the elimina-
tor of the edge (a,b) from E’. Additionally, we introduce two new vertices ul

and u?2, called global vertices. We connect ul with every subdivision vertex

s
connected to a or c¢. Similarly, we connect u? with every subdivision vertex
connected to b or d. We define vectors [, u € NV as follows. We set a capacity

interval of every vertex of the original graph G to [0, 2] and we set a capacity



3.2. MAXIMUM SQUARE-FREE 2-MATCHINGS IN BIPARTITE GRAPHS41

interval of every other vertex of G’ to [1, 1], i.e., every vertex of V/\ V is matched
to exactly one vertex of G’ in any (I, u)-matching of G’. For every edge e € M
of 5, we add half-edges of e to M’. Additionally, we add (ul,v) and (u2,0?)
to M'. If two problematic squares share two edges, then their gadgets overlap,
i.e., we build a gadget for each one of them in the way described above.

The main ideas behind the gadget for a problematic square s = (a, b, ¢, d) are
the following. An (I, u)-matching M’ of G’ is to represent roughly a square-free
2-matching M of G. If M’ contains both half-edges of some edge e, then e is
included in M. If M’ contains an eliminator of e, then e does not belong to
M (is excluded from M). We want to ensure that at least one edge of s does

not belong to M. This is done by requiring that the two global vertices ul and

2

2 are matched to two subdivision vertices. In this way two half-edges of s are

u
guaranteed not to belong to M’ and hence to M.

Additionally, we can observe that for a 2-matching M depicted in Figure 3.1,
there exists one M’-augmenting path in G’ comprising all red edges (or its half-

edges and eliminators).

a o, vg w0 b

Figure 3.2: A gadget for a problematic square s = (a, b, ¢,d) such that (a,b) ¢
M. Weights of the edges for the weighted version are given in red. The remaining
edges have weight 0.

It turns out that if G’ contains an M’-augmenting path, then we can apply
a shortest one to M’, obtaining a larger (I,u)-matching M" of G'. From M"
we can in turn obtain a square-free 2-matching My of G of size |M| + 1. This
is achieved by first changing around the half-edges of M" so that for each edge
e € E belonging to a problematic square we have that either both half-edges of
e are contained in M" or none. Next, if needed, we get rid of unproblematic

squares.

Lemma 2. Let P be a shortest M'-augmenting path of G' and let M"' = M'$®P.
Then there exists a 2-matching My of G, denoted as img(M"), such that:
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Figure 3.3: A gadget for a double square cosisting of two different problematic
squares s; and s3. Weights of the edges for the weighted version are given in
red. The remaining edges have weight 0.

1. for each vertex v of G it holds that degy,. (v) = degyy, (v),

2. for each edge e € E not belonging to any problematic square, we have that
ece M, ec M.

Proof. We obtain M; from M" as follows. First for each edge e € F not
belonging to any problematic square, we include e into M, if and only if e € M.
We add some edges for every problematic square s as follows.

At first we assume that s is not part of any double square of G. We show

how to drop this assumption later.

1. If P goes through u! but not w2, then P also goes through ¢ and thus P
contains exactly two half-edges of s: one matched half-edge incident to ¢
and one unmatched half-edge incident to a. Notice that, by the proof of
Lemma 1, P contains no more half-edges of s. In this case we set M; so
that it contains edges (b, a), (a,d), (d,c) but not (b,c). The case when P

goes through 1?2 but not u! is symmetrical.

2. If P goes through both u! and u2, then P contains exactly four half-edges
of s: one matched half-edge incident to ¢, one matched half-edge incident
to d and both half-edges of (a,b). In this case we set M; to contain edges
(b,a), (a,d), (b,c) but not (d, c).
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3. If P goes neither through u! nor through u?, then P either does not go
through any half-edge of s at all or goes through two matched half-edges
of exactly one of the edges (b,c),(¢c,d),(a,d). As a result M” has the
property that for each edge e of s either both half-edges of e are in M"”
or none. In this case we include an edge e of s into M only if its both

half-edges are present in M".

Now we present how to modify the proof given above to the case of double
squares. Notice that it is not valid if s has exactly two common edges with
another problematic square s’. In such case, every subdivision vertex of every
common edge of s and s’ is adjacent to two global vertices - one of s and one
of s’. But in this proof we were not considering a case where P goes through
some global vertex of s'.

Consider double square which consists of problematic squares s; and ss.
Recall that, by Fact 9, s; and so have exactly two common edges, both of which
are matched in M. We use the notation from Figure 3.3. At first, we prove the

following observation.

Observation 1. If P goes through some global vertex of s1, then it does not go

through any global vertex of sa, and vice versa.

Proof. Assume that P goes through some global vertex of s; - a case for s; is
symmetrical. At first, consider a case where P goes through uil. Then it goes
through a and (¢, v5). By the proof of Lemma 1, P cannot contain (c,v§), so
it has to contain (c,vS). Observe that P does not go through uiQ because it
would contain an alternating cycle. Therefore, P goes through both half-edges
and the eliminator of (c,e). Suppose that P goes through u2,. Then it has to
go through (e,v¢) and b. But it means that P can be shortened - a fragment
of P between a and b can be replaced by both half-edges and the eliminator of
(a,b).

Now consider a case where P goes through ufl. From the previous case, if P
goes through uéz, then it cannot go through any global vertex of s;. Therefore,
P cannot go through ui2 since it goes through u? , already. Suppose that P
goes through ugz. Then P contains both matched half-edges incident to d - a

contradiction. O

We use Observation 1 in the following way. We know that P does not go
through any global vertex of s; or s - assume that it does not go through global

vertices of so. We follow the proof of Lemma 2 for problematic square which
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is not a part of any double square setting s = s;. This proof is still valid for
s1 since P does not go through any global vertex of s;. Regarding the edges
of s5 which are not contained in s;, we proceed as follows. Since P does not
go through any global vertex of sy, we have to consider only two cases - M”
contains either both half-edges or the eliminator of (¢, e). We add (c,e) to My
only in the former case. We do not add (a,e) to M; in both cases. O

We have the analogue of Lemma 1.

Lemma 3. Let P be any shortest M'-augmenting path in G'. If My = img(M'®

P) contains a square s, then s is unproblematic (in M ).

Proof. Let s = (a,b,c,d) be some square of G that is contained in M;. First, we
can notice that if some of the unmatched (in M) edges of s is also present in G,
then by the argument from the proof of Lemma 1, we know that s can appear
in M; only if it is saturated and hence only if it is unproblematic (because
otherwise s is replaced with a gadget). Second, we observe that s cannot be
problematic, because the gadget for s ensures that at least two half-edges of s
do not belong to M’ @ P and hence at least one edge of s does not belong to
M;.

Suppose then now that s is not saturated and all its unmatched edges in M
are not present in G’. Let (a, b) be any of these edges. It means that there exists
a problematic square s’ that contains (a,b). The edge (a,b) appears in M; only
if at least one of the half-edges of (a, b) is contained in P. Suppose it is (a, vf).
It means that P either ends in a or contains also some matched (half-)edge ¢’
incident to a. By the proof of Lemma 1, the edge ¢’ cannot be contained in s'.

We consider two cases.

1. If the edge (a,d) does not belong to s’, then it is unmatched in M since
otherwise ¢/ = (a,d) would not be contained in M;. Hence, from our
assumption, (a,d) belongs to some problematic square s” and at least one
half-edge of (a,d) belongs to P. Notice that s’ shares no common edges
with s’, so the matched half-edge of s’ incident to a belongs to P - a

contradiction with the proof of Lemma 1.

2. If the edge (a,d) belongs to s’, then notice that the edge (c,d) is not
contained in s’ because G is simple and thus (b, ¢) is not contained in s’
as well. Moreover, (¢,d) is unmatched in M since d is incident to two

matched edges of s already. From our assumption, (¢, d) is not present in
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G’, so it belongs to some problematic square s”. Therefore, exactly one
of the matched edges in M incident to d, namely (a, d) and e”, belongs to
s"”. If it is (a,d), then s’ and s” share exactly one common edge (a,d) -
a contradiction with the definition of problematic squares. Therefore, e’
belongs to s, so (b,c) is matched in M. In such case, by the proof of
Lemma 2, s would be not contained in M; since some unmatched edge of

every double square of G is not contained in img(M’ @ P).

O

Lemma 4. Let P be any shortest M'-augmenting path in G' and M; = img(M'®
P). If My is not square-free then it can be transformed into a square-free 2-
matching My such that | M| = |Ma).

Proof. We consider every square s = (a, b, ¢, d) of M;. By Lemma 3, s is unprob-
lematic. Hence it shares exactly one edge with another unproblematic square s'.
Assume that (a,b) is unmatched in M. Observe that (¢, d) cannot be a common
edge of s and s’ because any vertex of G can be incident to at most two edges
of M. Neither can (a,b) be a common edge of s and s’, because then P could
be shortened and not go through (a,b) at all - notice that both s and s’ cannot
have common edges with any problematic square in this case. Therefore, we
can assume that (b,¢) is a common edge of s and s’ = (b, ¢, e, f). At first, we

prove the following observation.

Observation 2. Square s’ is an M;-alternating cycle.

Proof. Since s is contained in Mj, neither (b, f) nor (c,e) can belong to Mj.
It remains to prove that (e, f) is contained in M;. Notice that an unmatched
edge in M of every unproblematic square cannot belong to any problematic
square. Therefore, both (a,b) and (c,e) are present in G’, so (a,b) belongs to
P. Observe that if s’ has a common edge with some problematic square, then
they have exactly two common edges, both of which are matched. Moreover,
s’ cannot have common edges with two different problematic square because
they would have exactly one common edge and thus be unproblematic. Hence,
no edge of s’ belongs to any double square of G. Suppose that (e, f) does not
belong to M7. Consider any problematic square s” which shares common edges
with s’. Since s” is not saturated in M; anymore, it follows from the proof of
Lemma 2 that P does not go through any global vertex of s”. Therefore, for
each of the edges (b, f) and (e, f), this edge or both its half-edges belong to P.
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It means that both matched (half-)edges in M incident to f belong to P - a

contradiction. O

By Observation 2, we apply s’ to M;. As a result s does not occur in
M; anymore. Also, this operation does not introduce any new square into
M; because the edges (f,b), (b,a), (a,d),(d,c),(c,e) form a path of length five
and are guaranteed to belong to My; therefore, none of them can be part of a

square. O

The correctness of Algorithm 2 for the unweighted version follows from the
proof of the correctness for the weighted version given in Section 3.3. An ad-
ditional proof of the correctness (including a min-max formula) of Algorithm 2

for the unweighted version is given in Section 3.4.

3.3 Maximum weight square-free 2-matchings in
bipartite graphs

In this section we extend the results from the previous section to the weighted
setting. Recall that this problem is AN'P-hard for general weights, therefore we

assume that the weight funcion w is vertex-induced on every square of G.

Lemma 5. The weight function w is vertex-induced on every double square of

G.

Proof. Let s be any double square of G consisting of two problematic squares
s1 = (a,b,¢,d) and so = (a,b,c,e). Let r; and ro be potential functions of,
respectively, s; and sa. Observe that r1(a) +71(b) = w(a,b) = ra(a) +12(b) and
r1(b) +r1(c) = w(b, ¢) = r9(b) +12(c). Let A =r1(a) —ra(a). We increase both
ro(a) and ro(c) by A while we decrease both r2(b) and ra(e) by A. Notice that
ro is still a valid potential function of sy after this operation. Additionally, ry
and ro agree on the common vertices of s; and sy now. Therefore, 1y Urs is a

potential function of s. O

To the construction of G’ from Section 3.2 we add a weight function w’ :
E’ — R defined as follows. The half-edges incident to a, b, ¢ and d get weight
r(a), r(b), r(c) and r(d), respectively, where r is a potential function of s. All

the other edges of the gadget get weight 0.
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Define k : E/ — {0,1/2,1} such that

1 ifeeF,
k(e) =< 1/2 if e is a half-edge,
0 otherwise.

For e € E’ we say that k(e) is the size of e.

Definition 5. Consider any (I,u)-matching N of G'. We define the size of N
as k(N) = > .cn k(e). We say that N is extreme if it has mazimum weight
among all (I, u)-matchings of size k(N) in G'.

Algorithm 2 for computing a maximum weight square-free 2-matching dif-
fers from the variant for computing a maximum (size) square-free 2-matching
only in the fact that we compute a minimum M’-augmenting path instead of
a shortest M’-augmenting one. Finding a minimum M’-augmenting path re-
quires computing an M’-augmenting path P with minimum alternating weight.
To be able to do this, we need to know that there are no negative cycles in G'.
We prove the absence of negative cycles in G’ as well as the optimality of the
square-free 2-matching computed by Algorithm 2 by using linear programming.

The weighted square-free 2-matching problem can be formulated as an inte-
ger program as follows. We assign a variable z(e) to each edge e € E. Any such
variable can take on only two values: 0 or 1, where setting a variable z(e) to
1 denotes including e in the 2-matching. To ensure that variables x(e) encode
a 2-matching we add constraint (3.1b). Constraint (3.1c) means that for any
square s of the graph at most three of its edges can belong to the 2-matching.

Let S denote the set of all squares of G and 2 € R¥. The weighted square-
free 2-matching problem can be formulated as an integer program, whose linear

programming relaxation is the following:

(P) maximize Z w(e)z(e) (3.1a)
c€E
subject to Z z(e) <2 (MveV), (3.1b)
e€6(v)
> a(e) <3 (VseS), (3.1¢)
e€E(s)
0<z(e) <1 (Ve€E). (3.1d)

The linear program (P) has been shown to have an integral optimal solution
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by Makai [Mak07]. For our purposes we need linear programs, which are relax-
ations of integer programs for, correspondingly, the extreme size k square-free
2-matching problem in G and the extreme size k (I, u)-matching problem in
G'. These linear programs (Py) and (P}) and their duals (Dy), (Dj,) are given

below.

For technical reasons we add constraint (3.2d) to (Py) for every double square
of G where S denotes the set of all double squares of G. This will allow us to

simplify some arguments for double squares.

(P;) maximize Z w(e)z(e) (3.2a)
ecE
subject to Z zle) <2 (MweV), (3.2b)
e€d(v)
Z z(e) <3 (Vse€S), (3.2¢)
e€E(s)
Y ae) <4 (Vse ), (3.2d)
e€E(3)
Zx(e) =k, (3.2¢)
ecEl
0<z(e) <1 (Vee€ k). (3.2f)

(D) minimize 2 Z p(v Z )+3 Z )+4 Z )+ Bk (3.3a)

veV ecl s€S se8
subject to  p(u) +p(v) +qle)+ D als)+ Y &B)+ 8 >w(e)(Ve = (u,v) € E),
s€S:ecE(s) 3€8:ecE(3)

(3.3b)

p,q,a > 0. (3.3¢)
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(P) maximize Z w'(e)z(e) (3.4a)
subject to Z z(e) <2 (Mv e V), (3.4b)
e€d(v)
Z z(e) =1 (Vv e V'\ V), (3.4c)
e€d(v)
Z k(e)x(e) = k, (3.4d)
eck’
0<z(e) <1 (Ve € E'). (3.4e)
(D},) minimize 2 Z p'(v) + Z p'(v) + Z q(e)+ Bk (3.5a)
veV veV\V ecE’
subject to /() +p/(v) + /() + Ak(e) > w'(e) (Ve = (u,v) € B,
(3.5b)
p'(v) >0 (Vv eV), (3.5¢)
¢ >0. (3.5d)

We define the linear program (P’) as (P}) without the inequality (3.4d).
We denote the dual programs of (P) and (P’), respectively, as (D) and (D’),
correspondingly. These dual programs differ from (Dy) and (Dj,) in that they

do not contain the variables 8 and 3’.

Fact 10. Consider any feasible integral primal solution x of (Py) and any fea-
sible dual solution p, q, a, &, 8 of (Dy). Define M = {e € E : z(e) = 1}. From

the complementarity slackness conditions, both these solutions are optimal iff all
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of the following implications are true:

e€M = p(u)+p()+qle)+ Y als)+ Y aB)+8=wle) (ve=(u,v)
s€S:e€E(s) 3eS:ecE(3)

(3.6)

v is deficient in M = p(v) =0 (Vv e V), (3.7

e¢ M = q(e) =0 (Ve € E), (3.8)

s is not saturated in M = a(s) =0 (Vs € 5), (3.9)
§ is not saturated in M = (&)(8) =0 (Vs € 9). (3.10)

Similar constraints hold for the other linear programs. We identify a 2-matching

with its incidence vector x.

Lemma 6. For any integer number k, linear programs (P}) and (P') have

integral optimal solutions.

We postpone the proof of Lemma 6 till the end of this section since it is quite
technical. By Lemma 6, any maximum weight (resp. extreme) (I, u)-matching
of G’ is an optimal solution to (P’) (resp. (P})).

Let us now explain how we use these linear programs. Observe that to
show that G’ contains no negative cycles, it suffices to demonstrate that M’ is
extreme in G’, or in other words, that M’ is an optimal solution to (P}) for
k = |M’|. Below in Lemma 7 we prove that M’ is extreme in G’ if M is an
optimal solution to (Py) for ¥ = |M|. This means that we need to show that
for every k, 0 < k < n in iteration k of Algorithm 2, the computed square-free
2-matching M of size k is an optimal solution to (Py). Of course, the empty
square-free 2-matching is an optimal solution to (Fp). Assuming that we have
an optimal solution to (Px_1), we build M’ and G’ and find a minimum M’-
augmenting path P in G’. Next we show that by applying P to M’ we obtain
an (I, u)-matching N of size k, which is extreme in G’. This (I, b)-matching
N corresponds to a square-free 2-matching M; of size k. We prove that the
optimality of the solution N to (Pj) implies the optimality of the solution M
to (Py).

To compute a minimum M’-augmenting path in G’, we first find an M’-
augmenting path P with minimum alternating weight. To be able to do this,
we need to know that there are no negative cycles in G’. In the following lemma

we prove the absence of negative cycles in G’. Next, if needed, we shorten P.

c E)
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Lemma 7. Assume that M is an optimal solution to (Py) for k = |M|. Then
M’ is an optimal solution to (P]), and thus M’ is extreme in G'. Moreover,

there are no negative M'-alternating cycles in G'.

Proof. At first, we will construct a feasible solution to (D}) which satisfies the
complementary slackness conditions (see Fact 10) together with M’. Hence M’
is an optimal solution to (P}). In the end, we prove that there are no negative
M'-alternating cycles in G.

Let p, q, a, &, 8 be some optimal solution to (D). We construct an optimal
solution p’, ¢’, B’ to (Dy,) as follows. We set p/'(v) = p(v) for v € V and 8’ = .
Let s = (a,b,c,d) be any problematic square of G such that (a,b) ¢ M. We
set p/(vf) = p'(vg) = r(a) — p(a) — g and similarly, for every u,u’ € {a,b,c,d}
such that (u,u’) is an edge of s we set p/'(v) = r(u) — p(u) — g Regarding the
global vertices, we set p/(ul) = —p'(vf) and p'(u?) = —p'(v2).

We now argue that thus defined p’,¢’, 5’ form a feasible solution to (D},)
and that it satisfies the complementarity slackness conditions. We focus on
the constraints (3.5b) for edges of the gadgets since the other ones are easy to
verify. Notice that is it sufficient to prove that, for every edge e = (u,v) of G,
the value of p’(u)+p'(v)+ 'k (e) is greater (resp. smaller) than w'(e) if e belongs
(resp. does not belong) to M’. It follows from the complementarity slackness
conditions, because for every edge e of G’, we have to set ¢’(e) =0 if e ¢ M’ and
for e € M’ we can set ¢'(e) accordingly. We use the complementarity slackness
conditions for p, q, o, &, 8 and M.

