Deciding the existence of polynomial
time algorithms for some matching and
voting problems

Szymon Dudycz

Thesis written under the supervision of dr hab. Katarzyna Paluch

Institute of Computer Science
University of Wroctaw
2021



Abstract

In this Thesis we show the following results.

1. In the problem GENERAL MATCHING (or B-Matching) we consider a graph
G = (V, E) and for each vertex v € V' a set B,. The goal is to find a subset
of edges M C F such that degree of each vertex in M is in B,. If the gap
(that is a maximum distance between subsequent numbers in B,) is greater
than 1, deciding if such matching exists is known to be NP-hard. On the other
hand, Cornuejols presented an algorithm for finding a B-matching if gaps
are bounded by 1 [Cor88]. Based on [DP18], a paper written with Katarzyna
Paluch, we present an algorithm for finding maximum cardinality or maximum
weight general matching, if gaps are bounded by 1.

2. For the problem MINIMUM MAXIMAL MATCHING, in which the goal is to
choose from all Maximal Matchings the one that has the smallest size, we
show conditional hardness of approximation. In [DLM19], together with Jan
Marcinkowski and Mateusz Lewandowski, we showed that MINIMUM MAX-
IMAL MATCHING in general graphs is hard to approximate with a constant
better than 2, assuming UNIQUE GAMES CONJECTURE. Assuming a stronger
conjecture, either STRONG UNIQUE GAMES CONJECTURE or SMALL SET
ExpPANSION HYPOTHESIS, with Pasin Manurangsi and Jan Marcinkowski we
obtained the same bound for bipartite MINIMUM MAXIMAL MATCHING.

3. In Multi-winner Approval Based Voting rule called Thiele rule, given for each
voter a set of approved candidates, the goal is to select k candidates that
maximize total happiness of voters. For this problem, based on a paper written
with Pasin Manurangsi, Jan Marcinkowski, and Krzysztof Sornat [DMMS20],
we present an improved approximation algorithm and a matching hardness
proof.

4. Consider the STABLE MATCHING problem in bipartite graphs. The algorithm
solving this problem is well known [GS62]. The stable matching, however, may
be only half the size of the perfect matching. Instead our hard constraint is
that a matching has to be perfect, and among such matchings we want to find
the least unstable one, for some measure of instability. Biro et al. [BMMI0]
and Hamada et al. [HIM09] showed that if we measure the instability as a
number of the blocking pairs, then the problem is not approximable with
any constant. We consider alternative definition of instability, introduced by
Florian Biermann [Biell], and we show that the resulting problem is NP-hard.
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Streszczenie

W tej rozprawie prezentujemy nastepujace wyniki.

1. W problemie GENERAL MATCHING otrzymujemy graf G = (V, E) i dla kazde-
go wierzchotka v € V' zbior B,. Celem jest znalez¢ podzbiér krawedzi M C E,
dla ktorego stopien kazdego wierzchotka w M nalezy do zbioru B,. Taki zbior
nazywamy B-skojarzeniem. Jesli luka kazdego zbioru B, (czyli najwicksza
réznica miedzy kolejnymi liczbami w B,) jest wieksza niz 1, to rozstrzygnie-
cie czy takie skojarzenie istnieje jest NP-trudne. Z drugiej strony, Cornuejols
pokazal algorytm, ktory znajduje w wielomianowym czasie B-skojarzenie, gdy
luki wynosza co najwyzej 1 [Cor88]. Bazujac na [DP18|, artykule napisanym z
Katarzyna Paluch, prezentujemy algorytm, ktéry znajduje w wielomianowym
czasie najwiekszy (pod wzgledem liczebnosci lub wagi) B-matching, gdy luki
sq ograniczone przez 1.

2. Dla problemu MINIMUM MAXIMAL MATCHING, w ktorym celem jest wybraé
ze wszystkich maksymalnych (pod wzgledem zawierania) skojarzen tego, ktory
ma najmniejszy rozmiar, pokazujemy warunkowa trudnos¢ aproksymacji. Ra-
zem 7 Janem Marcinkowskim i Mateuszem Lewandowskim [DLM19], pokazal-
isSmy, ze MINIMUM MAXIMAL MATCHING w ogdlnych grafach jest NP-trudny
do aproksymowacji ze staty lepszg niz 2, zaktadajac UNIQUE GAMES CON-
JECTURE. Zaktadajac silniejsza hipoteze, albo STRONG UNIQUE GAMES CON-
JECTURE albo SMALL SET EXPANSION HYPOTHESIS, z Pasinem Manurangsi i
Janem Marcinkowskim otrzymali$my ten sam wynik dla graféw dwudzielnych.

