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1 Overview of the topic

For an undirected graph G = (V, E), a subset of edges M C FE' is a 2-matching, sometimes called
a simple 2-matching in the literature, if it is the disjoint union of cycles and paths. Most of the
problems about 2-matchings, for example determining the maximum size of one, can be derived from
results on matchings. However, the case of the so-called Cy-free 2-matchings forms an exception.
A 2-matching is Cy-free if it has no cycle of length k£ or less. The motivation of investigating 2-
matchings not containing short cycles is that it can be considered a relaxation of the Hamiltonian
cycle problem.

Much is known about Cg-free 2-matchings. Papadimitriou showed that determining the max-
imum size of a Cj-free 2-matchings is NP-hard for £ > 5. On the other hand, Hartvigsen gave a
polynomial algorithm for £ = 3 in his Ph.D. thesis. For k = 4, Nam gave an algorithm for the
special case when the cycles of length four are node-disjoint in the graph; the general case is still
open. The weighted version of these problems are also of interest. It has been shown that finding a
Ci-free 2-matching with maximum weight is NP-hard for £ > 4. For k = 3, the problem is solved
for subcubic graphs and is open in general.

There is an interesting connection between Cj-free 2-matchings and jump systems. The poly-
nomial solvability of the former problem seems to strongly correlate with the fact that the degree
sequences of the subgraphs in question form a jump system or not. That is, the degree sequences
of Cj-free 2-matchings form a jump system for k£ < 4 but not necessarily from &k > 5, which may
give some hope for the Cy-free 2-matching problem being polynomially solvable. A similar connec-
tion holds in case of the weighted version: Cj-free 2-matchings induce an M-concave function on a
constant parity jump system for k& < 3 but not necessarily for & > 4, which is consistent with the
polynomial solvability of the weighted C-free 2-matchings problem.

Recently, research on Cj-free 2-matchings and its extensions has gained a renewed interest due
to the appearence of novel approaches using tools from discrete convex analysis, Boolean CSPs,
and matching theory. The work has resulted a long list of papers published in the past decade that
aim at pushing the limits of solvable cases, with paticular emphasis on various generalizations of
the problem. In these extensions, the goal is usually to find a maximum t-matching in a degree-
bounded graph that does not contain certain forbidden structures, e.g. K;;1 graphs, K;; graphs,
complete multipartite graphs, and so on. It is worth emphasizing that imposing a bound on the
maximum degree of the underlying graph is a crucial restriction, and most of the proofs break down
without such an assumption.

The thesis discusses various results related to finding maximum matchings, 2-matchings, or more
generally, t-matchings in certain graph classes. While most of the problems considered were already
known to be solveable before, the main contribution of the candidate is the introduction of a new
framework that leads to simple combinatorial algorithms with better running times than previous
algorithms. In particular, the observations made by the author might open up new directions
that could lead to a solution for the two major open problems mentioned before: the weighted
triangle-free 2-matching and the unweighted square-free 2-matching problems.



2 Summary of the thesis

The thesis consists of six chapters.

Chapter 1 gives a throughout overview of previous results which helps a lot to put the work
into context. While the introduction might seem to be lengthy, this is justified by the numerous
variants and extensions of the problem - it is simply not possible to summarize those in a more
compact way.

Chapter 2 focuses on subcubic graphs, that is, graphs whit maximum degree at most three.
After giving a high-level description of the algorithm, three different problems are considered:
when only triangles, only squares, or both triangles and squares are forbidden. The main idea is to
reduce the problem to a maximum weight [l, u]-matching problem by replacing triangles, squares,
and double triangles with appropriate gadgets. While the gadget corresponding to a single triangle
is simple, finding the right structure for avoiding problematic squares or double triangles is far from
being obvious. The resulting algorithms are significantly simpler than previous ones, since they do
not rely on polyhedral characterizations or tools from discrete convex analysis.

Chapter 3 discusses another well-studied problem of this area, namely, the weighted K ;-free
t-matching problem in bipartite graphs. Since the problem is known to be hard for general weight
functions, the weights are assumed to be vertex-induced on every K;;. Unlike the shrinking tech-
nique of previous approaches, the candidate proposes an algorithm that substitutes a forbidden
structure by a gadget in such a way that a t-matching in the new graph can be naturally identi-
fied with a Ky ;-free t-matching in the original graph, that is, the number of forbidden structures
decreases, though the size of the graph increases. The chapter starts with a solution for the un-
weighted problem when t = 2, which is exactly the square-free 2-matching problem in bipartite
graphs. The weighted case is then discussed in the subsequent section. It is worth noting that the
candidate also proves his technical skills at this point, since the analysis, among others, uses linear
programming and extended formulations. The extension to Kj;-free t-matchings is presented at
the end of the chapter.

Chapter 4 provides algorithms for the weighted restricted t-matching and K}-free t-matching
problems in degree-bounded graphs. Again, the weights are assumed to be vertex-induced on every
forbidden subgraphs. The running time analysis is very technical and, for example, it involves a
subroutine that finds all K7’s of a graph in time linear in the number of edges.

Chapter 5 deals with a somewhat different problem: finding a perfect matching in bridgeless
cubic multigraphs. The main result of the chapter is an algorithm that solves the problem in
O(nlogn) time. The candidate illustrates his familiarity with data structures as the proof heavily
relies on efficient implementation of various operations for link-cut trees. I really appreciate that
the candidate explained the ideas of previous approaches in more details, sheding light on the
bottlenecks in those. Also, I find it nice that the analysis gives a new proof for Frink’s theorem
instead of relying on that, being completely self-contained in this sense.