Consider a problematic square s = (a,b,c¢,d) of G such that (a,b) ¢ M.
Suppose first that s is edge-disjoint with every other problematic square of G.
Since (3.5b) holds with equality for every half-edge of s, it remains to show
that (3.5b) holds for edges incident to the global vertices and the eliminators of
edges of s. Consider the edge (ul,v). We want to verify that p/(ul) + p(v§) =
—r(a)+p(a) —p(c) +r(c) > 0. Notice that (3.3b) is satisfied for (a,b) and tight
for (b, c). Moreover, q(q,) = 0 since (a,b) ¢ M. Therefore:

p(e) +p(b) +als) + 8 < r(c) +r(b), (3.11)
p(a) +p(b) + afs) + B = r(a) +7(b). (3.12)

—~

By subtracting these inequalities we get that —r(a) + p(a) — p(c) + r(c) > 0.
The verification is analogous for the other edges incident to the global vertices.

Let (y,z) be any edge of s different from (a,b). We want to check that
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(3.5b) holds for the eliminator of (y,z). From the complementarity slackness
conditions, (3.3b) is tight for e = (y, z). Therefore,

P (W) +p' (v) = r(y)—p(y)—=B/2+7(2)—p(2)=B/2 = 7(y)+r(2)—(p(y) +p(2)+a(s)+5)+a(s) > a(s)

Suppose now that s; = s has a common edge with another problematic
square so of GG. By Definition 3, s; and s; have exactly two edges in common,
both in M. Moreover, let § be a double square formed by s; and s,. Observe
that p’ is well-defined for the subdivision vertices of these common edges because
of Lemma 5. Notice that additional component &(§) > 0 is present on the left
side of inequality (3.3b) but it does not spoil argument. The only difference
in the verification of (3.5b) for edges incident to u!l or u? is that there can
appear additional a(sz) on the left side of inequality (3.11). Since a(s2) > 0,
the verification goes through as well. When checking (3.5b) for the eliminator
of (y,z), a small change is needed in equation (3.13) for the case when (y, z)
is a common edge of s; and so: p'(vY) + p'(vi) = r(y) + r(2) — (p(y) + p(2) +
a(s1) + a(s2) + &(8) + B) + als1) + a(sz) + &(8) > a(s1) + a(s2) + &(s) > 0.

It remains to prove that there are no negative M’-alternating cycles in G’.
Suppose that there exists such a cycle C. We claim that an application of C
to M’ results in an (I,u)-matching M" of G’ such that k(M") = k(M'). It is
a contradiction with the optimality of M’ since w'(M") = w'(M') — @' (C) >
w'(M"). Observe that proving that the total size of M’-edges of C is equal the
total size of non-M'-edges of C'is sufficient to justify this claim. This observation
is easy to check if C' consists of only the edges of G — in such a case, every edge
of C has size one whereas every second edge of C belongs to M’. This argument
can be generalized to a case when C goes through some gadgets by dividing C'
into M’-alternating paths at the vertices of G. One can observe that, for every

such M’-alternating path P, exactly one of the following statements is true:
e P consists of a single M’-edge or non-M’-edge of size one,

e P consists of three edges of the gadget, starts and ends with two different
half-edges which belong to M’ and contains an eliminator which does not

belong to M’, or

e P consists of four edges of the gadget, starts and ends with two different
half-edges, exactly one of which belongs to M’, and contains no other
half-edges.

..

—~ IV
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Recall that the size of a half-edge is one half and the size of any other edge of
the gadget is zero. These observations are sufficient to conclude that the total

size of M’-edges of C' is equal to the total size of its non-M’-edges. O

Lemma 8. Let M’ be an extreme (l,u)-matching in G' and P a minimum
M’ -augmenting path. Then N' = M' @ P is extreme in G'.

The proof is almost identical to that of Theorem 17.2 in [Sch03].

Lemma 9. Let P be a minimum M’-augmenting path and let M" = M' & P
and My = img(M"). Then there exists an (I,u)-matching N of G', denoted by

canonical(M), such that:
o W' (N)=w(M),

o for every edge e € E not belonging to any problematic square, e € N <
e € My, and

o for every edge e € E belonging to some problematic square and for each
half-edge h of e, we have that e € My < h € N.

Proof. We construct N as follows. We start off with N = (. For every e € F
which does not belong to any problematic square of G, we add e to N if and only
if e belongs to M;. Consider any problematic square s whose some global vertex
belongs to P. From the proof of Lemma 2, exactly one edge e of s does not
belong to M;. We connect the subdivision vertices of e to both global vertices
of s in N. For every other edge f of s, if f belongs to M; we add both its
half-edges to N, otherwise we add the eliminator of f to N. We process all
remaining edges of F in the same way. For every remaining problematic square
s of G, we connect both its global vertices to the subdivision vertices of the only
edge of s which does not belong to M.

Notice that w'(N) = w(Mj) since the total weight of both half-edges of the
same edge e € E is equal to w(e). O

Lemma 10. Let P be a minimum M’-augmenting path and let M" = M' ® P
and N = img(M").
If M is extreme in G', then N is an optimal solution to (Py) for k = |N]|.

Proof. By Lemma 6, M" is an optimal solution to (F). In Lemma 12 below
we prove that Lemma 2 also holds in the weighted setting if P is a minimum
M'-alternating path in G’. We set M"” < canonical(IN). Observe that, by
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Lemma 9, M" remains an optimal solution to (Py) since we did not alter its
weight.

Let p’,¢', 8 be some optimal solution to (Dj;,). We construct an optimal
solution p, ¢, a, &, 8 to (D) as follows. We define 8 = " and p(v) = p'(v) for
every v € V. We use the complementary slackness conditions for p’, ¢, 3" and
M.

Suppose first that there are no double squares in G. Let s = (a,b, ¢, d) be
any problematic square of G such that (a,b) ¢ M.

Notice that the global vertices of s are matched to the subdivision ver-
tices of some edge (y,z) of s in M"”. Of course, (y,z) ¢ N. We set a(s) =
max{0,p'(v¥) + p'(vy)}.

Claim 7. Let (i,j) be any edge of s. Then p’(v;) —i—p’(vf) is greater (resp.
smaller) than or equal to a(s) if (i,7) belongs (corr. does not belong) to N.

Proof. Suppose first that p’(v¥) +p'(vj) < 0. Thus a(s) = 0. Moreover, (y, z) =
(a,b) since otherwise the eliminator of (y, z) exists in G’ (the eliminator of (a, b)
does not exist in G’) and does not belong to M" which contradicts inequality
(3.5b) by implication (3.8) of Fact 10.

1. If (¢,7) € N, then the eliminator of (¢, j) exists (because (i, j) # (a,b)) and
does not belong to M", so p'(v%) +p'(v)) > 0 = a(s) by inequality (3.5b)
and implication (3.8) of Fact 10.

2. If (4,5) = (a,b) ¢ N, then the statement follows from the assumption that
p'(v?) +p'(vg) <O.
3. If (i,7) ¢ N but (4,5) # (a,b), then the eliminator of (i, ;) exists and

belongs to M", so p'(v}) +p'(v)) < w'(vi,v)) = 0 = afs) because the

| i 7Y
inequality (3.5b) for (v}, v]) is tight by implication (3.6) of Fact 10.
Suppose next that p'(v¥) + p'(vj) > 0. Thus a(s) = p'(v¥) + p'(v§).

1. If (i,7) € N, assume that i,y,ul € V1(G’). Then, by Fact 10 and in-
equality (3.5b) for the edges incident to the global vertices of s, p’(vY) 4+
Pl(u)) < w'(v¥,ul) = 0 and p'(v}) + p'(uy) > w'(v},uy) = 0. Therefore,
P’ (v¥) < p'(v}) and, analogously, p'(vy) < p/(v]) . Thus p'(v}) 4 p'(v]) >

P'(vY) +p'(vg) = als).

2. If (i,7) = (y,2) ¢ N, then the statement follows from the definition of

a(s).
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3. If (4,5) = (a,b) ¢ N, then (y, z) = (a,b) since otherwise (a,b) € N, so we

can proceed as in subcase 2.

4. If (i,5) ¢ N but (4,5) € {(a,b), (y,2)}, then the eliminator of (¢, j) exists
and belongs to M”, so p/(v}) +p'(v]) <0< afs).

O

We next show that the inequality (3.3b) holds for each edge (i,7) of s. By
Claim 7 and inequalities (3.5b) for the half-edges of (i, j),

p(D)+p(i)+als)+8 < (=) (0019 (0])+8'/2)+ (0 ()9 (v])+68'/2) < (=) r(i)+7(j) = w(i, ),

if (i,7) belongs (resp. does not belong) to N. Therefore, we can define ¢ in
such a way that implications (3.6) and (3.8) of Fact 10 for (Py) and (Dy) are
satisfied. Implication (3.7) is satisfied because the degrees of vertices of G in
M’ and N are the same. It remains to show that implication (3.9) is satisfied

for s.

Claim 8. If a(s) > 0, then s is saturated.

Proof. Notice that a(s) = p'(v¥) + p'(vj) > 0. Consider any edge (i,j) of s
different than (y, z). It suffices to prove that (i, j) belongs to N.

Using the same argument as in the subcase 1 of the second case of the proof
of Claim 7, we can conclude that p'(v?) +p/(v]) > p'(v¥) +p'(vg) > 0. There-
fore, the eliminator of (i,7) (if it exists) cannot belong to M” since otherwise
the inequality (3.5b) for this eliminator would not be tight, contradicting im-
plication (3.6) of Fact 10.

Moreover, the subdivision vertices of (i,j) cannot be matched to the global
vertices of s in M" since the latter are already matched to the subdivision
vertices of (y,z). Therefore, both half-edges of (i,j) belong to M”, so (i,7)

belongs to N. O

We assume now that G' contains double squares. Consider any double square
§ consisting of squares s; and ss.

We define a(s1) and «a(ss) separately for both s and so as described before.
Let ag(s;) = a(s;) for I € {1,2}. We define &(8) = min{ag(s1), ap(s2)} and we
decrease both «(s1) and a(sz) by this value. Therefore, ag(s1) and ag(s2) are

the old values of a(s1) and «a(ss), respectively.

Claim 9. The inequality (3.3b) holds for each edge (i,j) of $.
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Proof. We show how to adapt the proof for the single squares to the case of
double square §. Observe that the proof of Claim 7 can be invalid for (7, j) and
s € {s1,82} only in one case - if (4,j) is a common edge of s; and sy whose
subdivision vertices are matched to the global vertices of a square different than

s. We consider several cases.

1. Suppose that (4, j) is not a common edge of s; and s5. By the observation
above, the proof of Claim 7 is valid for (i,j) and that square s = s; to
which (7, ) belongs. By the definition of &(§),

a(s) + &(8) = ao(s),

so the rest of the proof goes through if we set s = s;.

2. Let (4,j) € N be a common edge of s; and sy. Notice that the proof of
Claim 7 is valid for (i, ), for both s; and s,. Since a(s1) or a(s2) is equal

to zero,
a(s1)+a(s2)+a(s) = max{a(sy), a(s2)}+a(s) = max{ap(s1), ao(s2)} = ao(si),

for some [ € {1,2}. We set s = s; as in the previous proof.

3. Let (i,7) ¢ N be a common edge of s; and sy. Recall that the proof of
Claim 7 may be invalid for at most one of the squares s; and so. Therefore,

we can notice that p’(v?) +p'(v]) < ag(s;) for only one I € {1,2}. Thus,
a(s1) + a(s2) + &(8) = max{ag(s1),ao(s2)} > ag(s;),

and we proceed with the proof setting s = s;.
O

Claim 10. For every l € {1,2}, if a(s;) > 0, then s; is saturated. Moreover, if

&(8) > 0, then § is saturated.

Proof. Assume that a(s;) > 0, therefore ag(s;) > 0. We show how to modify
the proof of Claim 8 by setting «(s) = ag(s;). The only case where this proof
may be invalid is when the subdivision vertices of (i, j) are matched to the global
vertices of s3_;. But in such a case we can still conclude that p'(v?) —|—p’(v{) >
P (v¥) +p'(v]) = ao(si) > 0. Therefore, ag(s3—1) = p'(v}) + 9/ (v]) > ag(s).

Thus a(s;) =0 - a contradiction.
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Suppose that &(8) > 0. Therefore, ag(s;) > 0 for [ € {1,2}, so we can apply
the proof of Claim 8 again. Thus all edges of § whose subdivision vertices are
not matched to the global vertices of s in M" belong to N. Therefore, there are
exactly four N-edges in §. O

O

Lemma 11. Assume that M’ is a mazimum weight (1, u)-matching of G'. Then

M is a maximum weight square-free 2-matching of G.

Proof. By Lemma 6, M’ is an optimal solution to (P’). The rest of the proof
is analogous to the proof of Lemma 10, i.e. we construct an optimal solution to
(D) from an optimal solution to (D’). Then we show that the former and M
satisfy the complementarity slackness conditions, so M is an optimal solution
to (P). We omit the rest of the details. O

Lemma 12. Let P be a minimum M'-augmenting path in G', M" = M' & P
and My = img(M"). Then w(M;) = w'(M’) — @'(P) and M; can contain only
unproblematic squares. My can be transformed into a square-free 2-matching
My such that | M| = |My| and w(Msy) = w(My).

Proof. Observe that, from the proof of Lemma 2, w(M;) = w'(M"). Moreover,
w' (M) =w'(M') — @' (P), so w(M;) =w'(M') — @' (P).

We prove that all statements from Section 3.2 goes also through in the
weighted setting if P is a minimum M’-augmenting path instead of a shortest
one. We now prove that the weight of every shortened path is not greater than
that of a minimum M’-augmenting path P. First, observe that P cannot contain
any M’-alternating cycle since, by Lemma 7, every such cycle has nonnegative
alternating weight. In particular, it means that Fact 8 is true for P in G'.

Now we argue that the proof of Lemma 1 is valid in the weighted setting
for G’. Assume that R is replaced by (a,d). We have to show that @w'(a,d) =
w'(a,d) < @'(R). Since there are no negative M’-alternating cycles in G', we
have 0 < @'(R) + w'(b,¢) — w'(a,b) —w'(¢c,d) = W' (R) — w'(a,d) because w is
vertex-induced on s. Notice that this argument is also true if some matched
edges of s are replaced by its half-edges. Therefore, Lemma 1 can be used in
the proof of a weighted analogue of Lemma 3.

Another argument that we use in the proofs of statements from Section 3.2
involves replacing some fragment of P by a shorter one, both of which are

contained in the same square or its gadget. Notice that, in the case of gadgets,
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both old and new fragments of P always have endpoints in the same vertices
of G. Since P is M’-alternating, every time it goes through some vertex of a
problematic square, it goes through one matched half-edge and one unmatched
one, both of the same weight. Hence, the total alternating weight of each of these
fragments depends only on the potentials of its endpoints. Thus, these fragments
have the same alternating weight. In the case of the squares, these fragments
have the same endpoints as well, so we can observe that both fragments must
have the same alternating weight since w is vertex-induced on every square of
G.

It is left to prove that removing unproblematic squares from M; does not
change its total weight. Recall that we obtain My from M; by applying some
Mji-alternating squares to M. Since w is vertex-induced on every square of G,
the total weight of added edges is equal to the total weight of removed edges.
Thus w(M;) = w(My).

O

Theorem 11. The weighted version of Algorithm 2 computes a mazximum

weight square-free 2-matching of G.

Proof. At first, we prove by induction that every time Step 2 of Algorithm 2
is going to be performed, M is an optimal solution to (Py) for k = |M|. Of
course, the empty 2-matching is an optimal solution to (P). Assume that at
the beginning of an execution of Step 2, M is an optimal solution to (Py) for
k = |M|. Therefore, by Lemma 7, M’ is extreme in G’ and there are no negative
M'-alternating cycles in G’. Thus, we can conduct Step 3 to find a minimum
M'-alternating path P in G’. Then, by Lemma 8, M" is extreme in G’, so by
Lemma 10, N = img(M") is an optimal solution to (Pgxy1). By Lemma 12
|Mi| = |M|+ 1 and w(M;) = w(N), so M; is an optimal solution to (Pg41) as
well. Recall that after Step 4 we set M = M; and we go back to Step 2 which
ends the proof of the induction step. This proof shows that we can always
perform Step 3 of Algorithm 2 since there are no negative M’-alternating cycles
in G'.

Recall that we return M if there is no M’-alternating path with negative
alternating weight in G’. In such a case M is indeed a maximum weight square-
free 2-matching of G by Lemma 11. Notice that Algorithm 2 stops eventually

since the size of M increases by one every time Step 4 is performed. O

Notice that the unweighted variant of Algorithm 2 is a special case of its
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weighted variant since we can set w(e) = 1 for every edge e € E. Then, every
M'-augmenting path R in G’ has alternating weight equal to —1. Indeed, if
R consists of edges of G only, the number of its M’-edges is one less than the
number of its non-M’-edges. Moreover, from the construction of gadgets, the
alternating weight of every fragment of R which goes throught a gadget is equal
to zero. Hence, the weighted variant of the algorithm finds an M’-augmenting
path which cannot be shortened (for example, the shortest one) for such weight
function, exactly as its unweighted counterpart.

We now prove Lemma 6.
. N V(H)
Lemma 13. Consider any bipartite graph H and vectors l,u € Nzo

NgéH). Then the following polyhedron is integral:

, C €

P (H) = {2z € R Ve 0 < 2(e) < e(e) A Voev(m U(v) < 2(8m(v) < ulv)}.

Proof. Tt follows from the well-known fact that the incidence matrix of any
bipartite graph is totally unimodular. See Section 18.3 in [Sch03| for more
details. 0

Proof of Lemma 6. By Lemma 13, the polyhedron described by the inequal-
ities given in (P’) is integral, therefore (P’) has an optimal integer solution.

We give an extended formulation of polytope Pgs defined by the inequalities
of (P,). Let G’ be a bipartite graph obtained from G’ by adding two vertices
z1, 22, and connecting z; to every vertex of V;(G) by edges, for each i € {1,2}.
Define b € NV(G") and ¢ € NE(G") as follows:

2 ifveV,
bo) =4 1 ifoeV/\V,
2|lVi(G)| =k if v = z; for some i € {1, 2},

c(e) =

2 otherwise.

{ 1 ifeeFE,

Let Pgr = Pg(G"). By Lemma 13, Pgr is integral. We claim that Pgr is a
projection of Pg~ onto E’. For every = € RE' | we define 2’ € RE(C") as follows:

() = { x(e) ifee E,

2 —x(dgr(v)) if e = (z,v) for some i € {1,2}.

We claim that the image of Pg under a function x — z’ is equal to Pgr,
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which gives us the desired projection from Pg» onto Pg.
For each i € {1,2}, let H; be the set of all half-edges of G’ which are incident
to some vertex of V;(G). For every i € {1,2} and 2 € R we have

(0 () = Z (2 —z(de (v)) = 2|Vi(G)| — x(E) — z(H,). (3.14)
veV;(G)

’
Moreover, for any 2 € RF" we have

S k(e)a(e) = x(B) + w (3.15)

ecE’
By combining equalities (3.4d), (3.14) and (3.15) together with Claim 11

below, we conclude that @ € Pg if and only if a'(dg(z;)) = b(z;) for every
ie{1,2).

Claim 11. For any x € Pg or x € Pgv, x(H1) = x(Hz).

Proof. From the construction of any gadget H of G', x(H; N E(H)) = x(H2 N

Therefore, Pg» is an extended formulation of Pg/. Since Pgn is integral,

Pg is also integral. O

3.4 Proof of correctness for the unweighted vari-

ant

It is left to prove that M is a maximum square-free 2-matching of G' when
Algorithm 2 stops. This algorithm can be seen as a special case of the algorithm
for the weighted variant of the problem, presented in more detail in Section 3.3,
but we give a proof of correctness for the unweighted variant of Algorithm 2 for
the sake of completeness.