3. Rozpatrujemy metode ordynacji nazywajaca sie metoda Thielego, w ktorej
kazdy wyborca wybiera zbior zaakceptowanych kandydatéw i celem jest wy-
bra¢ k kandydatow ktorzy maksymalizujg wspolne zadowolenie wyborcow.
Dla tego problemu, na podstawie artykulu napisanego z Pasinem Manurangsi,
Janem Marcinkowskim i Krzysztofem Sornatem [DMMS20], prezentujemy al-
gorytm aproksymacyjny, z lepszym wspotczynnikiem niz dotychczas znane,
oraz trudno$¢ aproksymacji pokazujaca, ze ten wspotczynnik jest optymalny.

4. Rozpatrzmy problem stabilnych skojarzen w grafach dwudzielnych. Algorytm
dla tego problemu jest dobrze znany [GS62], ale takie skojarzenie moze mie¢
rozmiar réwny potowie rozmiaru najwiekszego skojarzenia. W naszym prob-
lemie wymagamy by znalezione skojarzenie byto doskonale i staramy sie wy-
bra¢ wsréd nich to, ktére jest najbardziej stabilne, dla ustalonej miary niesta-
bilnosci. Biro et al. [BMMI10] oraz Hamada et al. [HIM09] pokazali, ze jesli za
miar¢ niestabilnosci uznamy liczbe par blokujacych, to tego problemu nie da
sie¢ aproksymowac z zadng statg. My rozpatrujemy inng miare niestabilnosci,
zaproponowana przez Floriana Biermanna [Biell], i pokazujemy, ze otrzymany
problem jest NP-trudny.
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Notations

[m] Set {1,2,...,m}
t Disjoint union of two sets. U"V = UUV and requires that UNV = ()
AL All subsets of R
dg(v) Degree of a vertex v in graph G. We will also use dps(v) for the set

of edges M or d(v) if the choice of G is clear.
E(S,T) Set of edges with one endpoint in S and the other in 7" in a graph
E(S) Set of edges inside S in a graph

I'(S) In a graph T'(S) denotes a neighbourhood of S, that is a set of
vertices that are adjacent to at least one vertex in S

N, Positive natural numbers, that is set {1,2,3,---}
[x] An integer closest to x
o Operator of function composition. For a permutation m and vector

x, ™o x denotes x with coordinates permutated according to .

Regular graph Graph in which every vertex has the same degree






Chapter 1

Introduction

In this Thesis we study some matchings problems. The Standard Matching problem
is defined as follows.

Problem 1 (Matching). Given a graph G = (V, E) and a weight function w : E —
R, find a subset of edges M C E which mazimizes w(M), such that the degree of
each vertexr in M is at most 1.

Also a Perfect Matching problem is considered, for which we require that the
degree of each vertex in the matching is exactly 1. The classical algorithm for the
Standard Matching problem is Edmonds’ algorithm [Edm65], running in time |V|*
for weighted graphs; later many faster algorithms were devised including |V'|(|E| +
|V]log|V])-time algorithm by Gabow [Gabl8]. This problem is slightly easier in
bipartite graphs, with the fastes algorithm running in time \/m |E|log(|V|WV),
where W is maximum weight in the graph |[GT&89).

Natural generalization was to require higher degrees in the matching and such
problem is called a b-Matching.

Problem 2 (b-Matching). Given a graph G = (V, E), function b : V — N and a
weight function w : E — R, find a subset of edges M C E which mazimizes w(M),
such that the degree of a vertex v in M is at most b(v).

The b-Matching problem can be solved by a reduction to the Perfect Matching
problem with Tutte’s reduction [Tut54] — the general idea is to copy each vertex
b(v) times — but dedicated algorithms also exist |[Gab83, [Ans87]. If in addition to
a function b we are also given a function a : V' — N, then an (a, b)-matching is any
set I C E such that a(v) < dp(v) < b(v) for each vertex v; this problem has also
been solved.