Chapter 6, finally, presents two additional results. The first one is an algorithm for the so-called
k-restricted t-matching problem, which is analogous to that for the KZ-free t-matching problem in
Chapter 4. The second one is related to the restricted matching problem. Given a graph and k
subsets of edges with upper bounds, the goal is to find a matching of maximum size that contains
at most the given number of edges from each subset. The problem is hard already in the very
special case when each subset consists of a pair of edges. Therefore, the candidate adds further
assumptions on the structure of the graph.



3 Questions

I am not sure if I need to/can ask questions from the candidate. If this is not required/possible,
then please ignore the following.

Question 3.1. Do the algorithms extend to the slightly more general setting when only some of the
triangles/squares/Ky /K -subgraphs are forbidden?

Question 3.2. There is a recent paper that establishes a connection between Boolean CSPs and
certain restricted b-matching problems. Do you think it would be possible to combine this technique
with the usage of half-edges to further extend your results? For example, would it be possible to
increase the degree bounds?

4 Evaluation

The thesis addresses a current topic, as shown by the high number of recent publications in this area.
The candidate has clearly put significant effort into working out the details of the proofs. While
the algorithms are simple to state and implement, verifying their correctness and analyzing their
running time require careful consideration and clever ideas, which the candidate has successfully
addressed. At the same time, the thesis provides thorough background information, making it
accessible even to readers not already familiar with the field. The algorithms and their analysis are
presented with a strong focus on their combinatorial nature, which is an excellent approach given
the complexity of the topic. The main contribution of the presented results is that they offer a new
perspective for approaching restricted b-matching problems. Hopefully, in the future, potentially
combined with other techniques, they will bring us closer to answering the weighted triangle-free
and the unweighted square-free 2-matching problems.

From a formal perspective, the thesis is mostly well-written, though I noted some issues in
notation, structure, and referencing, see the comments below. However, these are minor and easily
fixable issues that do not affect the overall quality of the work. Just to mention some room for
improvement: while the thesis reflects substantial collaboration with the supervisor, it would have
been even more convincing to see additional results achieved independently or in the framework of
international collaboration. Such contributions might further demonstrate the candidate’s ability
to independently identify and address open problems in the field.

Overall, the thesis provides significant contributions that demonstrates the candidate’s deep
understanding of the field and readiness to contribute as an independent researcher. Based on the
content and contributions of the thesis, I strongly recommend awarding the doctoral degree with
the distinction summa cum laude.

5 Comments
General comments:

1. Some related work are missing;:

e Hartvigsen recently published his algorithm for the triangle-free 2-matching problem in
Journal of Graph Theory.



e An algorithm for the same problem was given by Paluch, which should be also mentioned.

e Still for the same problem, a PTAS was published by Bosch-Calvo, Grandoni and Ameli,
and a simpler analysis was recently given by Kobayashi and Noguchi.

e Russell’s thesis is also relevant in the context of restricted b-matchings.

. The entries in the list of references should be unified. Currently, some names are abbreviated

while others are not. I would recommend to use a bibtex file together with, for simplicity,
with the bibliographystyle set to “abbrv”.

. The usage of Claim, Lemma, Theorem, Observation and Fact should be reconsidered. Now it

seems to be completely ad-hoc which one is used when. I would suggest to keep Theorem for
the main statement of each section/chapter, use Lemma for standalone statements that lead
to the proof of a Theorem, and Claim for the technical observations. To be honest, I would
not use Observation and Fact.

For example, consider Section 2.3. There, Theorems 4 and 5 could be lemmas, and you could
add a theorem at the end of the section explicitely stating the algorithmic result (which is
currently missing), together with a short proof using the two lemmas.

. Continuing the previous point, the numbering of statements is somewhat messy. For example,

the numbering of lemmas is restarted at the beginning of each chapter, while claims are
numbered in an increasing fashion throughout. You could use chapter-specific numbers (e.g.
Theorem 3.1, etc) - this would make it easier to read the thesis.

. Overfull line warnings should be fixed while compiling the file.

. The notion of a vertex-induced weight function pops up at several places in the first chapter,

although a formal definition appears only later. Since this is a definition that is needed to
parse the results discussed in the first few sections, I think it would make sense to move the
definition earlier.

. In some cases, new notion are written in bold, in other cases those are only written in italic.

. Remarks that are now put in parentheses are actually quite relevant. I think you could include

those as part of the main text.

. It would be helpful to recall the problems at the beginning of the corresponding sections, see

e.g. Section 4.2.

Minor issues:

o

. Page 11, line -13: ” As mentioned before...

”

— I think this was not mentioned before.

1
2. Page 14, line -12: in the graphs — in graphs
3.
4

. Section 1.6: It is a bit unfortunate to use a for denoting the number of edges here, since a

Page 14, line -9: are given weights — have weights

denoted the approximation factor in the previous section.

Page 22, line -9: used compute — used to compute

. @ is used for denoting the symmetric difference of sets, but also for denoting the operation

in a semigroup in Chapter 5.



11.
12.
13.

. In Algorithm 1, you define the vectors | and u, but then (I,b)-matchings are mentioned

everywhere (while in a later chapter, indeed (I, w)-matching is used). I think you should stick
to (I,u) everywhere, also because the letter b is often used for denoting a vertex.

. Page 26, line 7: runs in — runs in time
. Page 26, line -12: got — get
10.

Algorithm 5: Step 5 refers to the procedure of Lemma 33. It would be better to include the
procedure in an algorithm environment, and use a reference to that as a subroutine.

Page 103, root(vertex v): return — returns
Page 106, line -5: {b,d} to M’ — Delete ‘to M".
Page 108, line -2: Reference is missing to the work of Diks and Stanczyk.
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