Notice that when Algorithm 2 stops, M’ is a maximum u-matching of G’
since there is no M’-augmenting path in G’. Thus we can use the well-known

min-max formula for the size of a maximum b-matching given below.
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Theorem 12 (Theorem 21.4 in [Sch03]). Let H = (Vi, En) be a bipartite graph
and b € NV# . Then a mazimum b-matching of H has size
chn‘;l fu(Z) where fu(Z) =b(Vy \ Z) + |EuZ]|. (3.16)
=VH
Similar min-max formulas for the size of a maximum square-free 2-matching
were given by Hartvigsen [Har06], Kiraly [Kir99] and Pap [Pap07]. Inspired by

those, we present a new and alternative min-max formula, which contains also

double squares:

Theorem 13. Let H = (Vy,Ey) be a bipartite graph. Then a mazimum
square-free 2-matching of H has size
chu‘;l fu(Z) where fiy(Zy) =2|Vu \ Z| + |Eu|Z]| — cu(Z) — 2du(Z) (3.17)
=VH

where cg(Z) and dg(Z) denotes the number of connected components of H|[Z]

which are isomorphic to, respectively, a square and a double square.

We will prove that M is a maximum square-free 2-matching of G by con-
structing a minimizer of (3.17) for H = G from the minimizer Z’ of (3.16) for
H = G'. Our choice of Z’ depends on M’ — see Lemma 14 for details. To show
that the constructed set is indeed a minimizer of (3.17), we show the following

two observations:

Observation 3. For any bipartite graph H = (Vi, Exr), b € NV2 | a mazimum
square-free 2-matching N of H and Z C Vi, |N| < f(2).

Observation 4. There exists Z CV such that |M| = f{.(Z).

Notice that Theorem 13 is the corollary of these two observations. Moreover,
it is possible to construct a polynomial time algorithm based on our proofs which
computes a minimizer of (3.17) for any bipartite graph by running Algorithm 2
first.

Lemma 14. Let H = (Vy, Ex) be a bipartite graph, b € NV and N be any
mazximum b-matching of H. Then there exists a minimizer Z of (3.16) such

that all of the following statements are true.
o If(u,v) €N, thenu € Z orv € Z.

o If(u,v) € Eg\ N, thenu ¢ Z orv ¢ Z.
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o [fuv is deficient, then v € Z.

Proof. We construct Z as follows. We start off with Z = (. We add every
deficient vertex of H to Z. For every vertex v of H such that there exists an
N-alternating path P, in H from some deficient vertex to v, we add v to Z iff
P, has even length. Notice that it is well-defined since there cannot exist such
two N-alternating paths of different parity to the same vertex because it would
mean that there exists an N-augmenting path in H because H is bipartite. For
every other vertex v of H, we add v to Z iff v belongs to V1(H). It is easy to

check that Z satifies constraints from the statement. O

We give an interpretation of a minimizer Z of (3.16) given by Lemma 14 for
any maximum b-matching N of H. We count the edges of N in the following
way. Every N-edge (u,v) with exactly one endpoint in Z, say u, is counted once
in the expression b(v) in the addend b(Vy \ Z). By Lemma 14, every other N-
edge of H has both endpoints in Z and thus it is counted once in the expression
|En(Z)|. Hence, |N| = fu(Z).

Proof of Observation 3. We divide N-edges of H into two groups: Ny having
both endpoints in Z, and N; having at most one endpoint in Z. Obviously,
|No| < |Eu(Z)]. On the other hand, every edge of N7 is counted at least once
in b(Vr\ Z) since it has at least one endpoint in Vi \ Z. Thus | M| < b(Vy\ Z).
Consider any connected component s of H|[Z] which is isomorphic to a square.
Notice that we counted all edges of s in |[Ex(Z)], but s contains at most three
N-edges. Therefore, we can substract one in the addend —cy(Z). We proceed

analogously in the case of double squares of H[Z]. O

Proof of Observation 4. We start off with Z = Z’N'V. We prove that every
M-edge of G is counted exactly once in formula (3.17) for H = G. For every
M-edge which does not belong to any problematic square, it is counted in the
same way as in formula (3.16) for H = G’ - either in 2|V \ Z| or |E(Z)|. Thus,
it remains to show that other M-edges of G are counted properly. Recall that
every double square of G contains exactly four M-edges and every problematic
square - three M-edges. Therefore, it is sufficient to show that the contribution
of these squares in formula (3.17) is, respectively, four and three. We will count
some of its non-M-edges in the added 2|V \ Z| + |E(Z)| as well - however, we
will substract one for every such non-M-edge in the added —cg(Z) — 2dg(2).
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Claim 12. For any problematic square s = (a,b,c,d) of G such that (a,b) ¢ M,

all of the following statements are true.
e Ifa (resp. b) € Z then ¢ (resp. d) € Z.
o Ifa (resp. b) ¢ Z then d (resp. ¢) € Z.

Proof. Assume that a € Z’. We will show that ¢ € Z’. Observe that there exists
an M’-alternating path R in the gadget for s with endpoints a and ¢ which goes
through the vertices v, u! and v5. By Lemma 14 for the edge (a,v) we can
conclude that v ¢ Z’. Similarly, u! € Z’ by inspecting the edge (v{,ul). By
repeating this argument for the remaining edges of R, we obtain that ¢ € Z’.
Assume that a ¢ Z’. We will show that d € Z’. Tt can be proved analogously
to the previous case by considering an M’-alternating path with endpoints a and

d which contains the eliminator of an edge (a, d). O

Consider any problematic square s = (a,b,¢,d) of G which is edge-disjoint

with every other problematic square of G. We consider the following three cases.

1. Assume that both @ and b do not belong to Z. By Claim 12, both ¢ and
d belong to Z. In this case, the M-edge (c,d) is counted in the addend
|E(Z)| and the two remaining M-edges of s are counted in 2|{a}| and
2|{b}|, respectively.

2. Assume that exactly one of the vertices a and b, say a, belongs to Z. By
Claim 12, ¢ € Z, so the M-edge (b,¢) is counted in 2|{b}|. We consider

the two remaining M-edges of s in the following two subcases.

e If d € Z, then the remaining M-edges of s are counted in |E(Z)|.
o If d ¢ Z, then the remaining M-edges of s are counted in 2|{d}|.

3. Assume that both a and b belong to Z. By Claim 12, ¢ and d belong to
Z as well. If no vertex of s is adjacent to a vertex of Z which does not
belong to s, then we count four edges of s in |E(Z)|, but we substract one
in ¢(Z). Assume that this it not the case. Notice that if some vertex v
of s is incident to a vertex u € Z which does not belong to s, then by
Claim 14, (v,u) must be an M-edge of G and v € {a,b}. We remove v
from Z and we proceed as in the previous cases. Notice that this removal

does not spoil the whole argument and the statement of Claim 12.

Claim 13. For any double square of G, all of the following statements are true.

We use the notation from Figure 3.3.
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e acZiffceZ.
o Ifd or e does not belong to Z, then both a and c belong to Z.

Proof. Assume that a € Z’. By Claim 12 for s = sy, we have c € Z’.
Assume that d ¢ Z’. By Claim 12 for s = s1, we have a € Z’. Thus, by the
previous paragraph, c € Z'. U

Consider any double square § of G. We consider the following three cases.

1. If both d and e do not belong to Z, then by Claim 12, both a and ¢ belong
to Z. The M-edges (a,d) and (c,e) are counted in 2|{d}| and 2|{e}|,
respectively. We consider the two remaining M-edges of § in the following

two subcases.

o If b € Z, then the remaining M-edges of § are counted in |E(Z)|.
o If b ¢ Z, then the remaining M-edges of § are counted in 2[{b}|.

2. If exactly one of the vertices d and e belongs to Z, say d, then by Claim 12
for s = s1, we have b € Z. Moreover, by Claim 13, both a and ¢ belong to
Z. The edge (c,e) is counted in 2|{e}| and we apply Case 3 of the proof
for problematic square s = s; as it would not be a part of any double

square.

3. If both d and e belong to Z, then by Claim 12, b € Z. We consider the

following two subcases.

e If both @ and ¢ do not belong to Z, then every M-edge of § is counted
in either 2|{a}| or 2|{c}|.

e Otherwise, by Claim 13, both a and ¢ belong to Z. If no vertex of §
is adjacent to a vertex of Z which does not belong to §, then all six
edges of § are counted in |E(Z)|, but two of them are substracted in
2dc(Z). Otherwise, we proceed analogously as in Case 3 for pairwise
edge-disjoint problematic squares - if d is adjacent to some vertex of
Z which does not belong to §, we remove d from Z. We proceed with

e analogously.

We have proved that f(,(Z) < |M|. However, it may possibly happen that
some connected component of G[Z] which was not considered in the proof is
isomorphic either to a square or a double square. But in such case, f§,(Z) < |M]|,
which contradicts Observation 3. Thus, f;(Z) = |M| indeed. O
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The corollary of Observations 3 and 4 is:

Theorem 14. The unweighted version of Algorithm 2 computes a mazimum

square-free 2-matching of G.

Proof. Let N be any square-free 2-matching of G. We will show that |N| <
|M]. By Observation 4, there exists Z C V such that f;(Z) = |M|. But, by
Observation 3, |[N| < fL(Z). O

3.5 The Hungarian method

In this section we justify the statement from the proof of Claim 6 that we can
find shortest alternating paths in G’ analogously as in the Hungarian method.
The trick is to transform alternating weights of a directed counterpart of G’ into
a nonnegative weight function by using so-called potentials. Then the shortest
paths can be found using Dijkstra’s algorithm. In the subsequent iterations of
the algorithm we have to modify these potentials accordingly to maintain the
nonnegative weights throughout the algorithm. However, as opposite to the
Hungarian method, in Algorithm 2 the graph G’ changes with every iteration,
so we have to be able to transform potentials from old version of G’ to the new
one.

Consider any iteration of Algorithm 2 for square-free 2-matching M of G. Let
Gy and G be values of variable G’ for M and M; = img(M' ® P), respectively.
We define Wy and w; as the weight function w for M and M, respectively. We
define w(, and @] as a value of the variable @’ for G, and G, respectively. Let
(}70 and dl be directed counterparts of G where we direct all M (resp. Mj)-
edges in the one way and all the remaining edges in the other way. We define
C% and C?’l as directed counterparts of G, and G} analogously. Recall that G,
and G are bipartite so 676 and C?’l are as well. Moreover, as in the Hungarian
method, we can conduct the finding of the minimum M’ (resp. M/ )-alternating
path in (36 (resp. (5”1) since, by Lemma 7, there are no negative cycles in these
graphs with respect to the weight functions @}, and @]. Recall that, after finding
minimum path P’ in Gy, we reverse all edges of P’ in G{, to obtain a new directed
graph G @ P’ whose potentials are equal to the potentials of Gf,. We present
a definition of the potentials now.
Definition 6. Consider any directed graph é, its weight function W : E(é) —R

—

and any function p : V(G) — R. We call the values of p potentials if, for every
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—

directed edge e = (u,v) of G:
p(v) < p(u) + w(e). (3.18)

For any vertex v of é, we say that p(v) is a potential of v.

Notice that, for any directed graph, the distances from its given vertex v are

potentials.

Lemma 15. Consider any directed edge e = (u,v) of G1 which is not an

unmatched edge of any problematic square of G in M or My. Then p(v) <
p(u) +wi(e).

Proof. 1t is straightforward to check that there exists a path P, in C% & P’ which
starts in u and ends in v. From the Hungarian method, the potentials of 676 are
valid potentials of C% @ P’. The statement of the lemma follows from summing

up inequalities (3.18) for reversed edges of all edges of P’ in G|, & P'. O

Lemma 16. [t is possible to transform the potentials ofd{)GBP' to the potentials
ofo’l in O(m) time.

Proof. We use Lemma 15. We define potentials of the vertices of G;"1 which
belong to G equal to its potentials in G% @ P’. By Lemma 15, inequality (3.18)
is valid for every edge of Cy’l which is not part of any gadget. Similarly, for every
edge e of Gy for which equality (3.18) holds which belongs to some problematic
square of G (in M), we can assign potentials to the subdivision vertices of e since
the sum of the weights of its half-edges is equal to w(e). Hence, it is sufficient to
consider unmatched (in M7) edges of G; which belong to problematic squares
of G, in both M and M;. Notice that half-edges of such edges are part of
some gadgets in G{, and GY. It is straighforward to check that the potentials of
the vertices of the gadgets in G @ P’ can be transferred to the vertices of the

gadgets in G. O

3.6 Maximum weight K,;-free t-matchings in bi-
partite graphs

In this section we solve the weighted K ;-free t-matching problem in bipartite
graphs. Since the case of ¢ = 2 has already been addressed in the previous

section, we assume that ¢ > 3. Also, similarly as in Section 3.3, we assume
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that the weight function w is vertex-induced on every K;,; of G. The general
scheme of the algorithm for the weighted K ;-free ¢-matching problem is similar
to Algorithm 2. We give it below.

Algorithm 3 Computing a maximum weight K ;-free t-matching of a bipartite
graph G.

1: Let M be an empty t-matching of G.

2: Construct an auxiliary bipartite graph G = (V/, E’) with O(tn) vertices
and O(m) edges, and its t-matching M’ of size O(tn) by replacing some
K 4’s of G with gadgets containing half-edges.

3: Compute a minimum M’-augmenting path P of G’. If G’ contains no M’-
augmenting path with negative alternating weight, stop the algorithm and
return M.

4: Apply P to M’ obtaining M" and extract a K, ,-free t-matching M; of G
from M" such that |M;| = |M|+1 and w(My) > w(M). Set M as M; and
go to 2.

Claim 14. Algorithm 3 runs in time O(tnm + t*n?logn).

Proof. 1t is possible to implement all steps of Algorithm 3 except Step 3 in linear
time. Every step is executed O(tn) times since | M| increases by one every time

Step 4 is executed. O

Let us also remark that in the unweighted version of the problem the runtime
of Algorithm 3 is O(nm + tn?) because Step 3 can be implemented to run in
linear time and the algorithm can start not from an empty ¢-matching but from
a maximum (¢ — 1)-matching, whose computation takes O(v/tnm) = O(nm)
time. Additionally, we may want to forbid only some subgraphs of G isomorphic
to K;¢. Then we proceed analogously, but replace only forbidden saturated

subgraphs with gadgets.

Definition 7. A subgraph H of G isomorphic to Ky, is saturated if it contains

exactly one non-M -edge.
Lemma 17. Any two different saturated K;.’s of G are vertex-disjoint.

Proof. Let H be any saturated K of G. We say that a vertex v of H is basic
in H if v is an endpoint of the only non-M-edge of H. Otherwise, we say that
v is nonbasic in H. Let V1 (G) U V,5(G) denote the bipartition of V(G). Thus
H has exactly two basic vertices: one in Vi (H) and the other in Vo(H).

Let Hy and Hy be any two different saturated K ,’s of G with a common

vertex v € V1(G1). We first show that it cannot happen that v is nonbasic both
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in H; and Hs. Suppose to the contrary that v is nonbasic both in H; and Hs.
Then all t edges of M incident to v; belong both to H; and Hs. Hence, we
get that Vo(H;) = Vo(Hy). Since t > 3, at least one of the vertices of Vo(Hy)
is nonbasic both in Hy and Hs, which implies that Vi (H;) = Vi(Hs), but this
contradicts the fact that H; and Hy are different.

Suppose next that v is basic both in H; and Hs. Then v has ¢t — 1 incident
edges of M in Hy and ¢t —1 incident edges of M in Hs. Since M is a t-matching,
at least one of these edges, say (v, v’), belongs both to H; and Hy. This however
means that v’ is nonbasic both in H; and Hy (because the endpoints of an M-
edge cannot be both basic in the same saturated K; ).

Finally, consider the case when v is basic in H; and nonbasic in Hs. It means
that at least two M-edges incident to v, say (v,v’) and (v,v”), belong to both
Hy and Hy. Vertices v',v” belong to Va(Hz), none of them is basic in H; and
at most one is basic in Hs. Therefore, at least one of them is nonbasic both in

H, and H5 - a contradiction. O

Observation 5. All saturated Ky ;’s of G can be found in linear time.

Proof. We can use a linear time algorithm by Galil and Italiano [GI91]. O

We replace every saturated K;, of G with a gadget described below. By
Lemma 17, all saturated K;,’s of G are vertex-disjoint.

The construction of the gadget for a saturated K,; is the following. Let
H by any K, of G, Ay = {a1,az,...,a;} be a set of vertices of one side of
H and By = {b1,ba,...,b:} - of the other side. Let r : V(H) — R be a
potential function of H. Assume that (a1,b1) ¢ M. For every edge (a;,b;)
of H, we introduce two subdivision vertices, vgji, UZZ, two half-edges and one
eliminator. We remove an eliminator of (aj,b;1). We set the weight of every
half-edge incident to v € V(H) to 7(v). Additionally, we add u!l and u? to
G’'. We connect ul to every subdivision vertex adjacent to some vertex of Ay
and we connect u? to every subdivision vertex adjacent to some vertex of By.
We add all half-edges of this gadget except for (a1, vy') and (by,v3!) to M'.
Additionally, we add (u},v;!) and (u2,v}!) to M".

The arguments from Sections 3.2 and 3.3 can be generalized to the case of
the K ;-free t-matching problem in a straightforward way. In fact, Lemma 17
allows us to simplify some arguments emergent from the fact that saturated
squares can have common edges. We omit the details. We generalize linear

programs from Section 3.3 as follows. Let H be a set of all K;.’s of G.
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as b3
az by
al b1

Figure 3.4: A gadget for a saturated K3 3.

(Py) maximize » w(e)x(e) (3.19a)
subject to ;: ze) <t (Vv e V), (3.19b)
ee;:)x(e) <t* -1 (VHeH), (3.19¢)

egx(e) =k, (3.19d)

gegE z(e) <1 (Ve € E). (3.19¢)

(Dy) minimize t Y p(v)+ > qle)+ (2 —1) > o(H)+pk  (3.20a)
veV eckE HeH
subject to p(u) +p(v) +qle) + Y a(H)+ = we(Ve = (u,0) € E),
HeH:e€E(H)
(3.20b)

D, g, Z 0. (3200)
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Chapter 4

Restricted t-matchings in

graphs of bounded degree

4.1 Outline of the Algorithm

We give an outline of our algorithms for the weighted versions of the bounded re-
stricted and the bounded K?-free t-matching problem assuming that the weight
function is vertex-induced on every forbidden subgraph. Recall that we assume

that ¢ > 3. In the K’-free {-matching problem we additionally assume that
t=(—1)q

Algorithm 4 Computing a maximum weight restricted or K7-free {-matching of
graph G of maximum degree at most ¢+ 1 given a weight function w : E — Rx.

1: Construct an auxiliary multigraph G’ = (V' E') consisting of O(n) vertices
and O(m) edges by augmenting some forbidden subgraphs of G with gadgets
containing half-edges. (Both gadgets and half-edges are defined later.)

2: Define a weight function w’ : B’ — R and vectors [,b € NV'.

3: Compute a minimum weight (1, b)-matching M’ of G’.

4: Construct a co-t-matching M of G which covers all augmented forbidden
subgraphs by replacing all half-edges of M’ with some edges of G in such a
way that w(M) < w'(M’).

5: Add some edges of the remaining forbidden subgraphs to M by replacing
some of its edges with other ones without increasing the weight of M in
order to obtain (K?-)covering co-t-matching of G.

6: Return E'\ M.

The precise construction of G’, w’, [ and b for the bounded restricted (resp.

71
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K?P-free) t-matching problem is given in Section 4.2 (resp. Section 4.3).