Further extensions of the Matching problem include additional constraints on
the degrees of vertices, such as requiring a vertex to have a degree of a given par-
ity [Sza09] or allowing any degree except one [Lov73]. To generalize all this prob-
lems, a GENERAL MATCHING problem is considered [Lov72|, in which every vertex
is assigned any set of allowed degrees. We discuss GENERAL MATCHING further in
Section [L11l

A very well known variant of matchings is a STABLE MATCHING Problem, known
as a Stable Marriage Problem in bipartite graphs or as a Stable Roommates Problem

'We use term fastest loosely; depending on density of the graph and value of W, different
algorithms may be faster.



in general graphs. In the STABLE MATCHING Problem, given preference lists for each
vertex, the goal is to find a matching, such that no two vertices has an incentive to
refuse it, that is there are no two vertices that would prefer to be matched to each
other, instead of what they are matched to in the matching.

Matchings were also considered as an online problem [KVV9(, MYT11], in a dy-
namic seting [Soll6], in a deficiency setting, where the goal is to find the closest
matching that satisfies degree constraints [HK93], or as a counting problem — num-
ber of matchings in a graph is called a Z index [HosT1],

We consider the following variants.

1. In the problem GENERAL MATCHING (or B-Matching) we consider a graph
G = (V,E) and for each vertex v € V a set B,. The goal is to find a subset
of edges M C F such that degree of each vertex in M is in B,. If the gap
(that is a maximum distance between subsequent numbers in B,) is greater
than 1, deciding if such matching exists is known to be NP-hard. On the
other hand, Cornuejols presented an algorithm for finding a B-matching if
gaps are bounded by 1 [Cor88]. We present an algorithm for finding maximum
cardinality or maximum weight general matching, if gaps are bounded by 1.
The algorithm for the cardinality variant is based on [DP1§]|, a paper written
with Katarzyna Paluch, while the weighted variant will be published in the
journal version of this paper.

2. For the problem MINIMUM MAXIMAL MATCHING, in which the goal is to
choose from all maximal matchings the one that has the smallest size, we
show conditional hardness of approximation. In [DLM19], together with Jan
Marcinkowski and Mateusz Lewandowski, we showed that MINIMUM MAX-
IMAL MATCHING in general graphs is hard to approximate with a constant
better than 2, assuming UNIQUE GAMES CONJECTURE. Assuming a stronger
conjecture, either STRONG UNIQUE GAMES CONJECTURE or SMALL SET
ExpPANSION HYPOTHESIS, with Pasin Manurangsi and Jan Marcinkowski we
obtained the same bound for Bipartite MINIMUM MAXIMAL MATCHING.

3. Consider the STABLE MATCHING problem in bipartite graphs. The algorithm
solving this problem is well known [GS62]. The stable matching, however, may
be only half the size of the perfect matching. Instead our hard constraint is
that a matching has to be perfect, and among such matchings we want to find
the least unstable one, for some measure of instability. Biro et al. [BMMI0]
and Hamada et al. [HIM09] showed that if we measure the instability as a
number of the blocking pairs, then the problem is not approximable with
any constant. We consider alternative definition of instability, introduced by
Florian Biermann [Biell], and we show that the resulting problem is NP—hardﬂ

Outside of the world of matchings, we also consider following voting problem. In
Multi-winner Approval Based Voting rule called Thiele rule, given for each voter a
set of approved candidates, the goal is to select k candidates that maximize total
happiness of voters. For this problem, based on a paper written with Pasin Manu-
rangsi, Jan Marcinkowski, and Krzysztof Sornat [DMMS20], we present an improved
approximation algorithm and a matching hardness proof.

2The result described in this section was achieved as a part of research with Katarzyna Paluch
and Pratik Ghosal, but so far we have not obtained enough results to justify publishing.



In the following Section we will describe considered problems in a little more
depth.

1.1 Overview of the results

1.1.1 General Matching
We define GENERAL MATCHING problem as follows.

Problem 3 (GENERAL MATCHING). Given a graph G = (V, E) and a family of
sets { By }vev, find a subset of edges M C E such that degree of each vertex in M is
in B,. We will call such matching a B-matching.

Deciding the existence of a B-matching is known to be NP-hard[Lov72]. Therefore
we need to restrict our problem by introducing notion of gaps. A set B, has a gap
p if there is a k such that k € B,, k+ 1, k+2,....k+p&€ B,and k+p+ 1€ B,.
If we allow sets to have a gap 2 the problem remains NP-hard, but if no set has
a gap greater than 1 then deciding if a B-matching exists becomes polynomially
solvable [Cor8§].

Theorem 4 (|[Cor88|). There is a polynomial-time algorithm, that for a given graph
G and family {B,}vev, such that no set B, has a gap greater than 1, decides if G
contains a B-matching.

We consider the problem of finding maximum cardinality B-matching and max-
imum weight B-matching, given the weights on edges, both of which remained an
open problem. In a joint work with Katarzyna Paluch we showed the following
theorem|DP1§].

Theorem 5 ([DP18]). There is a polynomial-time algorithm, that for a given graph
G = (V,E) and family {B,},ev, such that G contains a B-matching and no set B,
has a gap greater than 1, finds a mazimum cardinality B-matching.

We also managed to prove the analogous theorem for weighted version, which is
yet to be published in the journal version of the paper.

Theorem 6. There is a polynomial-time algorithm, that for a given graph G =
(V, E), family {B,},ev and weight function w : E — N, such that G contains a
B-matching and no set B, has a gap greater than 1, finds a maximum weight B-
matching.

We present these two results in Section [2]

Related Work

GENERAL MATCHING problem is a generalisation of a standard Matching problem,
when B, = {0, 1} for every vertex, but also of a b-Matching and (a, b) — Matching
— B, ={a(v),a(v) +1,...,b(v)}.

Another special case is the Antifactor problem — for each vertex v we have
{0,1,...,de(v)}\B(v)| = 1, meaning that for each vertex there is exactly one degree
excluded from the set B(v). Graphs that have an antifactor have been characterized
by Lovasz in [Lov73].



General matchings in bipartite graphs were also studied in terms of their pa-
rameterized complexity. Gutin et al. showed that for graphs G = (U WV, E), such
that |B(u)| = 1 for every u € U, there exists a fixed-parameter tractable algorithm
parametrized by the size of V' [GKS™12].

For the optimization variant of the General Matching with no gap greater than
1 Carr and Parekh provided a linear relaxation which is %—integral [CP06).

In the deficiency problems the task consists in finding a matching that is as close
as possible to given sets B(v). Hell and Kirkpatrick [HK93] gave an algorithm for
finding a minimum deficiency (a,b)-matching among all (0, b)-matchings, where the
deficiency is measured as the sum of differences a(v) — d(v) over all vertices whose
degree is not between a(v) and b(v). They also proved that for another measure
of deficiency, namely number of vertices whose degree is outside (a(v),b(v)), the
problem is NP-hard.

Another related problem consists in decomposing a graph into (a,b)-matchings
- a graph that can be decomposed into (a,b)-matchings is called (a,b)-factorable.
In [Kan85] Kano gave a sufficient condition for a graph to be (2a,2b)-factorable.
Cai [MCO91] generalized this result to (2a — 1,2b), (2a,2b+ 1) and (2a — 1,2b + 1)
-factorable graphs. Hilton and Wojciechowski showed another sufficient condition
for an (r,r 4 1)-factorization of graphs [HWO05].

(a,b)-matchings were also studied in the stable framework - Biro et al. proved
that checking whether a stable (a, b)-matching exists is NP-hard [BFIM10].

Uniform Matching

In our algorithm we need an algorithm for a restricted variant, which we will call
Uniform B-Matching. In the Uniform B-Matching every set B, is either:

e an interval, that is B, = {a,a + 1,...,b}, for some a,b € N, or

e a sequence of consecutive numbers of the same parity, that is B, = {a,a +
2,a+4,...,b}, for some a,b € N such that a and b have the same parity.

Szabo [Sza09] showed that there is a polynomial time algorithm for finding Max-
imum Weight Uniform Matching. We provide for completeness a simple algorithm

in Section P.3.11

1.1.2 Minimum Maximal Matching

We consider the following problems.

Problem 7 (MINIMUM MAXIMAL MATCHING). Given a graph G = (Vg, Eg) and
weights on edges w : Eq — N, find a minimum weight mazximal matching.

Problem 8 (EDGE DOMINATING SET). Gwen a graph G = (Vg, Eg) and weights
on edges w : Eq — N, find a minimum weight subset of edges F' C Eg, such that
every edge in FEg is either in F' or adjacent to at least one edge in F'.

We also consider the cardinality variants of these problems.

MINIMUM MAXIMAL MATCHING and EDGE DOMINATING SET are very similar,
the only difference is that chosen edges in MINIMUM MAXIMAL MATCHING must be
vertex disjoint (i.e. they form a matching). It is easy to see that in unweighted graphs
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these two problems are equivalent — an edge dominating set can be transformed into
a maximal matching of the same size by swapping edges. For the weighted variants,
hovewer, this equivalence does not hold.