For the bounded restricted t-matching problem, an implementation of Step 4
is given in Theorem 16 whereas an implementation of Step 5 consists of sub-
sequent applications of Lemma 22. An implementation of these steps for the

bounded K7-free {-matching problem is given in Theorem 17.

Claim 15. Algorithm 4 runs in time O(min{nmlogn,n3}) in the weighted
variant and O(y/nm) in the unweighted.

We prove Claim 15 in Section 4.4.

4.2 The bounded restricted t-matching problem

In this section we address the weighted bounded restricted t-matching problem.

We build a graph G’ = (V’/, E’) together with a weight function w’ : E' — R,
in which subgraphs, called gadgets, are added to some forbidden subgraphs of
G. The precise construction of gadgets is the following.

Let H be any K1 of G. We define a gadget for H. Let vy, va, ..., v411 be
vertices of H. We introduce one new vertex uy called a subdivision vertez.
For each vertex v; of H we add an edge (v;,up) called a half-edge of H. We
set the capacity interval of ug to [2,2].

U1 9

Figure 4.1: A gadget for K;4q for t = 5.

Let H be any K;; of G. We define a gadget for H. Let aj, ag, ...,
a; € Vi(H) and by, ba, ..., by € Vo(H). We introduce two new subdivision
vertices u}; and u%,. We connect u}, with all vertices of V;(H) by half-edges.
Symmetrically, we connect u?, with all vertices of Vo(H) by half-edges. We set
the capacity intervals of u}; and u2 to [1,1].

The main ideas behind these gadgets are the following. An (I, b)-matching
M’ of G’ is to represent roughly a covering co-t-matching M of G. We want
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to ensure that at least one edge of H belongs to M. Notice that M’ contains
exactly two half-edges of H incident to some vertices z; and zo of H. We add
an edge (z1,29) to M. Moreover, we add to M all edges of H which belong to
M'. In this way, H is guaranteed to be covered by M.

Regarding weights w’ of the edges in the gadgets, we assign them as follows.
Let ry be any potential function of H. Every half-edge of H incident to vertex

v; gets weight 7 (v;).

al bl

1 2
|:> U Un

ay b1

Figure 4.2: A gadget for K, for t = 3.

4.2.1 Disjoint forbidden subgraphs

In this subsection we consider the case when all forbidden subgraphs of G are
pairwise vertex-disjoint. We show how to drop this assumption later, in Sub-
section 4.2.2.

The precise construction of G, w’, I and b is the following. We start off with
G' = G. We add a gadget to every forbidden subgraph of G. This operation
is well-defined because these forbidden subgraphs are pairwise vertex-disjoint.
We set the capacity interval of every vertex v of degree ¢ + 1 of G to [1,t + 1].
We set the capacity interval of every other vertex v of G to [0,degq(v)]. We
set the weight of every edge e of G’ which belongs to G to w(e). In theorems
below we show the correspondence between covering co-t-matchings of G and
(1, b)-matchings of G’.

Theorem 15. Let M be any covering co-t-matching of G. Then we can find

an (I,b)-matching M' of G’ such that w'(M') = w(M).

Proof. We initialize M’ as the empty set. We add every edge of M that does
not belong to any forbidden subgraph of G to M’.
Consider any H = K, of G. Since M is covering, there exists an edge of

H which belongs to M. If more than one edge of H belongs to M, we choose
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one of them. Suppose that we chose (21, 22) € M. Then we add edges (21, up)
and (22, up) to M’. We add every other edge of H which belongs to M to M’.

Consider any H = K, ; of G. Since M is covering, there exists an edge (a, )
of H which belongs to M. Suppose that a € Vi(H) and b € Va(H). We add
edges (a,ul;) and (b,u%) to M'. We add every other edge of H which belongs
to M to M'.

Since the weight of any replaced edge in G is equal to the sum of the weights
of its corresponding half-edges in G’, we get that w’(M’) = w(M). O
Theorem 16. Let M’ be any (I, b)-matching of G'. Then we can find a covering
co-t-matching M of G such that w(M) < w'(M").

Proof. We initialize M as the empty set. We add every edge of M’ which belongs
to G to M. For every forbidden subgraph of G we add some of its edges to M.

Let H be any K41 of G. Notice that exactly two vertices of H, say v; and
v, are matched to ugy in M’'. We add (vq, v2) to M if it does not belong to M
already.

For any H = K, of G we proceed analogously, because in the gadget for H
the subdivision vertices u}; and u% are matched to two vertices a € V;(H) and
be Vo(H). O

4.2.2 Non-disjoint forbidden subgraphs

In the following lemmas we examine the ways in which forbidden subgraphs of

G may overlap.

Lemma 18. Let Hy and Hy be any two different Kiy1’s of G with a common
vertex. Then Hi N Hy = K;.

Proof. Let v be a common vertex of H; and Hs. It has at most ¢+ 1 neighbours
and exactly ¢t of them belong to H; and ¢ to Hy. Therefore, at least ¢t — 1
neighbours of v belong to both H; and Hs, so H; and Hy have at least ¢
common vertices. Since H; and Hy are different, they cannot have t+1 common

vertices. ]

Lemma 19. Let Hy and Hy be any two different K, ;’s of G with a common

vertex. Then Hy N Hy contains Ki_1+1.

Proof. Let v € Vi(Hy) be a common vertex of H; and Hy. W.lo.g. we can

assume that v € V4 (Hz) (otherwise we can rename the color classes of Hy). The
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vertex v is incident to exactly ¢ edges of H; and t edges of Hs, hence at least
t — 1 of these edges belong to Hy N Hy. Let U denote their endpoints. Then
U\ {v} CVa(Hy)NVa(Hsy) and |U \ {v}| > ¢t —1 > 1. This implies that there
exists a vertex v’ € Va(Hy)NV2(Hy) and thus, by repeating the same argument,
there are at least ¢ — 1 vertices in Vi (Hy) N Vi (Hz). O

Lemma 20. Let Hy and Hs be any, respectively, Kiy1 and K of G with a

common vertex. Thent =3 and H1 N Hy = Ko 5.

Proof. Let v; be a common vertex of H; and Hs. W.l.o.g we can assume that
v1 € V1(Hs). Repeating the same argument as in the proofs of Lemma 18 and
Lemma 19, we get that at least ¢ — 1 > 1 vertices of Vo(Ha) belong to Hj.
Similarly, at least t — 1 vertices of V1 (Hs) belong to Hy, so Hy has at least 2t —2
vertices. Therefore, 2t —2 < t+ 1, so t = 3, and H; has exactly two common

vertices with each color class of Hs. O

We define the following family of problematic subgraphs of G.

Definition 8. Let H be any forbidden K11 of G. We say that H is unprob-
lematic if H has a common verter with another forbidden subgraph H' of G
such that:

1. H = K¢yq and w(H) < w(H') (if w(H) = w(H"), H' is unproblematic

as well), or
2. HI - Kt,t'
Otherwise, we say that H is problematic.

Definition 9. Let H be any forbidden K. of G. We say that H is unprob-
lematic if H has a common vertex with another forbidden subgraph H' = Ky
of G such that w(H) < w(H').

Otherwise, we say that H is problematic.
Lemma 21. Any two different problematic subgraphs of G are vertex-disjoint.

Proof. Consider any two different forbidden cliques H; and Hy with a common
vertex. We show that at least one of Hy, Hs is unproblematic.

If both H; and Hy are Ky1’s and w(H;) < w(Hs), then H; is unproblem-
atic. Similarly, if both H; and Hy are K;,’s and w(H;) < w(Hz), then H; is
unproblematic.

If Hy =K;1 and Hy = K, 4, then by Point 2 of Definition 8, H; is unprob-

lematic. O
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To find a minimum weight covering co-t-matching of G, we use the graph G’
from Subsection 4.2.1. However, we only replace every problematic subgraph
by its gadget. In the such constructed G’ we compute an (I,b)-matching of
G, which corresponds to a co-t-matching M of G. The co-t-matching M may
not cover some unproblematic forbidden subgraphs. Below we show that it is

possible to modify M so that it covers every forbidden subgraph.

Lemma 22. Let M be any co-t-matching of G. If M does not cover some
unproblematic subgraph H, then we can find a co-t-matching N of G such that
w(N) < w(M) which covers H and every forbidden subgraph covered by M.

Proof. If H is a K441 of G sharing a vertex with some H' = K;,; of G, then
by Lemma 20, ¢ = 3, H = K4, H = Ks3 of G and HNH' = Ks,. Let
vy € V(HYNVI(H'), vg € V(H)NVa(H'), uy € Vi(H')\ V(H) and ug €
Vo(H)\V(H). We set N = M\ {(v1,uz), (va,u1)} U{(v1,v2), (u1,u2)}. Notice
that the only edge of H' incident to u; or ws which can possibly not belong
to M is (u1,us) since every vertex of H is incident to ¢t = 3 edges of H which
do not belong to M. Thus, both u; and uy are incident to some edge of N.

Moreover, w(N) < w(M) because w is vertex-induced on H'.

If H is a Ky of G which does not share a vertex with any K; of G, then
H shares a vertex with another H' = K11 of G such that w(H) < w(H’).
Let u (resp. u') be the only vertex of H (resp. H') which does not belong
to H' (resp. H). Notice that every edge of H’ incident to u/ belongs to M,
so deg;z(u') > t. Since w(H) < w(H'), the sum of the weights of edges of H
incident to u is not greater than the sum of weights of edges of H’ incident
to u/. Therefore, there exists a common vertex of H and H’, say z, such that
w(u,z) < w(u',z). We define N as M with the edge (v, z) replaced by (u, z).
As a result, N covers H. It still covers H' since every vertex of V(H) NV (H')
different than z is matched to v’ in N. Notice that N is still a co-t-matching
since degy(u') =degy;(u') — 1>t —12> 1 since t > 3.

Let H be a K, of G sharing a vertex with another H' = K, ; of G such that
w(H) <w(H'). f HNH' = K;_1,-1, we proceed analogously as in the case
when H = K41 shares a vertex with H' = K;;. Otherwise, HNH' = K; ;1
and we proceed analogously as in the case when H = K1 shares a vertex with
another H' = Ky41. O
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4.3 The bounded K?-free {-matching problem

In this section we consider the weighted bounded K?-free {-matching problem.
Recall that ¢ = (p — 1)g for this problem. Let us observe that for ¢ = 1,
K? = K1 and for p = 2, K? = K; ;. Since the bounded KP-free t-matching
problem for these cases can be solved by a slight modification of the algorithm
for the bounded restricted ¢t-matching problem, we assume that ¢ > 2 and p > 3.

We denote the empty graph on n vertices by I,,. For graphs Gy = (V1, E1)
and Gy = (Va, E3) such that V; and V, are disjoint, we say that a graph G x
Gy = (Vi UVa, Ey UE>U (V) x V) is a product of G and G.

Similarly as in Section 4.2, we build a graph G’ = (V', E’) together with
a weight function w’: ' — R, in which some K’s of G are augmented with

gadgets.

4.3.1 Case g >3

The case of ¢ > 3 is a little simpler than that of ¢ = 2. We consider it first.

Let H be any K[ of G. We define a gadget for H. We introduce p
subdivision vertices u}{, u%I, ..., u¥; and a global vertex zy. For every i, we
connect u’; with every vertex of V;(H) by half-edges and with z (see Fig. 4.3).
Let rg be any potential function of H. A half-edge of H incident to vertex v;
gets weight 7 (v;). The remaining edges of the gadget get weight 0. We set the
capacity interval of vertex zpy to [p — 2,p — 2] and of every subdivision vertex
of the gadget for H to [1,1]. This gadget ensures that at least one edge of H
belongs to the co-t-matching M.

.

< 7
214
o
Y
X

N

\

Figure 4.3: A gadget for K7 for p =3 and ¢ = 3.
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Lemma 23. Let Hy and Hy be any two different K¥’s of G with a common

vertex. Then Hy N Hy contains I,y x KP~'.

Proof. Let Vi, Va, ..., V}, be the color classes of H; and v € V; a common vertex
of Hy and Hy. We first show that at most one vertex of H; does not belong to
H,. Since v is adjacent to every vertex of Va, Vi, ..., V, via (p — 1)g =t edges
and degq (v) < ¢+ 1, there exists at most one other edge incident to v. Exactly
t of all edges incident to v belong to Hy, therefore all vertices of Vs, Vi, ..., V,
except at most one belong to Hs as well. Suppose that if there exists a vertex
of H; which does not belong to Ha, then it belongs to V,. Let u be any vertex
of V5. Since p > 3, u ¢ V,, and hence u € Hy. By repeating the same argument
as for v, we get that all vertices of Vi, V3, V4, ..., V,, except at most one belong
to Ho, which means that all vertices of V; belong to Hs and hence at most one

vertex of H; does not belong to Ho.

Claim 16. If all vertices of one color class V; belong to Hs, then they belong

to the same color class of Hs.

Proof. Suppose to the contrary that two vertices v1,ve € V; belong to different
color classes of Hy. This means that Hs contains an edge (vq,v2). Let vs be
any other vertex of V; (it exists since ¢ > 3). It cannot belong to the same
color class of Hs as both v; and vs. Thus it is adjacent to at least one of vy, vs.
Suppose that vs is a neighbour of v;. This means that v, is incident to ¢t + 2

edges of G: t edges of Hy, (v1,v2) and (v1,v3) - a contradiction. O

By the above claim H; and Hs have different vertex sets because otherwise
they would be equal. We have already assumed that if H; contains a vertex not
contained in Hy, then it belongs to V},. Thus by the above claim, we conclude
that Vi, Vs, ..., V,_1 are color classes of Hy and ¢ — 1 vertices of V,, belong to
Hy, which proves that Hy N Hy =11 X Kg_l. O

Definition 10. Let H be any K} of G. We say that H is unproblematic if
there exists another H' = KY of G that shares a vertex with H and such that
w(H) < w(H").

Lemma 24. Any two different problematic K¥’s of G are vertez-disjoint.

Proof. Consider any two different K?’s H; and Hs of G with a common vertex.
By Lemma 23, Hy N Hy contains I, x KP~!. Assume that w(H;) < w(Ha).
Then H; fulfills Definition 8. O



4.3. THE BOUNDED K 5 -FREE T-MATCHING PROBLEM 79

Theorem 17. For any K¥-covering co-t-matching M of G there exists an (I, b)-
matching M' of G' such that w'(M") = w(M).

For any (I,b)-matching M' of G’ there exists a KP-covering co-t-matching M
of G such that w(M) < w'(M’).

Proof. Let H be any KI of G. Since M covers H, some edge of H belongs to
M. If more than one edge of H belongs to M, we choose one of them. Suppose
that we chose (a,b) € M. Assume that a € V;(H) and b € Vo(H). Then we add
edges (a,u};) and (b,u?) to M’. Additionally, we add p — 2 edges, (2p,ut;) for
every i > 2, to M’. We add every other edge of H to M’.

Let H be any K! of G. Notice that exactly two subdivision vertices of
the gadget for H are matched to vertices of G' in M’, because zy is matched
to exactly p — 2 other subdivision vertices. Assume that ul, and u? are not
matched to zg in M’. Therefore, they are matched to some vertices a and b,
respectively, of G. We add an edge (a,b) and every other edge of H which
belongs to M’ to M. Hence, M covers every problematic K7 of G.

However, M may not cover some unproblematic K. ?’s of G. Let H by any
such K?. From Definition 10, there exists a H' = K? of G such that H N H' =
Iy x KP~" and w(H) < w(H'). Let u (resp. u') be only vertex of H (resp.
H') which does not belong to H’ (resp. H). Rest of the proof is identical to
covering unproblematic K;,1 which shares some vertex with another K;,, of G

in the proof of Lemma 22. [

4.3.2 Case g=2

Next we consider the case of ¢ = 2. Notice that ¢ = 2p — 2 in this case. It turns

out that two different K%’s of G can have the same set of vertices.

Lemma 25. Let Hi and Hs be two K§ s of G with a common vertex. Then

either:
1. HHNHy =1, x K2™', or

2. Hy and Hs have the same set of vertices and at least two color classes of
Hy (and Hs) induce an edge in G.

Proof. Observe that the first paragraph of the proof of Lemma 23 holds in this
case because we did not assume that ¢ > 3 there. Therefore, Hy N Hy contains

Iy x K1 If Hy N Hy = Iy x KP~1, we are done.
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If H; and Hs have the same set of vertices, we need to show that for some
two different color classes of Hj, its vertices are connected via an edge of G.
Since H; and Hy are different, there exists a color class of Hy consisting of
vertices v, and ve which belong to different color classes of Hy. Since an edge
(v1,v2) belongs to Ha, the color class of Hy consisting of v and vy is one of the
color classes we are looking for. Let u be the other vertex which belongs to the
same color class of Hy as v;. The color class of H; to which u belongs is the

second class from the claim. O

Definition 11. Let A be any subset of 2p vertices of G. We say that G[A] is
dense if it contains at least two different forbidden K3 ’s. The set Cga) = {a €
A:N(a) CA AN|N(A)| =t+ 1} is called the core of G[A].

Lemma 26. The size of the core of any dense subgraph of G is even and at

least four.

Proof. Consider two different K%’s H; and Hs with the same vertex set A.
Notice that the core of A is equal to the sum of color classes of H; whose induce
an edge in G, so its size is even. Moreover, its size is at least four, because by

Lemma 25, there are at least two such color classes. O

To guarantee that every K} contained in a dense subgraph of G is covered
by the computed co-t-matching, we introduce a separate gadget for a dense
subgraph. These gadgets are used alongside gadgets for problematic K3’s. (We
generalize Definition 10 and the gadget for K7 to the case ¢ = 2 in a straight-
forward manner.) In the following lemma we prove that any dense subgraph
of G is vertex-disjoint both with any other dense subgraph and with any other
problematic K3’s of G.

Lemma 27. Let H be any dense graph of G. Then any K% of G which shares

a vertex with H has the same set of vertices as H.

Proof. Let H' be any K5 of G which has a common vertex with H. Suppose
that the set of vertices of H' is different than V(H). Since there exists some
KL of H, we can use Lemma 25 and conclude that all but one vertex of H’
belongs to H. Let v € V(H') \ V(H). Notice that vertex v is adjacent to at
least 2p — 2 vertices of H. By Lemma 26, the core of H consists of at least four
vertices, which means that at least two of these vertices are adjacent to v - a

contradiction with the definition of the core. O
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The following observation describes all K%’s contained in a dense subgraph
of G.

Observation 6. Consider any dense subgraph H of G with the core Cy. Let
H' be any K¥ of H. Then the color classes of any K% of H consist of the color
classes of H' which are not contained in Cy and some partition of Cy into two
element subsets. Moreover, every K% of H is uniquely characterized by such

partition of Cg.

Lemma 28. The weight function w is vertez-induced on any dense subgraph
H of G. Moreover, the potential function of any K% of H is also a potential
function ry of H.

Proof. We show that the potential functions of any two different K3’s of H are
the same. It ends proof since, by Observation 6, every edge of H belongs to
some K% of H.

Let Hy and Hs be any two different K3’s of G. Let 71 and ro be any potential
funcions of H; and Hs, respectively. Consider any vertex v of H. Assume that
v € V(Hy). We show that there exists a triangle (v,v1,v2) which belongs to
both H; and Hs. In the light of Observation 14 it implies that ri(v) = ra(v).

Set v1 to any vertex of V5(H;) which belongs to other color class of Hy than
v. If there exists some vertex of V3(H;) (this color class exists since p > 3)
which belongs to the same color class of Hy as neither v nor vy, we choose it as
V.

Otherwise, both vertices of V3(H;) belong to the same color class of Hy as v
and vy, respectively. In this case we choose vy in such a way that it belongs to
the same color class of Hy as v; and we change v to another vertex of Vo(Hy).