There is a simple 2-approximation algorithm for unweighted graphs, which fol-
lows from the fact that for any two maximal matchings one of them cannot be more
than twice as large as the other. For weighted EDS there was a 21—10—approximation
algorithm by Carr, Fujito, Konjevod and Parekh [CFKP00|, before the aproximation
ratio was improved to 2 by Fujito and Nagamochi [EN02].

There were attempts of improving this ratio — Gotthilf, Lewenstein and Rain-
schmidt |[GLROS] presented a 2 — clo%—approximation algorithm for the general
problem, whereas Schmied and Viehmann [SV12] achieved a better-than-two con-
stant ratio for dense graphs. There is, hovewer, no algorithm for either the general
or bipartite MMM problem which improves the approximation ratio to a constant
lower than 2.

On the hardness side, Chlebik and Chlebikova [CC06] showed that this problem
is NP-hard to approximate with a factor better than %, which was later improved to
1.207 by Escoffier, Monnot, Paschos, and Xiao [EMPX15]. Assuming the UNIQUE
GAMES CONJECTURE, the hardness ratio was shown to be 1.5[EMPX15, [SV12].

MINIMUM MAXIMAL MATCHING is related to the VERTEX COVER problem, in
which given a graph G the goal is to find a minimum subset of vertices U, such
that every edge is incident to at least one vertex in the chosen set. Minimum Vertex
Cover in bipartite graphs can be found in polynomial time [Kén31l [HK73|. In the
general graphs, Minimum Vertex Cover can be approximated with ratio 2, which is
tight assuming UNIQUE GAMES CONJECTURE [KRO§|. Without assuming UGC,
Vertex Cover is known to be NP-hard to approximate with a ratio better than /2.

Unique Games Conjecture

Our results are conditional on UNIQUE GAMES CONJECTURE (UGC) and related
hypotheses, which, since its statement, has been used to obtain tight hardness of ap-
proximation for many problems, e.g. such as Max Cut [Kho02], Vertex Cover [KRO§]
or Maximum Acyclic Subgraph [GMROS].

Before defining UGC, we need to define UNIQUE LABEL COVER (ULC) prob-
lem.

Problem 9 (UNIQUE LABEL COVER, ULC(e, R)). Given a bipartite biregular graph
G=UWV,E), a set of labels [R] = {1,..., R}, and for each e € E a permutation
Te 1 [R] — [R] distinguish between two cases:

o (YES) There ezists a subset V' C V' of size |V'| > (1 —¢)|V| and a labelling
[ : UUV — [R] such that for every edge (u,v) € E where v € V', w0 (l(u)) =

[(v).

e (NO) For every labelling | the number of satisfied edges (u,v), i.e. such that
T () = 1(v), is smaller than €|E)|.

We will also refer to permutations {7 }ecp as constraints.

The UNIQUE GAMES CONJECTURE can then be stated as a hardness of ULC:
Conjecture 10 (UGC [Kho02)). For everye > 0 there exists R such that ULC(e, R)
15 NP-hard.

11



This formulation of UGC is not a standard one, but it was shown to be equivalent
by Khot and Regev [KRO§| — it is a result of applying Lemmas 3.3, 3.4 and 3.6
from this paper to a standard formulation of UGC.

While UGC has not been proved yet, recently a related hypothesis called 2-
2 Games Conjecture, which concerns approximation of a Label Cover problem in
which for every color of a vertex on the left there are two correct colors on the
right, was proved [KMS18]. This result implies that Unique Label Cover with half
completeness (that is in the YES case V"’ has size % —¢) is NP-hard and gives strong
evidence towards UGC [KMS18, Section 1.2].

While UGC is enough for proving hardness of MMM, we will need a stronger
variant for bipartite MMM, called STRONG UNIQUE GAMES CONJECTURE. In the
Strong UGC, the graph in the case (NO) is promised to be a small set expander.
Formally, it is defined as follows (we follow definition of [BGHT16]).