Since ¢ = 2, v; has to be in different color class of Hy than v and wvs. O

To construct a gadget for a dense subgraph of G we make use of the following
lemma. In our applications, M will typically be a set of edges of a co-t-matching
of G which belong to H.

Lemma 29. Let H be any dense subgraph of G with the core C'y of size 2k.
Assume that every vertex of Cy is incident to at least one edge of a subset
M C E(H). Then the following statements are equivalent.

1. M covers every K5 of H.

2. M is not a perfect matching of G[Cx].
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3. some vertex of Cy is incident to at least two edges of M, or some edge of
M s incident to some vertex of V(H) \ Cq.

Proof. We prove the three following implications.

(1) = (2). We prove it by contraposition. Assume that M is a perfect
matching of G[Cy]. Then M forms a partition of some H' = K% of H together
with color classes of any K% of H that are not contained in Cy. Notice that H’
is not covered by M.

(2) = (3). We prove it by contraposition. Assume that every vertex of Cp
is incident to at most one edge of M and every edge of M has both endpoints in
Cy. From our assumption, every vertex of Cy is incident to exactly one edge
of M. Therefore, M is a perfect matching of G[Cy].

(3) = (1). Let H' be any K& of H. We will show that some edge of M
belongs to E(H'). We consider two cases. If some vertex v of Cy is incident to
two different edges of M, say (v, u1) and (v, usz), then at least one of these edges
belongs to E(H') since u; or us belongs to a different color class of H’ than v.
If some edge e of M is incident to some vertex of V(H) \ Cg, then e belongs to
E(H') since, by Observation 6, it belongs to every K5 of H. O

Let H be any dense subgraph of G with the core Cy of size 2k. Let
Vi,Va,...,Vp—k be the color classes of any Kg of H that are not contained
in Cy. We define Gy — a gadget for H. By Lemma 28, w is vertex-induced
on H. Let ry be the potential function of H. We define ¢y — a center of H —
as a vertex of C'y with minimum potential. If there are many such vertices, we
choose anyone of them. If the potential of ¢y is negative, then the gadget for
H is empty. We show later in the proof of Theorem 19 that every K% of such a
dense subgraph H is covered by the constructed co-t-matching M.

We assume now that the potential of cy is nonnegative. In such a case,
we introduce p — k + 1 subdivision vertices u§;, ul;, u%, ..., PR and a global
vertex zy. For every i, we connect u'; with every vertex of V; by half-edges and
with zz. We connect u$; with cy by two half-edges and with zgx by two edges
(see Fig. 4.4). A half-edge of H incident to vertex v gets weight rg(v). Notice
that both half-edges incident to cy get weight rgy(cy) > 0. The remaining
edges of the gadget get weight 0. We set the capacity interval of vertex zy to
[p—k,p — k], of vertex u§; to [2,2] and of every other subdivision vertex of the
gadget for H to [1,1].

The main idea behind this gadget is the following. In the light of Lemma 29,

we want to ensure that at least one vertex of C'y is incident to some two edges
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of M or there exists an edge of M N E(H) incident to some vertex of V(H)\ Cpg.
If a vertex of Cy is incident to at least two edges of M, then we can assume
that it is a center of H since M is not minimum otherwise. If an edge of M has
exactly one endpoint in C'y, then we can assume that it is ¢y by replacing some
edges of M if necessary. Therefore, it is sufficient to guarantee that exactly two
half-edges of H are present in M’. If both of these half-edges are adjacent to cy,
it corresponds to including some two edges incident to ¢y in M by "splitting"
an edge of M’ whose both endpoints belong to C'y. Otherwise, these half-edges
correspond to some edge of H with an endpoint in V(H) \ Cq.

Figure 4.4: A gadget for a dense subgraph consisting of eight vertices with the
core of size four whose center cy has nonnegative potential.

Theorem 18. Let M be a minimum weight K¥-covering co-t-matching of G.

Then we can find an (1,b)-matching M’ of G’ such that w'(M') = w(M).

Proof. Let H be any dense subgraph of G with the core Cy of size 2k. Define
Mg = M N E(H). We add every edge of My to M'. If the gadget for H is
empty, we are done. Therefore, we can assume that the potential of the center
of H is nonnegative. The main idea is to find an edge e = (vy,v2) of My such
that v1,vs € V(H)\ Cr U{cu} and to replace it in M’ by two half-edges — one
incident to v; and one incident to vo. Then we add p — k edges incident to zgs
to M’ in order to satisfy the degree contraints of the subdivision vertices of the
gadget for H. If such edge e exists, we are done. Therefore, we assume that
such edge does not exist.

If some vertex v € Cp \ {cp} is matched to some vertex u € V(H) \ Ch,
we consider two cases. If v is incident to another edge of My besides (v, u),
we change M by replacing (v,u) by (cg,u). Notice that this replacement does

not increase the weight of M since ¢y has the minimum potential among the
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vertices of Cy. Moreover, M is still a co-t-matching of G after this operation
because v is still incident to some edge of M. If (v,u) is the only edge of My
incident to v, let v’ be any vertex of C'y matched to cy in My. Notice that
v’ exists since M is a co-t-matching of G. From our assumption, v # v’ and
(v,v") ¢ M. We replace (v,u) and (cg,v') in M by (cg,u) and (v,v’). Notice
that this replacement does not affect the weight of M because, by Lemma 28,
w is vertex-induced on H. In both cases, we choose (cp,u) as the edge e.

If no vertex of Cy \ {cy} is matched to a vertex of V(H) \ Cq, then every
edge of My has both endpoints in Cpg. Recall that M is K¥-covering, so by
Lemma 29, some vertex of C'y is incident to two edges of My. By Lemma 28, w
is vertex-induced on H, so w(Mpg) = Y, cc, ru(v) degyy, (v). The main idea
is to replace My in M by a subset N of k + 1 edges of G[Cg] in which ¢y has
degree at least two in such a way that only the vertices with minimum potential
in Cy have degree higher than one in N. It guarantees that w(N) < w(Mg)
since, from our assumption, the potentials of the vertices of C'y are nonnegative.
We consider two cases. If some vertex of C' is incident to at least three edges
of My, then N consists of three different edges of G[Cy] incident to ¢y and
a perfect matching of a subgraph induced by the remaining k& — 4 vertices of
Cy. Since the degree of cy in N is three and the degree of every other vertex
of Cy in N is one, we can conclude that w(N) < w(My). Otherwise, some
two vertices of Oy have degree two in My . Let c}; be the vertex of Cy \ {cm}
with minimum potential. Then N consists of an edge (cy,c¢};) and any perfect
matching of G[Cy] which does not contain edge (cu, c/y). Since the degrees of
both ¢y and ¢y in N are two and the degree of every other vertex of Cy in N
is one, we can conclude that w(N) < w(My). In both cases, we remove My
from M’ and we choose any two different edges (cg,v1) and (¢, v2) of N. We
add every other edge of N to M’. Moreover, we add an edge (v1,v2) and both
half-edges incident to cg to M’. At the end, we add every edge of the gadget
for Gy which connects zy and any subdivision vertex different than u§; to M.
Notice that there are exactly p — k such edges. O

Theorem 19. Let M’ be a minimum weight (I,b)-matching of G'. Then we
can find a KP-covering co-t-matching M of G such that w(M) < w'(M').

Proof. We assume that M’ has a minimum number of edges among all minimum
weight (I, b)-matchings of G’. We initialize M as the empty set. We add every
edge of M’ which belongs to G to M. We consider problematic K3’s of G

analogously to K2’s in the proof of Theorem 17.
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At the beginning we prove that M covers every K% contained in any dense
subgraph of G whose center has negative potential. Suppose that M does not
cover some K5 of a dense subgraph H with the core C'y such that ry(cy) < 0.
Notice that every vertex of Cp is incident to some edge of My = M N E(H)
because it has degree ¢t + 1 in G and in G’. Therefore, we can use Lemma 29
and conclude that My is a perfect matching of G[Cy]. From the construction
of M, M}, = M’ N E(H) is a perfect matching of G[C] as well. Define M” =
M'\ My U{(ch,v):v € Cy\{cu}}. Notice that M" is an (I,b)-matching of
G’ such that w'(M") < w'(M') since rg(cg) < 0. A contradiction with the
minimality of M’.

Consider any dense subgraph H of G with the core C'y whose center has
nonnegative potential. From the construction of the gadget for H, exactly two
its half-edges belong to M’. If these half-edges are incident to two different
vertices u; and uy of G, then we add an edge (uy,us) to M unless it belongs
already. Notice that u; or ug belongs to V(H)\ Cy, so by Lemma 29, M covers
all KI’s of H. Otherwise, both half-edges of the gadget for H which belong to

M’ are incident to cg.

If there exists an edge (vi,v2) of M’ such that both v; and vs belong to
Cr\{cu}, we remove (vy,vs) from M. Then we add edges (cg,v1) and (cg,v2)
to M unless they belong to M already. From now we assume that there is no

such edge.

We claim that at most one vertex of Cy \ {cgy} is matched to cy in M’
Suppose that some two different edges (cg,v1) and (cq, v2) belong to M’ where
v; and vy belong to Cy. From our assumption, (vq,v2) does not belong to
M, so we can construct an (I, b)-matching of G’ of weight smaller than w’(M")
by replacing (¢, v1) and (cg,v2) in M’ by (vi,v2). A contradiction with the

minimality of M’. Notice that we use the assumption that rg(cg) > 0 here.

Since every vertex of Cy \ {cy} is incident to at least one edge of M’ and
the core of H consists of at least four vertices, there exist two edges (v1,u;) and
(vg,u2) which belong to M’ such that v; and ve belong to Cy whereas u; and
us belong to V(H) \ C. We replace edges (v1,u;) and (vg,uz) in M by edges

(v1,v9), (crr,u1) and (cp,us) unless they belong to M already.
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4.4 Running time analysis

In this section we consider the running time of Algorithm 4 for both the bounded
restricted ¢-matching problem and the bounded K¥-free ¢-matching problem.
Since all problematic and dense subgraphs of G are pairwise vertex-disjoint,
graph G’ constructed in Step 1 of Algorithm 4 has O(n) vertices and O(m)
edges indeed. We prove that Step 3 of Algorithm 4 can be implemented to run
in time O(min{nmlogn,n®}) in the weighted variant (see Subsection 4.4.1) and
O(y/nm) in the unweighted (see Subsection 4.4.2).

Observe that we have to find all forbidden subgraphs of G in order to build
G’ and remove unproblematic subgraphs from the acquired co-t-matching M
of G in Step 5 of Algorithm 4. Moreover, we need to know which forbidden
subgraphs of G have common vertices in order to determine which of them are
problematic. We prove that this can be done in O(m) time in Subsection 4.4.3.

In the weighted setting, we also have to calculate and compare the weights
of forbidden subgraphs of G which are not part of any dense subgraph in order
to determine which of them are problematic. Notice that, for any such two
different forbidden subgraphs H and H’ of G which have a common vertex, we
can obtain the weight of H' from the weight of H in O(t) time because the
vertex sets of H and H’ differ by at most two vertices. We initially calculate
the weights of some vertex-disjoint forbidden subgraphs of G naively and we use
these results to obtain the weights of the remaining forbidden subgraphs.

On the other hand, we have to know the potential function of every prob-
lematic and dense subgraph of G in order to define the weights of half-edges
in the gadgets in Step 2 of Algorithm 4. Since we do not assume that the for-
bidden subgraphs are given as part of the input, we cannot assume that the
potential functions of forbidden subgraphs are given. However, we show that
the potential function of any forbidden subgraph of G' can be extracted from
the weight function w in O(#?) time in Subsection 4.4.4. By Lemma 28, the
potential function of any dense subgraph H of G can be found by extracting the
potential function of any forbidden subgraph contained in H. Therefore, the
potential functions of all problematic and dense subgraphs of G can be found
in O(m) time because they are vertex-disjoint.

We claim that Step 5 of Algorithm 4 can be implemented to run in O(m) time
since all forbidden subgraphs of G which are not covered by co-t-matching M
are vertex-disjoint. It follows from the simple observation that any two different

forbidden subgraph H; and Hy with a common vertex have some common vertex
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v of degree exactly ¢ + 1 whose every incident edge belongs to Hy or Hy. Since
M is a co-t-matching of G, such vertex v has to be incident to some edge of M,
so M covers Hy or Hs.

We discuss briefly how G is stored in the memory by Algorithm 4. For
every vertex of G, it stores a list of its neighbours, in no particular order. In
the weighted variant, every entry in these lists also contains the weight of the

corresponding edge.

4.4.1 Computing a minimum weight (/,b)-matching of G’

in the weighted case

In this subsection, we show how to find a minimum weight (I, b)-matching of G’
in O(min{nmlogn,n®}) time. We use the algorithm from Theorem 1 for G’, [
and b with the weight function —w, i.e. we set the weight of every edge e of G’
to —w’(e). However, this approach results in O(min{m?logn,n?*m}) running
time since the sum of the upper bounds of the capacity intervals of the vertices
of G’ is O(m). We show how to modify the algorithm from Theorem 1 to work
in O(min{nmlogn,n3}) time in our case. To explain this, we have to briefly
present how this algorithm works.

At the beginning, the algorithm constructs an auxiliary graph G* by creating
two copies of graph G’ and connecting the corresponding copies v; and vy of
every vertex v of G’ by b(v) — I(v) paths of length three. We call these paths
added paths (of vertex v). The edges incident to the endpoints of an added path
P are said to be outermost. The remaining edge of P is said to be middle one.
The endpoints of the middle edge of P are said to be central. The algorithm
computes a maximum weight (b*,b*)-matching of G* where b*(v;) = b(v) for
every copy v; of vertex v of G’ and b*(u) = 1 for every other vertex u of G*.
The weight function w* of G* is defined as follows. The weight of any copy of an
edge e of G’ is equal to —w’(e). Let W = max.cpg){|w'(e)|}. For every added
path, its middle edge gets weight 2 and both outermost edges get weight W.
It is easy to check that a maximum weight (I, b)-matching of G’ with the weight
function —w’ corresponds to a maximum weight (b*, b*)-matching of G* with
the weight function w*.

The algorithm finds a maximum weight (b*,b*)-matching of G* as follows.
It simulates the classical algorithm for finding a maximum weight matching,
given by Edmonds [Edm65] and improved by Gabow [Gab75] and Galil, Micali
and Gabow [GMGS86]|, in an auxiliary graph G constructed by applying so-
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called Tutte reduction. Graph G is constructed from G* by replacing every
vertex v with Ky d(v)—b+(v) called a substitute of v, where d(v) = degg. (v).
The vertices of the first (corr. second) color class of the substitute of v are
called external (corr. internal) vertices (of v). For every edge (v,u) of G*,
a corresponding edge in G is created by connecting exactly one external vertex
of v with exactly one external vertex of u. It is done in such a way that every
external vertex is incident to exactly one edge corresponding to some edge of
G*. With a slight abuse of notation, we identify every edge of G* with its
corresponding edge in G. Every external vertex of v € V(G*) which is incident
to some outermost edge of some added path is said to be improper. All other
external vertices of v are said to be proper. The weight function w of G is
defined as follows. Every edge of G which corresponds to some edge e of G*

gets weight w*(e). Every edge incident to some internal vertex gets weight 2W.

It is well known (see [Ber73] for example) that every b*-matching of G*
corresponds to some matching of G in which every internal vertex is matched.
Moreover, every (b*,b*)-matching of G* corresponds to some perfect matching
of G. Hence, the algorithm computes a maximum weight perfect matching of G.
A matching M of G is said to be extreme if it has maximum weight among all
matchings of G of size |M |. The algorithm computes extreme matchings of G
consisting of exactly k edges, for k = ko, kg+1, ..., S, for some natural number
ko, where S is the number of edges of any perfect matching of G. Observe that
an extreme matching of size S is a sought-after perfect matching of G. Notice
that the algorithm does not store G and its extreme matchings explicitly since
they have too many edges. The algorithm starts with an extreme matching M,
which consists of one incident edge per every internal vertex of G. In every
phase, the algorithm increases the size of the current extreme matching by one.
Hence, it works in S — |My| phases. Every phase can be implemented to run in
O(min{mlogn,n?}) time. Notice that the number of phases is equal to half of
the number of vertices of G unmatched in My. Since b*(v) external vertices of

every vertex v of G* are unmatched in My, the number of phases is equal to

% IR EEY b(v)+% > (k) = 1(v)) = O(m).
)

veV(G*) veV (G veV(G’)

The main idea behind the speed-up of the presented algorithm is to initialize
it with extreme matching M; of G which has only O(n) unmatched vertices

instead of My. Such an improvement results in O(n) phases instead of O(m),
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which gives the desired running time. In fact, we choose M7 which is a maximum
weight (not necessarily perfect) matching of G. Tt guarantees that M; is an
extreme matching. M; roughly correponds to a matching N of G which contains
both outermost edges of every added path. Of course, for every internal vertex
v of G, N contains exactly one edge incident to v which is not incident to any
other edge of N. Notice that the number of vertices of G unmatched in N is
equal to 23~ (g l(v) = O(n). However, N does not have to be an extreme
matching of G. Observe that the weight of the middle edge of an added path is
equal to the total weight of its outermost edges. Therefore, it may happen that
replacing outermost edges of N of some added path P by the middle edge of
P and some copy of some edge of G’ which has the positive weight results in a
matching of G of size |N| and weight greater than @(N). However, recall that
we run the algorithm on G’ with the weight function —w’. Hence, any edge e
of G’ has positive weight with regard to —w’ if and only if w'(e) is negative.
Notice that only half-edges of the gadgets in G’ may have negative weights since
we assume that the weight w(e) of any edge e of G is nonnegative. A half-edge
e has negative weight w'(e) if its endpoint which belongs to G has negative
potential. Therefore, we include some half-edges in M; in such a way that the
number of vertices of G unmatched in M; is still O(n).

Now we give the exact construction of M;. We initialize M; as the empty
set. We partition the edge set of G into disjoint subsets, called parts of G. For
every part Fy of é, we choose a subset M C Fjy, called a representation of
Ey, such that, for every matching N of G, w(M) > @(N N Ey). We add the
representation of every part of G to M;. We choose the representations of parts
of G in such a way that M; is a matching of G. Tt is easy to check that M is
indeed a maximum weight matching of G.

Now we present a partition of the edge set of G into parts of G and its

representations.

1. Consider any copy u; in G* of a subdivision vertex u of G’. Observe
that no added path of u was added to G*, so all external vertices of u;
are proper. Notice that the external vertices of u; are incident to some
half-edges and possibly to some edges of weight zero. Furthermore, the
substitute of u; consists of deg. (u) external and degq/ (u) — b(u) internal
vertices. We construct part E,,, of G from the edge set of the substitute of
u; and all edges of positive weight (with regard to @) which are incident

to some external vertex of u;. The representation of E,,, consists of up to
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b(u) copies of half-edges incident to u of the greatest positive weights and
one incident edge of the substitute of u; per every internal vertex of u;. If
there are less than b(u) such half-edges, the copies of all of them are added
to the representation of E,,. Of course, we choose this representation in

such a way that its two different edges are not incident.

2. Consider any copy z; in G* of a global vertex z of G’. Recall that all edges
incident to z in G’ have weight zero. We construct part F,, from the edge
set of the substitite of z;. Its representation consists of one incident egde

per every internal vertex of z;.

3. Consider any vertex v of G. For every copy v; of v in G*, we construct
part E,, from the edge set of the substitute of v;. Moreover, for every
added path P of v, we construct part Ep from all edges of P and all edges
of the substitutes of both central vertices of P. Recall that v is incident to
at most one half-edge in G’. Hence, at most one proper external vertex ug
of v; is incident to some edge which belongs to the representation of some
part of G. Observe that, if ug exists, we cannot include any edge incident
to up in the representation of E,,,. The construction of the representations

of these parts depends on the degree of v in G.

e Consider a case where deg(v) = t+ 1. Notice that the substitute of
any copy v; of v consists of ¢ internal vertices, t 4+ 1 proper external
vertices and ¢ improper external vertices. The representation of E,,
consists of exactly one edge incident to v and some proper external

vertex of u; different than ug, per every internal vertex u of v;.

e Consider a case where d = degy(v) < t. Notice that the substitute
of any copy v; of v consists of d internal vertices, d proper external
vertices and d improper external vertices. If ug does not exist, the
representation of FE),, consists of one edge incident to w and some
proper external vertex of v;, per every internal vertex u of v;. If ug
exists, the representation of E,, consists of d edges. Every edge of
this representation is incident to some internal vertex of v;. On the
other hand, d — 1 of these edges are incident to d — 1 proper external
vertices of v; different than ug. One remaining edge is incident to an
improper external vertex v} of v;. We choose v and v} in such a way
that both of them are incident to the outermost edges of the same
added path of v.
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For every added path P of v, we choose the representation of EFp in the
following way. If both outermost edges of P are incident to v} or v},
the representation of Ep consists of the middle edge of P and one edge
from the edge set of every substitute of a center of P. Otherwise, the
representation of E'p consists of the outermost edges of P and, again, one
edge from the edge set of every substitute of a center of P. Notice that

the total weight of the representation of Ep is equal to 6.

4. Consider any edge e of G which does not belong to any part of G yet.
Observe that w(e) < 0. We construct part E. which consists of single

edge e. Its representation is empty.

It remains to show that the number of vertices of (G unmatched in M is
O(n). Notice that all internal and improper external vertices in G are matched
in M;. Hence, it is sufficient to consider only proper external vertices. Observe
that, for every copy w; in G* of any subdivision vertex u of G’, at most b(u)
proper external vertices of w; are unmatched in M;. Moreover, for every copy
z; in G* of any global vertex z of G’, there are exactly b(z) proper external
vertices of z; unmatched in M;. Therefore, there are O(t) proper external
vertices unmatched in M7 per every gadget in G’. For any copy v; in G* of any
vertex v of G, at most one proper external vertex of v; is unmatched in M. It
exists only if deg(v) =t + 1 and no proper external vertex of v; is incident to
a half-edge which belongs to the representation of some part of G. Therefore,

there are O(n) proper external vertices in G which are unmatched in M.

4.4.2 Computing a minimum weight (/,b)-matching of G’

in the unweighted case

In this subsection, we present how to find a minimum weight (,b)-matching
of G’ in O(y/nm) time in the unweighted case, i.e. when w(e) = 1 for every
edge e of G. Notice that w is vertex-induced in this case since we can set
the potential of every vertex of a forbidden subgraph to % Hence, the weight
w'(e) of every half-edge e of G’ is defined as 3. We claim that the minimum
weight (I, b)-matching of G’ is a minimum cardinality (I,b)-matching of G,
ie. an (I,b)-matching of G’ with the minimum number of edges among all

(1, b)-matchings of G'. If follows from the following lemma.
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Lemma 30. Let M’ be any (I,b)-matching of G'. Then

C
|M’|—w’(M’):kt+1+kt,t+(p—1)kg+ Z (p_‘i;'_;'_l),
H — a dense subgraph of G

where kii1, ki and kY denote the number of the gadgets for, correspondingly,
Kiy1's, Kip's and KP's in G'.

Proof. Notice that every edge of M’ which does not belong to any gadget con-
tributes one to both |M’'| and w'(M’). Hence, |M’| — w'(M’) is equal to the
sum of values |M};| — w'(M};) for all forbidden subgraphs H of G for which
the gadget was added in G’, where M}, denotes a set of all edges of the gadget
for H which belong to M’. Notice that for every problematic K;+q and K;; H
of G, M}; consists of exactly two half-edges, hence |[Mp| — w'(M};) = 1 then.
Similarly, for every H = K» of G, |My| = p and w'(M};) = 1. In the end, for
any dense subgraph H of G with the core of size 2k, we have |[My| =p—k+2
and w'(Mp) = 1. O

We define a maximum cardinality (1,b)-matching of G’ analogously. To
compute a minimum cardinality (I, b)-matching of G’ we use the following algo-
rithm given by Gabow.

Theorem 20 (|Gab83]). There is an algorithm that, given a multigraph G =
(V,E) (i.e. G may contain parallel edges) and vectors I,b € NV, finds a maz-

imum cardinality (1,b)-matching of G in time O (\/>,cy b(v)|E|), assuming
that G admits any (1,b)-matching.

It turns out that calculating a minimum cardinality (I, b)-matching can easily

be reduced to calculating a maximum cardinality (I, b)-matching.

Lemma 31. There is an algorithm that, given a multigraph G = (V, E) (i.e. G
may contain parallel edges) and vectors 1,b € NV, finds a minimum cardinality

(1,b)-matching of G in time O (\/3,cy b(V)|E|), assuming that G admits any
(1,b)-matching.

Proof. We construct an auxiliary graph G* together with vectors [*, b* € NV(G7),
We start off with G* = G. For every vertex v of G, we add an auxiliary vertex
v’ to G*. We connect v with v' by b(v) — I(v) parallel edges in G*. We set
*(v) = b*(v) = b(v), I*(v') = 0 and b*(v) = b(v) — l(v). We claim that ev-

ery (I,b)-matching of G corresponds to an (I*,b*)-matching of G*. Indeed, for
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any (I, b)-matching M of G, we can construct an (I*, b*)-matching M* of G* by
adding, for every vertex v of G, b(v) — deg,,(v) copies of an edge (v,v") to M.
Notice that

M7 = M|+ ) (b(v) — degy (v)) = <Z b(v)> — M|,

veV veV

so a minimum cardinality (I, b)-matching of G corresponds to a maximum car-
dinality (I*,b*)-matching of G*. Hence, we can compute the solution using the
algorithm from Theorem 20 on G*, I* and b*. Notice that 3,y (g, " (v) <
2> vev(c) b(v). Moreover, we can assume that b(v) < degq(v) for every vertex

v of G. Both of these facts guarantee the desired running time. O

We can compute a minimum cardinality (I, b)-matching of G’ by applying
Lemma 31 directly. However, it works in O(m3/2) time since the sum of the
upper bounds of the capacity intervals in G’ is O(m). We can compute it faster

using the following lemma.

Lemma 32. Let M’ be any (I,b)-matching of G'. Then there exists a minimum
cardinality (1,b)-matching N of G’ such that degy,(v) < degy; (v) for every

vertex v of G'.

We postpone the proof of Lemma 32 since it is quite technical. The main
idea behind calculating a minimum cardinality (I, b)-matching of G’ is to find
some (I,b)-matching M’ of G’ which consists of O(n) edges. Such M’ can be
constructed in the following way. We initialize M’ as the empty set. For every
vertex v of degree ¢t + 1 in G, we add any edge of G incident to v to M’.
Additionally, we have to add some edges of the gadgets in order to satisfy the
degree constrains of the global and subdivision vertices. It is easy to check that
O(t) edges of every gadget are sufficient, hence M’ has O(n) edges in total.
Using Lemma 32, we can find a minimum cardinality (I, b)-matching of G’ by
running the algorithm from Lemma 31 for G and vectors [, € NV(%) such that
b'(v) = degy,(v) for every vertex v of G'. Since ) ., V'(v) = 2|M'| = O(n),
the total runtime of this procedure is O(y/nm).

To prove Lemma 32, we use the classical notion of alternating paths and
cycles. Let M be an (I, b)-matching of a graph G. An edge belonging to M will
be referred to as an M -edge and an edge not belonging to M as a non-M -edge.
An M -alternating path P is any sequence of vertices (v1,va, ..., vg) such that

edges on P are alternately M-edges and non-M-edges and no edge occurs on P
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more than once. An M -alternating cycle C has the same definition as an M-
alternating path except that v; = v; and additionally (vg_1,vr) € M if and only
if (v1,v2) ¢ M. Note that an M-alternating path or cycle may go through some
vertices more than once but via different edges. An M-alternating path is called
M -augmenting if it begins and ends with a non-M-edge. With a slight abuse
of notation, we identify an M-alternating path or cycle with its edge set. For
subsets A, B C E, we define a symmetric difference A®B = (A\B)U(B\A4).

Proof of Lemma 32. Let N be any minimum cardinality (I, b)-matching of
G’. Tt is well-known that M’ & N can be partitioned into a collection P of
pairwise edge-disjoint paths and cycles which are both M’-alternating and N-
alternating. We assume that partition P is minimal, i.e. no two paths or cycles
of P can be merged into one M’-alternating and N-alternating path or cycle.
From the definition of N, |N| < |M’|, so P contains k = |M’| — |N| different
paths Py, P,, ..., P, which are both M’-alternating and N-augmenting. We say
that these paths are special. Define N' = M@ P, &P, ®...® P, i.e. N’ consists
of all M’-edges which do not belong to any special path and all N-edges which
belong to some special path. We claim that N’ is the sought-after minimum
cardinality (I, b)-matching of G’. At first, notice that |[N'| = |[M'| — k = |N|.
Moreover, observe that adding P; to the symmetric difference with M’ decrease
only the degree of both endpoints of P; while leaving the degrees of other vertices
of G’ unchanged. Therefore, degy/(v) < deg, (v) < b(v) for every vertex v of
G

It remains to show that degy,(v) > I(v) for every vertex v of G'. From our
previous observation, it is sufficient to prove this only for endpoints of special
paths. Consider any vertex v of G’ which is an endpoint of p > 1 special paths.
If some special path has both endpoints in v, we calculate it twice. Notice that
v is incident to exactly p different M’-edges in G’ which belong to some special
paths. We claim that the number of remaining N-edges incident to v in G’ is
not greater than the number of remaining M’-edges incident to v in G’. Indeed,
if there are more N-edges than M’-edges among the remaining edges incident
to v in G’, then v is an endpoint of some M’-alternating and N-alternating
path P’ of P such that an edge of P’ which is incident to v in G’ belongs to
N. Notice that we can merge P’ and any special path which has an endpoint
in v into one path — a contradition with the minimality of P. From our claim,
deg (v) < degyy(v) — p. Hence, degy:(v) = degyy (v) — p > degy(v) > U(v)
because N is an (I, b)-matching of G’. O
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4.4.3 Finding all forbidden subgraphs of G

In this subsection, we present Algorithm 5 which finds all K2’s of G in O(m)
time, given some natural numbers p > 2 and ¢ > 1 such that t = (p — 1)gq. It
also returns which pairs of K¥’s of G have some common vertices. Applying
this algorithm to Algorithm 4 for the bounded KP-free {-matching problem is
fairly straightforward. For the bounded restricted t-matching problem, we run
Algorithm 5 twice — once to find all Ky11’s of G, and again to find all K;,’s
of G. However, we have to find also all pairs consisting of K;;; and K;; of G
which have a common vertex. This can be done in O(m) time since Lemma 20
indicates that for every such pair, ¢ = 3 and the vertex set of K;y; is a subset
of the vertex set of Ky ;.

We say that a graph is bounded if its every vertex has degree at most
t + 1. The following lemma gives an importart subprocedure of Algorithm 5.

We postpone its proof since it is quite technical.

Lemma 33. Let v be any vertex of a bounded graph G. We can find in O(t?)

time all KI'’s of G which contain v.

The main idea behind Algorithm 5 is to find two different vertices v; and
vy of G which have ©(t) common neighbours using Lemma 34 given below. We
check if v1 or vz belongs to some K7 of G using Lemma 33. Recall that if some
two K¥’s of G have a common vertex, then they have at least pg — 2 common
vertices (see Lemmas 18, 19, 23 and 25). Therefore, if we find some H = K} of
G, we can find all K2’s of G’ which have some common vertex with H in O(t?)
time. In such a case, we return H and all K¥’s of G which have a common
vertex with H. Then we remove the vertex set of H from G and we continue to
search for K?’s in the rest of the graph. Observe that if v; and vg do not belong
to any K7 of G, then none of the common neighbours of v; and vy belongs to
any K of G as well. In this case, we remove vy, v, and all their common
neighbours from G, and we search for K7’s in the rest of the graph. In both
cases, we remove O(t) vertices in O(t?) time, which means that we spend O(t)
time per vertex on average. Since no vertex of degree less than ¢ belongs to
some K7 of G, we can remove such vertices from G at the beginning. Therefore,

we can conclude that the running time of Algorithm 5 is O(m).

Lemma 34. Let vy be any vertex of a bounded graph G. There exists a procedure
which works in O(t) time and it either concludes that v1 does not belong to any

K? of G, or returns a vertex vo # v1 of G which has at least max{p — 2,1}q
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common neighbours with v1.

Proof. The procedure works in the following way. It processes any two different
neighbours of vy, say u; and uy (or all neighbours of vy, if there are less than
two of them). The procedure processes every vertex u € {uj,us} as follows.
It checks any two different neighbours of u different than v, say z; and zo, as
candidates for vy (or all of them, if there are less than two such vertices). For
every z € {z1, 22}, the procedure checks if v; and z have at least max{p —2,1}q
common neighbours. If so, the procedure returns v, = z. If none of the vertices
z satisfies this condition, the procedure returns that v; does not belong to any
KY of G. Tt is easy to notice that this procedure can be implemented to run in

O(t) time. Its correctness follows from the following claims.

Claim 17. Assume that vi belongs to some H = Kl of G. Then the procedure
given above considers some u and z such that both edges (v1,u) and (u, z) belong
to H.

Proof. We consider the execution of the presented procedure. Since v; belongs
to t-regular H, v; has at least ¢ > 3 neighbours in é, so uq and us exist. Recall
that G is bounded, so degé(vl) < t+1. Therefore, at most one edge of G incident
to vy does not belong to H. It implies that at least one of edges (vy,u;) and
(v1,uz2) belongs to H. Consider v € {uy,uz} such that (v1,u) belongs to H.
We can use similar arguments for u as for v; to prove that both z1, z exist and
that at least one of edges (u,z1), (u, 22) belongs to H. We choose z € {z1,22}
such that (u, z) belongs to H. O

Claim 18. Assume that some two different edges (w1,t) and (wa,t) belong to
the same KL of G. Then wy and wy have at least max{p — 2,1}q common

neighbours.

Proof. Let H be any K7 of G which contains both (wi,t) and (w2,t). Assume
that ¢ € V4(H). Then both w; and ws belong to V(H) \ V1 (H). We consider

the following two cases.

1. If wy and wq belong to the same color class of H, say Vo(H), then they
have at least (p — 1)¢ common neighbours — all vertices of V(H) \ Va(H).

2. If w; and wy belong to different color classes of H, say Vo(H) and Vs(H)
respectively, then they have at least (p — 2)¢ common neighbours — all
vertices of V(H) \ (Va(H) U V5(H)).
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In both cases, wy and we have at least (p — 2)g common neighbours. However,
case 2. cannot happen if p = 2, so we can conclude that w; and ws have at

least max{p — 2, 1}¢ common neighbours. O
O

Now we present a pseudocode of Algorithm 5 and a proof of its correctness.

Algorithm 5 Finding all K7’s of G

Initialize G as G. Remove all vertices of degree less than ¢ in G from G.

If G is empty, stop the algorithm.

Run the procedure from Lemma 34 on G and any its vertex v;.

If v1 does not belong to any K¥ of G, remove vy from G and go to Step 2.
Otherwise, let vy be a vertex found in Step 3. Run the procedure from
Lemma 33 on G and v;, for every i € {1,2}.

6: If none of the vertices v1, va belong to any K7 of é, remove v, vo and all

its common neighbours from G and go to Step 2.

7. Otherwise, let H be any K¥ found in Step 5. Return H and all K1’s of G
which have some common vertex with H. Return that every two different
returned K’s have a common vertex. Remove H from G and go to Step 2.

Claim 19. Algorithm 5 finds all K?’s of G in O(m) time. Moreover, it finds

all pairs of K¥’s of G which have a common vertex.

Proof. At first, we prove that Algorithm 5 finds all K¥’s of G. We claim that
during its execution an invariant is maintained that all K7’s of G which were
not returned yet are present in G. To show this, it is sufficient to prove that
every time some vertex v is removed from G,all K ?’s of G which contain v were
returned by Algorithm 5 already. We consider all steps of Algorithm 5 where

some vertices are removed from G:

e Step 1: notice that no vertex removed from G belongs to any K. Pof G

since K¥ is t-regular,
e Step 4: we remove v; which does not belong to any K7 of G,

e Step 6: if some common neighbour of v; and vy belongs to some K 5 of é,
then also v1 or va belongs to some K7 of é, but we assume that both v,

and vz do not belong to any K¥ of G‘,

e Step 7: we remove V(H) from G, but we return all K¥’s of G which

contain some vertex of V(H).
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Now we prove that Algorithm 5 finds all pairs of K’s of G which have a
common vertex. We return some K?’s only in Step 7. Recall that all these K?’s
do not belong to G after Step 7 anymore. Notice that it is sufficient to show
that all these K7’s do not have any common vertices with all other K?’s of G.

It follows from the following claim.

Claim 20. Let Hy, Hy and Hj3 be any K¥’s of a bounded graph G. Assume
that Hy has a common vertex with Hy and a common vertex with Hs. Then Ho

and Hsz have a common vertex.

Proof. Recall that, by Lemmas 18, 19, 23 and 25, any two different K7’s of G
which have a common vertex have at least pg — 2 common vertices. Moreover,
if p > 2, then they have at least pg — 1 common vertices.

Consider a case where p > 2. Then at most one vertex of H; does not belong
to Hy and at most one vertex of H; does not belong to Hs. Hence, there are
at least pg — 2 =1t 4+ g — 2 > 2 vertices of H; which belong to both Hs and Hj.
Any of these vertices is a common vertex of Hy and Hj.

Consider a case where p = 2. Then at most two vertices of H; do not
belong to Hs and at most two do not belong to Hs. Hence, there are at least
2q — 4 = 2t — 4 > 2 vertices of H; which belong to both Hy and Hs. O

It remains to show that Algorithm 5 works in O(m) time. It is easy to imple-
ment Step 1 in O(m) time. We divide the rest of the execution of Algorithm 5
into phases. Every phase works in O(tk) time and ends with the removal of &
vertices from G, for some natural positive number k. Notice that it implies that
Algorithm 5 works in O(tn;) time where n; denotes the number of the vertices
of degree at least ¢ in GG, but from the handshaking lemma, tn; < 2m.

The partition of the rest of the execution of Algorithm 5 into phases is
simple. For every removal of some vertices from G, its phase consists of this
removal and all steps preceding it until the previous removal. We prove that
every such phase works in O(tk) time indeed, where k denotes the number of
removed vertices. For the removal in Step 4, by Lemma 34, its phase works
in O(t) time and we remove one vertex. For the removal in Steps 6 and 7, by
Lemmas 33, 34 and our previous observations, its phase works in O(t?) time

and we remove O(t) vertices.
O

Now we present the proof of Lemma 33. We prove it for cases where K? =

K1, KP = K? and for the remaining cases separately. At first, we give some
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definitions. Let G = (V, E) be any graph. A complement of G is a graph
H = (V,E'), where E’ cousists of all pairs of different vertices of V' which are
not connected by any edge from E. Graph G is said to a star if E = {(vg,v) :
v € V\ {vg}} for some vertex vg of V. In such a case, vertex vy is called a
center of G. Graph G is said to be empty if its edge set is empty. For vertex-
disjoint sets A, B C V', G[A, B| denotes a bipartite graph (AU B, E’) where E’
consists of all edges of G whose one endpoint belongs to A and another one to
B. A bipartite complement of G[A, B] is a bipartite graph (AU B, E”) where
E" ={(a,b) :a € ANb € BA(a,b) ¢ E}. Any vertex v € V is said to be a
cut vertex of G if a removal of v from G increases the number of the connected
components of G. A cut vertex v is said to be nontrivial if every connected
component which appears after the removal of v from G consists of at least two
vertices. We extend the definition of K7 to cases where p € {0, 1} naturally, i.e.
K 2 is a graph whose vertex set is empty whereas K, (} is an empty graph which

consists of ¢ vertices.