Problem 11 (ULC with weak expansion, ULCE(g, R, d)). Given a bipartite bireg-
ular graph G = (U WV, E), a set of labels [R], and for each e € E a permutation
Te 1 [R] — [R] distinguish between two cases:

o (YES) There exists a subset V! C V of size |V'| > (1 —¢)|V| and a labelling
[:UUV — [R] such that for every edge (u,v) € E wherev € V', my)(l(u)) =

l(v).

e (NO) For every labelling | the number of satisfied edges (u,v), i.e. such that
Ty ({(1)) = 1(v), is smaller than €|E|. Moreover, for every S C 'V of size
|S| =8|V, IT(S)| = (1 =9)|V|, where I'(S) is a neighbourhood of the set S in
the graph G.

Conjecture 12 (Strong UGC [BK09]). For every € > 0 and 6 > 0 there exists R
such that ULCE(e, R, §) is NP-hard.

Another conjecture we consider is a SMALL SET EXPANSION HYPOTHESIS
(SSEH), introduced by Raghavendra and Steurer [RS10], which, if true, implies
UGC. It concerns an edge expansion of a set, which in a d-regular graph is defined
as:

_ EB(S,V\5S)
~ d-min{]S], [V \ S|}

The Small Set Expansion problem and SSEH, which claims hardness of this
problem, are now defined as follows.

o(5)

Problem 13 (SSE(6,7)). Given a regular, edge-weighted graph G = (V, E,w) dis-
tinguish between two cases:

o (YES) There exists S C V of size |S| = 0|V| such that ®(S) < 7.

e (NO) For every S C V of size |S| =0|V|, ®(S) > 1—n.

Conjecture 14 (SSEH [RS10]). For every n > 0 there exists 6 = 6(n) € (0, 3] such
that SSE(6,m) is NP-hard.

12



Our results

In [DLM19], with Mateusz Lewandowski and Jan Marcinkowski, we proved the fol-
lowing theorem, which shows that the 2-approximation algorithm for MMM is tight.

Theorem 15 ([DLM19, Theorem 1]). Assuming UNIQUE GAMES CONJECTURE, it
1s NP-hard to approximate MINIMUM MAXIMAL MATCHING with a constant better
than 2.

For the bipartite MMM we need to use stronger hypotheses than UNIQUE
GAMES CONJECTURE, either STRONG UNIQUE GAMES CONJECTURE or SMALL
SET EXPANSION HYPOTHESIS. With Pasin Manurangsi and Jan Marcinkowski we
proved the following theorems?|

Theorem 16. Assuming STRONG UNIQUE GAMES CONJECTURE, it is NP-hard to
approzimate Bipartite MINIMUM MAXIMAL MATCHING with a constant better than
2.

Theorem 17. Assuming SMALL SET EXPANSION HYPOTHESIS, it is NP-hard to
approzimate Bipartite MINIMUM MAXIMAL MATCHING with a constant better than
2.

Huang et al. [HIMY15] showed, that if MMM is hard to approximate in bipartite
graphs with a ratio better than 2, then finding a Maximum Stable Matching with
Ties cannot be approximated with a ratio better than %, which matches best known
algorithms for this problem [McDO09, [Pall4].

Corollary 18. Assuming either STRONG UNIQUE GAMES CONJECTURE or SMALL
SET EXPANSION HYPOTHESIS, it is NP-hard to approximate Mazimum Stable Match
ing with Ties and Incomplete Lists with a constant better than g

1.1.3 Multi-winner Approval Based voting

We consider multi-winner voting, in which the goal is to choose a group of candidates,
called a committee. Other than choosing the government, such rules can also be used
e.g. to choose movies that are provided on a plane or to select pages to be displayed
by a search engine [EFSS17]. There are three main types of such elections, such as
shortlisting, selecting a diverse committee and proportional representation [FSST17].
As such, there are multiple election rules considered in the social theory.

In approval based voting every voter provides a list of candidates they approve of
(an alternative would be to provide a linear order of candidates). So in Multi-winner
Approval Based Voting we are given an instance £ = (V,C, {4, }yev ), consisting of
a set V' of n voters, a set C' of m candidates and for each voter v a set A, C C of
candidates approved by v. The goal is to choose a committee of k candidates that
maximize the total utility of voters.

To quantify the utility of voters we need an infinite-dimensional non-increasing
non-negative sequence w = (wy,ws,...) — utility of a voter who approves of j
candidates in a committee is >7_, w;. Thus the total utility (or w-THIELE score) of

3The paper with these results is yet to be published
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aset W C Cis seré,(W) = X ev AW, As scaling of w does not change the
optimum choice of committee, we will assume throughout the paper that w; = 1.