Proof of Lemma 33 for K;,1’s. Let e; and es; be any two different edges
incident to v in G. (If v has the degree less than two in G, then v clearly cannot
belong to any t-regular K, ; of G since t > 3.) Because the degree of v in G
is not greater than ¢ + 1, any K1 of G which contains v has to contain e; or
es. For each edge e € {e1, ea}, we find all Ky1q’s of G which contain e. Observe
that if e belongs to some Ky, 1 of G, then both its endpoints must have at least
t — 1 common neighbours.

If both endpoints of e have exactly ¢ — 1 common neighbours, we check
if these common neighbours and both endpoints of e form some Kyyq of G.
Observe that checking if a given subset A of t + 1 vertices form a K1 in a
bounded graph G can be implemented to run in O(t?) time — we can construct
the complement of G[A] and check if it contains no edges. Indeed, for every
vertex u of A, we can mark all its neighbours in G in O(t) time. All unmarked
vertices of A\ {u} are all the neighbours of u in the complement of G[A].

If both endpoints of e have exactly ¢ common vertices, we check if they form
a Ko of G together with both endpoints of e. If not, we make use of the
following observation to find all K;,1’s in a subgraph of G induced by these

vertices.

Observation 7. Let A be any set of t +2 different vertices of G. Let H be any
K1 of G such that V(H) C A. Then the complement of G[A] is a star with a

center in the only vertex of A which does not belong to H.
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Therefore, it is sufficient to check if the complement of G induced on these
t 4+ 2 vertices is a star. If so, we get at most two different K;,1’s of G which
contain e, depending on how many centers this star has. (Notice that a star
consisting of a single edge has two different centers.) Again, we can construct

such complement in O(¢?) time. O

Proof of Lemma 33 for KI’s for p > 2 and q > 3. We consider any two dif-
ferent edges e; and ey incident to v in é, similarly as in the proof for K;yi’s.

We find all K7’s of G which contain e, or es.

Definition 12. Let e = (vo,v1) be any edge of G. We denote by I'(e) a set of
common neighbours of both endpoints of e. For i € {0,1}, we denote by I';(e) a
set of all neighbours of v; different than vi_; which do not belong to T'(e).

Observe that the endpoints of any edge e of G belong to neither T'(e) nor
T;(e). Since G is bounded, |T'(e)| + |i(e)| < t for every i € {0,1}.

Observation 8. For any edge e of any K¥ of G, (p—2)g < |T'(e)] < (p—2)g+2.

Because of Observation 8, it is sufficient to consider the following three cases
while considering an edge e = (v, v1) € {e1, e2} as a candidate for an edge of
some K¥ of G. We assume that both vy and v; have degree exactly t + 1 in G

since we can add artificial vertices if necessary.

1. [T(e)] = (p—2)¢g+ 2 and |T;(e)] = q — 2.
Since the number of all neighbours of each endpoint of e (including vy and
v1) is not greater than pg, we can find sought-after K. P using the following

observation.

Observation 9. Let A be any set of pq different vertices of G. Let H be
any K7 of G such that V(H) C A. Then the complement of G[A] consists
of exactly p connected components, each of which consists of exactly g
vertices. Moreover, the vertex set of each of these components is some

color class of H.

2. [P(e)| = (p — 2)q and [i(e)| = ¢
We check if there exists a K2~2 H' in G[(e)] similarly as in Case 1. If
so, we check if it is possible to extend H' to a valid KY,
of each set I';(e) U {vy1_;} as another color class. To do this, we search for

using q vertices

K +'s of G whose each color class is contained in T';(e) U {v;_;}, for some

i € {1,2}, using the following observation.
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Observation 10. Let A; and As be any two vertex-disjoint subsets of
vertices of G, each of size exactly t + 1. Let H be any K of G such
that V;(H) C A;, for every i € {1,2}. Then the bipartite complement of

G[A1, As] consists of two (possibly empty) stars with centers in vertices
of, respectively, A1 \ Vi(H) and Az \ Vo(H).

We check if it is possible to merge H' and found K, ,’s into a single K?
of G. Since each set I';(e) U {v;_;} contains ¢ + 1 vertices, we can find

several valid Ké”s of G in this case.

3. Il'(e)] = (p—2)g+ 1 and [Ti(e)| = ¢ — 1.
We check if there exists a K?~2 H’ in G[I'(e)] using the following obser-

vation.

Observation 11. Let A be any set of pq + 1 different vertices of G. Let
H be any K of G such that V(H) C A. Then the only vertex of A which
does not belong to H is only either isolated vertex or montrivial cut vertex
of the complement of G[A].

We check if both sets T';(e) U {v1_;} form other color classes of sought-
after K7. Moreover, we check if it possible to replace some vertex of one
of these sets by the only vertex of I'(e) which does not belong to H' to
get a valid KT of G.

O

Proof of Lemma 33 for K3’s for p > 3. We find all K’s of G’ which con-
tain v similarly to K7’s. We need the following slight modifications to Obser-

vation 9 and Observation 11.

Observation 12. Let A be any subset of 2p different vertices of G. Let H be
any K¥ of G such that V(H) C A. Then the complement of G[A] is a (possibly
empty) matching.

Observation 13. Let A be any set of 2p + 1 different vertices of G. Let H
be any K& of G such that V(H) C A. Then there exist a constant number of
vertices v such that G[A\ {v}] is a matching. Moreover, all of these vertices

can be found in O(t?) time.

O
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4.4.4 Finding the potential functions

In this subsection, we present how to find the potential function of any forbidden

subgraph of G. We use the following observations to do so.

Observation 14. Consider any triangle t of G. Then there exists exactly one

potential function of t.

The potential function of any K;,1 of G can be calculated in O(t?) time by

covering the set of its vertices by triangles and by using Observation 14.

Observation 15. Consider any H = K;; of G and let ryg be any potential
function of H. For any real number §, define the following potential function of
H:

rg(v)+6 ifveVi(H),
{ ra(v) =6 ifve Va(H).

Then the set of all potential functions of H is a set of all r%; over all real numbers

J.

We can find any potential function of any H = K;; of G by defining the
potential of some vertex of H arbitrarily which determines potentials of all other
vertices of H. It is easy to see that this procedure can be implemented to run
in ©(t) time.

For p > 3, we can find the potential function of any K7 of G in O(t?) time

using Observation 14 in the same way as for Ky yq’s.



Chapter 5

Perfect matchings in

bridgeless cubic multigraphs

5.1 Link-cut trees

We need a structure for maintaining a forest F of vertex-disjoint unrooted trees,
each of whose edges has a real-valued cost. We use link-cut trees of Sleator and
Tarjan [ST81| which store a forest of vertex-disjoint rooted trees. Therefore, we
root every tree of F at an arbitrary vertex. Link-cut trees support the following
operations (among others) in O(logn) time each, where n is the total number

of vertices:
root(vertexv): return the root of the tree containing v.

cost(vertex v): returns the cost of the edge from v to its parent. We assume

that v is not a root.

mincost(vertex v): returns the vertex w closest to root(v) such that the edge
from w to its parent has minimum cost on the path connecting v and

root(v). We assume that v is not a root.

update(vertex v,realz): add = to the cost of every edge on the path connect-

ing v and root(v).

link(vertex u,v,realz): combine the trees containing v and v by adding an
edge (u,v) with cost z, making v the parent of u. We assume that u and

v are in different trees, and w is a root.

103
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cut(vertexv): delete the edge from v to its parent. We assume that v is not

a root.
evert(vertex v): modify the tree by making v the root.

As mentioned in the original paper, instead of real-valued costs we can in fact
work with an arbitrary (but fixed) semigroup. In particular, we can use the
semigroup G = (E,®), where x @ y = x for every z,y. This allows us to
maintain a forest of vertex-disjoint unrooted trees, each of whose edges e has

its associated label cover(e), under the following operations:
connected(u, v): check if 4 and v belong to the same tree.

remove(u, v): remove an edge {u, v} from the forest. We assume that the edge

belongs to some tree.

add(u,v,z): add an edge {u,v} to the forest, and set its label to be x. We

assume that v and v are in different trees.

cover(u,v): return the label of the edge {u,v}. We assume that the edge

belongs to some tree.

update(u, v, x): set the label of every edge on the path connecting u and v to

be x. We assume that u and v belong to the same tree.

It is straightforward to implement these operations in O(logn) time each by
maintaining a link-cut tree, except that we use the semigroup G instead of

real-valued costs.
e connected(u, v) checks if root(u) = root(v).
e remove(u,v) first calls evert(v), and then cut(u).
e add(u, v, z) proceeds by calling evert(u), and then link(u, v, x).
e cover(u,v) first calls evert(v), and then returns cost(u).
e update(u, v, x) is implemented by calling evert(v), and then update(u, ).

By maintaining another link-cut tree with real-valued costs we can also sup-
port checking if the paths connecting u with v and «' with v’ share a common
edge in O(logn) time (assuming that w,v,u’,v" all belong to the same tree).

The cost of each edge is initially 0. To implement a query, we first call evert(u)
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and update(v, —1). This has the effect of setting the cost of every edge on the
path connecting u with v to —1. Then, we call evert(u’) and check if mincost(v’)
returns —1, which happens if and only if the path connecting v’ and v’ shares a
common edge with the path connecting u and v. Finally, we call evert(u) again,
and then update(v, 1) to restore the costs.

We note that any other structure for maintaining dynamic trees, e.g. top

trees, could be used here in place of link-cut trees.

5.2 Outline of previous algorithms

In this section we present the previous algorithms for the perfect matching

problem in bridgeless cubic multigraphs.

5.2.1 O(n?) time algorithm based on Frink’s proof

Frink’s proof of Petersen’s theorem can be easily turned into an algorithm. It

uses the following theorem:

Theorem 21 (Frink). Let G be any bridgeless cubic multigraph and {v,w}
any single edge of G. Let {a,v} and {b,v} be other edges of G incident to v.
Let {c,w} and {d,w} be other edges of G incident to w. Define multigraphs
Hy, = ((G\v)\w)U{a,c} U{b,d} and Hy = ((G\ v) \ w) U{a,d} U{b,c}
(see Figure 5.1). Then both Hy and Hy are cubic and at least one of them is
bridgeless.

We call the operation of producing H; (resp. Hz) from G a straight (resp.
crossing) reduction (of type I) on {v, w}. We refer to both straight and crossing
reductions as reductions (of type I). We do not provide the proof of the above
theorem, but stress that it will follow from the analysis of our algorithm, making
the result self-contained.

The idea of the algorithm based on Theorem 21 is to repeatedly perform the
reduction on any single edge of the input multigraph G to produce a sequence
of multigraphs Gy, G1, ..., G which are all cubic and bridgeless. It is easy to
observe that every bridgeless cubic multigraph with more than two vertices has
a single edge. Hence, we can assume that &k = n/2 — 1 and |V(Gy)| = 2. To
build a perfect matching of the input multigraph Gy, we can find any perfect
matching of G and revert the reductions in a reverse order to find perfect

matchings of Gi_1, Gg_o, ..., Gy. To this end, we need an auxiliary lemma.
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¢ d ¢ d ¢ d

Figure 5.1: Straight and crossing reduction of type I on single edge {v, w}.

Lemma 35 ([BBDLO1|). Let G be a bridgeless cubic multigraph, M a perfect
matching of G, and e an edge of G. Then G has an M-alternating cycle that

contains e that can be found in O(n) time.
Then, every reduction can be reverted using the following theorem.

Lemma 36 ([BBDLO1]). Let G be any bridgeless cubic multigraph and G’ be a
multigraph obtained by performing a reduction on a single edge of G. Given a

perfect matching M’ of G', we can find a perfect matching of G in O(n) time.

Proof. Without loss of generality, consider a straight reduction. We use the
notation from the statement of Theorem 21. We construct a perfect matching
M of G. We start off with the empty set. We add every edge of M’ which
belongs to G to M. Hence, it remains to add {v,w} or some edges incident to

{v,w} to M. We consider the following three cases (see Figure 5.2).
a) If both {a,c} and {b,d} do not belong to M’, we add {v,w} to M.

b) If either {a,c} or {b,d} belongs to M’, say {a, c}, we add {a,v} and {c,w}
to M.

¢) If both {a, c} and {b, d} belong to M’, we find and apply an M’-alternating
cycle of G’ which contains {b,d} to M’ using Lemma 35. Then we get

either case a) or b). O

Thus, we can find a perfect matching in a bridgeless cubic multigraph in
O(n?) time, since we can check if a multigraph is bridgeless and find an alter-

nating cycle in linear time.
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o)

¢ d ¢ d d ¢ d

Figure 5.2: Reverting reduction of type I. The matched edges are marked by
wavy lines.

5.2.2  O(nlog*n) time algorithm with fully dynamic 2-edge-

connectivity

Notice that there are two bottlenecks in the algorithm presented in Subsec-
tion 5.2.1: checking if a multigraph is bridgeless, and finding an alternating
cycle. To check if a multigraph is bridgeless, we can use a fully dynamic 2-edge-
connectivity structure. Such a structure maintains a multigraph G under the

following operations:
e add an edge to G,
e remove an edge from G,

e check if given two vertices of G are in the same 2-edge-connected compo-
nent of G.

To remove the first bottleneck, Biedl, Bose, Demaine, and Lubiw [BBDLO01]
used the fully dynamic 2-edge-connectivity structure given by Holm, de Lichten-
berg and Thorup [HALT01] with O(log* n) amortized time per operation, thus
obtaining an O(n log® n) time algorithm. They checked, after every reduction,
if the vertices a, b, ¢ and d are still in the same 2-edge-connected component.
We note that plugging in a faster (and later) structure of Holm, Rotenberg and
Thorup [HRT18] improves the time complexity to O(n(logn)?(loglogn)?).

In order to remove the second bottleneck, the idea of Biedl, Bose, Demaine,
and Lubiw [BBDLO1] was to forbid the case where both edges of some E(G;) \
E(G;—-1) belong to the found perfect matching. To this end, we choose any edge
ep of the input multigraph Gy, and search for a perfect matching which does not
contain eg. Notice that Lemma 35 implies that such perfect matching always

exists. Then, we perform a reduction on a single edge incident to ey, and we
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define e; as an edge of E(G1) \ E(Gy) such that eg Ney # (), that is, eg and e;
are incident to the same vertex. Note that we cannot perform the reduction if
all edges of Gq incident to eg are double edges, and in such a case we use an
alternative reduction defined later. Next, we recursively find a perfect matching
in G1 which does not contain e;. Again, we perform a reduction on a single
edge incident to e;, and so on. Recall that G, consists of exactly two vertices,
S0 it is trivial to find a perfect matching which does not contain e;. Again, we
revert all reductions to construct a perfect matching of the input multigraph
Go. However, now we can use the assumption that the perfect matching of G;
does not contain e; € E(G;) \ E(G;—1). Therefore, we can construct a perfect
matching of G;_; in constant time since we do not have to apply an alternating
cycle to get rid of the case ¢) from the proof of Lemma 36. This optimization
gives us the desired O(nlog® n) running time.

If all edges of G; incident to e; are double edges, we perform a reduction
of type II on any edge incident to e; instead of reduction of type I as follows.
Counsider a double edge e = {{v,w}, {v,w}} of G;. Let {a,v} be a single edge
incident to v and {b,w} a single edge incident to w. The reduction removes
both copies of {v,w} and all their incident edges, adds an edge {a,b} to the
multigraph and defines e;11 = {a,b} (see Figure 5.3). When reverting this
reduction, we have a guarantee that {a, b} does not belong to a perfect matching,

hence we can add any copy of {v,w} to it.

a a a
€; €i

v v
C |:> €it1 |:>

w w

b b b

Figure 5.3: Reduction of type II (and its reverting). The matched edges are
marked by wavy lines.

5.2.3 O(nlog’n) time algorithm with fully dynamic con-

nectivity

Diks and Stanczyk presented a faster algorithm for the perfect matching problem

in bridgeless cubic multigraphs by replacing a fully dynamic 2-edge-connectivity
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structure by a fully dynamic connectivity structure. Such a structure supports
checking if two given vertices of the multigraph are in the same connected com-
ponent, and allows adding and removing edges. They maintain a fully dynamic
connectivity structure together with a spanning tree of the current multigraph.
When performing a reduction of type I on a single edge e, they remove all edges
incident to any endpoint of e from both the fully dynamic connectivity structure
and the spanning tree. Checking which pairs of vertices adjacent to the end-
points of e are in the same connected component and how they are connected
allows to check if we have to perform straight or crossing reduction of type I to
obtain a bridgeless cubic multigraph as well. The spanning tree is maintained
in a link-cut tree, so the total running time is dominated by the running time of
the fully dynamic connectivity structure. Originally, the algorithm used either
the structure of Holm, de Lichtenberg and Thorup [HALTO01|, which works in
O(log? n) amortized time per operation, or the randomized variant presented by
Thorup |Tho00] which works in O(log n(log logn)?) expected amortized time per
operation. However, now the fastest known fully dynamic connectivity struc-
tures are by Wulff-Nilsen [WN12| with O(log® n/loglogn) amortized time per
operation, or the structure given by Huang, Huang, Kopelowitz, Pettie, and
Thorup [HHK*23] with O(log n(loglogn)?) amortized expected time per oper-
ation. Hence, the perfect matching problem in bridgeless cubic multigraphs can
be solved in O(nlog?n/loglogn) deterministic time, or O(nlogn(loglogn)?)

expected time.

5.3 Outline of our algorithm

We give an outline of our algorithm below. It is based on the algorithm given
by Biedl, Bose, Demaine, and Lubiw [BBDLO1]|, but it does not need a fully
dynamic 2-edge-connectivity structure. Let Gy be the input multigraph, which
is bridgeless and cubic. We proceed in iterations that construct the sequence
Go, G, ..., Gy as follows.

Similarly as in the algorithm given by Diks and Stanczyk, for every G;, we
construct a spanning tree T; of G; as well. Additionally, for every e € E(T;) we
maintain any edge from E(G;) \ E(T;) which covers e in T;, denoted cover;(e).
Notice that such an edge always exists, since G; is bridgeless. The spanning
tree T; and cover;(e), for every e € E(T;), are maintained in a link-cut tree

as described in Section 5.1. Moreover, we maintain an edge e;, which will
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Algorithm 6

ep < any edge of Gy
Ty < any spanning tree of Gg
for e € E(Gy) \ E(Ty) do

coverg(f) « e for every f € E(Ty) on the path in Ty connecting both
endpoints of e
end for
for i=0ton/2—-2do

if e; is incident to a single edge e of G; then

Obtain G;4+1 by a reduction of type I on edge e of G;
else
Obtain G;41 by a reduction of type II on a double edge of G; incident

to e;

end if

Obtain a spanning tree ;41 of G;4+1 from T;
end for
My, < {e} for some e € E(Gi) \ {ex}
for i =n/2 — 2 downto 0 do

Obtain a perfect matching M; of G; from M;; by reverting the corre-
sponding reduction
end for

not belong to the found perfect matching M; as in the algorithm presented in
Subsection 5.2.2. We will construct the spanning trees Ty, 11, ..., T} during

the execution of the algorithm, making sure to maintain the following invariant.

Invariant 1. For every T; and edge e € E(T;), cover;(e) is an edge of E(G;) \
E(T;) that covers e in Tj.

5.4 Details

In this section we explain how to implement the reductions and update the
maintained information during the execution of the algorithm. Moreover, we
prove that Invariant 1 is maintained. In Subsection 5.4.4 we present the time

and space complexity analysis.

5.4.1 Swap

We first define our atomic operation swap on an edge e € E(T;). It consists in
removing e from T;, adding e’ = cover;(e) to T;, and setting cover;(f) = e for

every edge f covered by e in the new 7;. We will be using swap operation as a
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black box. The following lemma proves that performing a swap does not spoil

the maintained information.
Lemma 37. The swap operation maintains Invariant 1 for T;.

Proof. Assume that we perform a swap on an edge e and let ¢/ = cover;(e).
Let T° be the tree T; before the swap and T after the swap. Let P be the
path in 7° which connects both endpoints of e’. Since e’ covers exactly the
edges of P in T, e € E(P). Notice that e covers all edges of P’ = (P \e)Ue¢’
in T, so every cover;(f), for f € E(P’), is updated correctly. Consider any
f € E(TY)\ E(P'). By construction, f belongs to E(T°), so f' = cover;(f)
covers f in T°. Therefore, there exists a path R in 7° which connects both
endpoints of f’ such that f € E(R). We claim that f’ covers f in T as well. If
e ¢ E(R), then R is a path in T so we are done. Hence, assume that e € E(R).
Notice that f’ # e’ since €’ covers only the edges of E(P) in T°. We construct
a path R’ in T from R by replacing its fragment which is contained in P by
going through edge ¢’ instead of e (see Figure 5.4). Notice that f € E(R’) since
f ¢ E(P’), so we are done. O

f f

=

(& €

Figure 5.4: Proof of Lemma 37. The edges of T; are marked by thick lines and
edges of, correspondingly, R and R’ are marked by red lines.

5.4.2 Reductions of type I

In this subsection we present how we implement a reduction of type I on a single
edge {v,w} of G;. We use the notation from the statement of Theorem 21. Let
A; be the set of all edges of G; incident to edge {v,w}. Notice that a, b, ¢ and
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d are not necessarily distinct, but they are different from v and w since {v,w}
is single. Moreover, v # w.

The main idea is the following. Before performing the reduction, we reduce
the number of cases to consider by performing several swaps on some edges
incident to v or w. Recall that, by Lemma 37, these swaps do not spoil the
maintained information. Then, we perform either a straight or a crossing re-
duction (of type I) on {v,w}, depending on how the vertices a, b, ¢ and d are
connected in (7; \ v) \ w. We obtain T;1; from T; by deleting the removed edges
and adding some of the new edges. This implicitly sets cover;11(e) = cover;(e)
for every edge e € E(T;) N E(T;+1). Then, we update cover; 1 (e) for every edge
e covered with the edges of E(Gi11) \ F(Ti+1) in T;41 accordingly. Finally, we
set e; 11 to be the new edge which is incident in G;41 to one of the endpoints of
e; in Gj.

If {v,w} € E(T;), we perform a swap on the edge {v,w}. Hence, we can
assume that {v,w} ¢ E(T;). Moreover, if A; C E(T;), we can perform a swap
on at least one of the edges of A; without adding {v, w} to T;. Thus, we assume
that either two or three edges of A; belong to E(T;). Furthermore, we can
assume that, for every e € A; N E(T;), cover;(e) € A; U {{v,w}}, as otherwise
we can perform a swap on such edge e.

If |A; N E(T;)| = 3, we can assume that {d,w} ¢ E(T;). We consider two
subcases depending on how a, b, ¢ and d are connected in (7; \ v) \ w (see
Figure 5.5):

e both ¢ and d are connected to a (or both to b), or
e c and d are connected to different vertices a and b.

Notice that the first subcase cannot happen: if both ¢ and d are connected to
a then, since cover;({b,v}) ¢ A; U {{v,w}}, we could have performed a swap
on {b,v}. Hence, we are left with the second subcase. Assume, without loss of
generality, that ¢ is connected to a and d to b in (T} \ v) \ w. Then we perform a
crossing reduction on {v, w}. Moreover, we add exactly one of the added edges
to Tit1.

If |A; N E(T;)| = 2, assume that {a,v} and {c,w} belong to E(T;). Since
(T; \ v) \ w is still connected in that case, we have the three following subcases
depending on which pairs of the vertices a, b, ¢ and d are connected in (T;\v)\w
first (see Figure 5.6). Formally, we partition {a, b, ¢, d} into two pairs {z, y} and
{z',y’} such that the paths connecting x with y and 2’ with ¢’ in (T; \ v) \ w
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d ¢ dq ¢ dq

Figure 5.5: The case when |A; N E(T;)| = 3. The edges of T; and T;1, are
marked by thick lines.

are edge-disjoint (but not necessarily vertex-disjoint). Such edge-disjoint paths
always exist, for example it is straightforward to verify that paths with the
smallest total length are edge-disjoint. Then, we say that x is connected to y

and z’ to y/.

e If a is connected to b and ¢ to d, we perform an arbitrary reduction of

type I on {v, w}.

e If a is connected to ¢ and b to d, we perform the crossing reduction on
{v,w}.

e If a is connected to d and b to ¢, we perform the straight reduction on
{v,w}.

In all of these subcases we add no new edges to T;1;. Notice that the subcases
may overlap.

After performing every reduction of type I, we update the maintained infor-
mation as follows. For every edge e € E(Gi+1) \ E(G;) which does not belong
to Tj4+1, we set cover;11(f) = e for every edge f on the path in T;,; connecting

both endpoints of e.
Lemma 38. Performing a reduction of type I maintains Invariant 1.

Proof. Let S; and S;;1 be the subgraphs of, respectively, T; and T;,1 consisting
of all edges which lie on some path in, respectively, T; and T;; connecting some
of the vertices v, w, a, b, ¢ and d. It is easy to check that every edge of E(S;1+1)
is covered by some edge added to G;41 which does not belong to T;41. Hence,
cover;1(e) for every edge e € E(S;41) is correct.

It is left to prove that cover;iq(e) is correct for every edge e € E(T;11) \
E(S;+1). By construction, e € E(T;) \ E(S;). Notice that cover;;1(e) =
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a b a b
< ~/M -
XX
c d ¢ d

Figure 5.6: The case when |A; N E(T;)] = 2. The edges of T; and T;4+, are
marked by thick lines.

cover;(e). We claim that f = cover;(e) covers e in T;41. First, we notice
that f belongs to G;41. This follows from an easy observation that every edge
of (A4; U{{v,w}})\ E(T;) covers only some edges of E(S;) in T}, so it cannot
cover e in T;. Consider a path P in T; which connects both endpoint of f. From
definition of f, e € E(P). If P does not contain any edges of E(S;), then P is a
path in ;11 as well, so f covers e in T; ;. Otherwise, we construct a path P’
from P by replacing its fragment which is contained in S; by a corresponding
path in S;y; (see Figure 5.7). Since e ¢ E(S;), e € E(P’). Hence, f covers e in
Tiss. 0

5.4.3 Reductions of type II

Now we consider the reduction of type II on a double edge incident to e; of G;.
Recall that e; is incident to two different double edges. Therefore, at least one
of them, say {f1, f2}, contains some edge of F(T;) as otherwise T; would be
disconnected. We perform the reduction of type II on a double edge {f1, f2}
where f; = {v,w} = fo. Let a # w be a neighbor of v, so e; = {a,v}, and b # v
be a neighbor of w. Assume that f; € E(T;). Of course, fa ¢ E(T;) then. First,
we remove from G; edges e;, f1, fo and {b,w}. If any of these edges is in T it

is not included in T;11. Then, we create an edge {a,b}. We consider the two



5.4. DETAILS 115

¢ d ¢ d

Figure 5.7: The proof of Lemma 38. The edges of T; and T;;; are marked by
thick lines. The edges of P and P’ are marked by red lines.

following subcases (see Figure 5.8).

e If both {a,v} and {b,w} belong to E(T;), we add {a,b} to T;41 and set

cover,;1+1({a, b}) = cover;({a,v}).

e If only one of {a,v} or {b,w} belongs to E(T;), say {a,v}, we identify
{a,b} with {b,w}. This guarantees that cover;;(e) is correct for every

edge e on the path in 7;1; connecting a and b.

It is easy to check that Invariant 1 is maintained after a reduction of type II.

a a a a
€; €;
v v
( |:> €i+1 ( |:> €it+1
w w
b b b b

Figure 5.8: Performing a reduction of type II. The edges of T; and T;,; are
marked by thick lines.

5.4.4 Complexity analysis

The algorithm performs less than n iterations of the for loop. Throughout the
execution of the algorithm, we maintain the spanning tree 7T; in a link-cut tree.
Additionally, we maintain the edges incident to any vertex of GG; on a doubly-

linked list. Each edge maintains a single bit denoting whether it belongs to T;.
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Because the degree of every vertex of G; is constant, this allows us to find a
single edge incident to e;, or choose a double edge {f1, f2} such that f; € E(T;),
in constant time.

It is straightforward to verify that a swap operation can be implemented
with a constant number of operations on the link-cut tree. To implement a
reduction of type I, we first need a constant number of swap operations. Then,
we need to distinguish between |A; N E(T;)| = 3 and |A; N E(T;)| = 2, which is
easy by inspecting the bits maintained by the edges in A;. In the latter case, we
need to find a partition of {a, b, ¢, d} into two pairs {x,y} and {z’,y’} such that
the corresponding paths in (T; \ v) \ w are edge-disjoint. To this end, we can
check all 3 possibilities, and for each of them test if the corresponding paths in
T; are edge-disjoint in O(logn) time. Finally, after deciding whether we should
apply a crossing or a straight reduction, we construct G;41 from G; by removing
vertices v and w and their incident edges (and possibly from T;), and adding
the appropriate two edges, and (in the case |4; N E(T;)| = 3) add one of them
to T;41. Then, we update the cover values. Overall, this takes O(logn) time.

To implement a reduction of type II, we obtain G;11 from G; by removing
vertices v and w and their incident edges (and possibly from T;), and adding
edge {a,b}. In the first subcase, we update the cover value of the new edge.
In the second subcase, we need to implicitly update the cover value of every
edge e such that cover;(e) = {b,w} to the new edge. To this end, we think
that each edge e = {u, v} is an object that stores the endpoints u and v. Then,
cover;(e) returns a pointer to the corresponding object. When creating a new
edge, we create a new object. However, in the second subcase we reuse the
object corresponding to the edge {b, w}, and modify its endpoints.

To reverse the reductions, we maintain the current matching M;. FEach
edge stores a single bit denoting whether it belongs to M;. Then, reverting a
reduction of type I takes only constant time by inspecting one of the new edges
and checking if it belongs to M;. Depending on the case, we appropriately
update M;. Reverting a reduction of type II is even simpler, as we always add
one copy of the double edge to M;, and possibly need to restore the object
corresponding to the edge {b, w}. For both types, we remove the new edges and
add back the removed vertices and edges.

The overall time complexity is O(n logn), and the algorithm uses O(n) space.
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Other results

6.1 k-restricted t-matchings in graphs of maxi-

mum degree at most ¢ + 1

In this section we present a polynomial algorithm for the k-restricted t-matching
problem. Recall that in this problem we are given a natural number ¢ > 1, an
undirected graph G with maximum degree at most ¢ + 1, a set K of pairwise
edge-disjoint complete partite subgraphs of G and a vector k € (N*)X. The
goal is to compute a maximum size t-matching which does not contain at least
kg edges of every H € K. The algorithm is quite similiar to the algorithm for
the KP-free t-matching problem given in Section 4.3.

We build a graph G’ by replacing every subgraph H of K by a gadget,
together with the weight function w’ and the capacity intervals [I(v), b(v)] for
every vertex v of G. Then we compute a maximum weight (, b)-matching of
G’. In the algorithm we use the unweighted version of Theorem 1. The weight
function w’ is introduced only for the clarity of the presentation. We show how
to extract a maximum size k-restricted t-matching of G in Theorem 22.

Let H € K and pg be the number of color classes of H. For every 1 <14 < pp,
let ¢%; be the number of edges of H incident to all vertices of V;(H) in total. We
define Gy - a gadget for H - in a similar way as in Section 4.3. We replace
every edge of H with two half-edges and an eliminator, and we introduce py + 1
global vertices, 2y, uk;, u%, ..., u¥f". The only difference is that we connect uly
with 2z via st = min{q%;, kg } edges instead of one. Each half-edge has weight

%. The remaining edges of the gadget have weight 0. Let Sy = > 27 s, We

117
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set the capacity interval of every vertex of H to [0,t], of every vertex u; to
[st;,s%], of vertex zg to [Sy — 2kp, Sy — 2ky] and of every subdivision vertex
to [1,1].

Theorem 22. FEvery k-restricted t-matching M of G corresponds to an (I,b)-
matching M’ of G' such that w'(M'") = |M|. For any (I,b)-matching M’ of G’
we can find a k-restricted t-matching M of G such that |M| > w'(M’).

Proof. The proof of the first sentence of the theorem is similiar to the proof of
the first part of Theorem 17. Consider any H € K. Since M is k-restricted,
there exist kg different edges e1, es, ..., ek, of H which do not belong to M.
We consider every edge e; = (a,b). Assume that a € Vi(H) and b € Va(H).
Then we add edges (vf, u};) and (v2, u2;) to M'. For every other edge e of H we
proceed as follows. If ¢ € M, we add both half-edges of e to M’, otherwise we
add the eliminator of e to M’. In the end, for every u’;, we add several copies
of an edge (u'y, zx) to M’ in such a way that u%; is incident to exactly s%; edges
of M'. Notice that degy; (zr) = Su — 2kg because we have increased the total
degree of all global vertices of H by two per every considered edge e;.

We prove the second part of the theorem. Consider any H € K. Let V' C
V(H) be the multiset of endpoints of the half-edges of H whose subdivision
vertices are matched to the global vertices of H in M’. We match the copies of
the vertices of V' to construct a set E’ consisting of kg edges of H. We do this
by repeatedly matching any two vertices from the two largest color classes of H
in V’. When all copies of the vertices of V'’ are matched, we get rid of multiple
copies from E’. For every edge e of E’, we replace all but one copy of e in E’
by any different edges of H which do not belong to E’ yet. The correctness of
this procedure follows from the fact that |V’| = 2ky and V' contains at most
ky copies of vertices of each color class of H.

As a result we obtain the set E’ of ky different edges of H. Let E” be the
set of the edges of H whose eliminators belong to M'. We add every edge of H
which belongs neither to E’ nor to E” to M. Notice that w'(M’' N E(Gg)) =
|E(H)|—|FE'|—|E"| and [ MNE(H)| = |E(H)|—|E'UE"|. Thus  MNE(H)| >
w'(M' N E(Gg)).

O

Observe that the size of constructed G" is O(m), as well as the value 3, o)
Moreover, G’ can be constructed in linear time. Thus we can solve the k-
restricted t-matching problem in O(m?3/?) time.

Notice that the proof of Theorem 22 does not work for the weighted version

of the k-restricted t-matching problem since replacing edges of E’ can change



6.2. RESTRICTED MATCHINGS 119

its total weight. Generalizing the given algorithm to the case when subgraphs
of K are not edge-disjoint can be quite complicated since one would have to

probably introduce gadgets for overlapping complete partite subgraphs of G.

6.2 Restricted matchings

In this section we consider the following variant of the Restricted Matching
Problem. We are given (1) a (not necessarily bipartite) graph G = (V| E), (2)
a natural number k, (3) a set of k subsets of edges E1, Fa, ..., Ej such that for
each 1 < i < k (i) the graph G contains a clique or a bipartite clique on all
endpoints of E;; in the case of a bipartite clique, it contains the whole set FE;
and (ii) the sets Ey, ..., Ej are almost vertex-disjoint - the endpoints of any two
different cliques have at most one vertex in common and (4) k natural numbers
r1,79,...,7k. The task is to find a maximum size matching M of G among
ones that satisfy the condition: for each 1 <4 < k it holds that M contains at
most r; edges of E;. Any matching M of G that satisfies: for each 1 <14 <k,
|M N E;| <1y, is called a restricted matching.

To solve this problem we construct a graph G’ = (V', E’) with gadgets for
each of the sets F;. The construction of G’ is similar to the one used for square-
free 2-matchings. The precise construction of G’ is the following. We start
off with G’ = G. For each 1 < i < k we build a subgraph, called a gadget
for E;. Let n; = |E;|. Each edge (p,q) of E; is replaced with three new edges
(p,vF), (vF,vd), (v, q), two of which are half-edges of (p, ¢) and the third one the
eliminator of (p,q). If G contains a clique on all endpoints of F; we introduce
one new global vertex u; and connect it with every subdivision vertex of an edge
belonging to E;. We set the capacity interval of u; as [2n; — 2r;, 2n; — 2r;]. If G
contains a bipartite clique K; = (A;UB;, E!) on all endpoints of F; we introduce
two new global vertices u} and u?. We connect u} with every subdivision vertex
of an edge of E;, which is a neighbour of a vertex of A; and similarly, we connect
u? with every subdivision vertex of an edge of E;, which is a neighbour of a
vertex of B;. We set the capacity interval of both u} and u? as [n; — 7, n; — ;).
Moreover, we set the capacity interval of every subdivision vertex of G’ as
[1,1] and of every vertex of G as [0,1]. Let N = Zle n;, R = Zle r; and
Er=UL, Ei.

An (I, b)-matching M’ of G’ is to represent roughly a restricted matching M
of G. If M’ contains both half-edges of some edge e € Eg, then e is included in
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M. If M’ contains an eliminator of e, then e does not belong to M (is excluded
from M). The intuition behind the gadget for the set F; is that the global vertex
or vertices in it are required to be matched to 2n; — 2r; subdivision vertices of
edges of F;. In this way they block 2n; — 2r; half-edges, which means that at
most 2n; — (2n; — 2r;) = 2r; half-edges of edges of F; can be present in M’.
This implies that at most r; edges of F; can appear in the matching M.

Theorem 23. Any mazimum (1,b)-matching M’ of G' yields a mazimum re-

stricted matching of G.

Proof. Any restricted matching M of G corresponds to an (I, b)-matching M;
of G’ such that |M;| = |M|+ 2N — R. To construct such M; we proceed as
follows. We set M; to an empty (I,b)-matching. For each e € M N ER, we
add both half-edges of e to M;. For each edge e € M \ Egr, we add e to M.
Next for each 1 < ¢ < k there exist at least n; — r; edges of E; that do not
belong to M. We choose any such (n; —r;)-element subset F; C E; and for each
e € F; we connect in M; the global vertex/the global vertices u; /u}, u? to the two
subdivision vertices of e. For every edge e of F;\ (M UF;) we add the eliminator
of e to M. Let us note that the size of any (I, b)-matching N’ of G’ satisfies:
2IN'[ =X ey degnr (V) + 22 evny degn: (v) = X, ey degn (v)+4N —2R. This
means that the thus constructed M has size |M |+ 2N — R.

Consider now any (I,b)-matching M’ of G'. If for every edge e € E, it holds
that either both half-edges of e are contained in M’ or none, then we say that
M’ is integral. Every integral M’ yields a restricted matching M of G such
that |[M| = |M'| — 2N + R. We next show that even when M’ is not integral,
we are able to build a restricted matching M such that |M| = |M'| — 2N + R.
We only need to say what to do with half-edges, i.e., with those edges of FE.
for which M’ contains only one of their half-edges. We deal with each set E;
separately. Suppose first that E; is such that the graph G contains a clique on
all endpoints of E;. Let us notice that the number of edges of F; with exactly
one of its half-edges contained in M’ is even. Let F; denote such edges and V/
denote those endpoints of edges of F; that are incident to some half-edge of an
edge of F;. Then |V/| is even. We pair vertices of V/ in an arbitrary way and for
two vertices u, u’ belonging to one pair we replace two half-edges of M’ incident
with v and v with one edge (u,u) of M. The case when G contains a bipartite

clique on all endpoints of F; is analogous. O
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