Such Multi-winner Approval Based Voting that uses w-THIELE score as a utility
function is called a Thiele rule.

Related work

A special case of w-THIELE rule with w being a constant sequence (w = (1,1,1,...))
is called Single Non-Transferable Vote, and admits an easy polynomial-time al-
gorithm. All other Thiele rules are NP-hard [SFL16]. As for the approximation
algorithms, w-THIELE score is a submodular function — so, by using result by
Nembhauser et al. [NWETS]|, we get 1 — %—approximation for Thiele rules.

When w = (1,0,0,0,...), such w-THIELE rule is called a Max k-Coverage prob-
lem (or Approval Chamberlin-Courant in social theory). Max k-Coverage is known to
be NP-hard to approximate with a constant better 1—2 [Fei98]. This approximation
ratio is also tight for FPT algorithms parameterized with k& [CGK™19, Man20)].

A related problem, called Multi [-Coverage, corresponds to W = (1,1,...,1,0,
0,...) -l ones followed by zeros. Barman et al. [BEGG20] gave a 1— el p-approximation
algorlthm and showed that it is tight assuming UNIQUE GAMES CONJECTURE.

Other specific w-THIELE rules were studied, see Table for some of them,
but to the best of our knowledge, for none of them there has been an improved
approximation ratio or hardness of approximation.

Our results

We restrict ourselves to a subclass of Thiele rules that are geometrically domi-
nant. We say that a sequence w is geometrically dominant if for every ¢ € N w;
Wi > w?, ;. It follows that either - o 2 g or w = (1,0,0,0,... ).

To state our Theorem, we define value ay,, for a sequence w, as follows.

w = i = il . 1.1
@ $~P011) [Zwl ;e x! <Zw> (1.1)
In words, oy is the expected utility of a voter if the number of elected candidates
that they approve is distributed as Poisson distribution with mean one.
Finally, before stating our result, we define a GAP EXPONENTIAL TIME Hy-
POTHESIS (GAP-ETH), which we need for proving FPT hardness.

Conjecture 19 (GAp EXPONENTIAL TIME HypoTHESIS (GAP-ETH) [MRI7]).
There exist a constant €,¢ > 0 such that no algorithm running in time O(2") can
distinguish between a satisfiable 3SAT formula and a 3SAT formula whose at most
1 — € fraction of the clauses is satisfiable, where n denotes the number of clauses.

Now we are ready to state our Theorem, in which we prove that the optimal
approximation ratio for w-THIELE-rule is av,.

Theorem 20 ([DMMS20][Theorem 1]). Let w be any geometrically dominant se-
quence such that lim; ., w; = 0. There exists a polynomial time o, -approzimation
algorithm for w-THIELE rule, and it is NP-hard to compute (aw + €)-approzimate
solution for any constant € > 0. Furthermore, assuming GAP-ETH, we cannot
achieve (auy + €)-approzimation even in f(k) - n°® -time.
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We present in the Table [1.1] values of a,, for some of the sequences w that have
been considered in the literature.

Problem Name Sequence w  References Our Ratio

APPROVAL CHAMBERLIN-COURANT {1,0,0,...} [CC83] 1—-1/e>0.6321

PROPORTIONAL APPROVAL VOTING w; = BSS18| [Thi95] 0.7965. ..

[

[
Saint-Lagué method w; =55 [BLSIS] 0.7394...
Penrose apportionment method w; = % [BLS1§] 0.7084...
p-HARMONIC w; = % [FSST17] X ( . Zip)
p-GEOMETRIC w; = p' [SFL16] e (1 — ell,p)

Table 1.1: Our approximation ratios for some w-THIELE rules. They are tight unless
P = NP. All listed w-THIELE rules were known to have (1 — 1)-approximation

algorithm [NWETS, SFLI6]. ’

1.1.4 Least Unstable Perfect Matching

A Stable Matching instance is a graph G = (Vg,EG)ﬁ and, for each vertex v €
VeWUg, a preference list >, which orders neighbours of v (if u >, w, then v prefers
w than w). A matching M is stable if there is no blocking pair, that is such (u,v)
that v >, M(v) and v >, M(u). We will consider this problem only in bipartite
graphs, and in this case it is also called STABLE MARRIAGE problem.

Classical problem of finding a Stable Matching in bipartite graphs was solved
long ago by Gale and Shapley [GS62]. All stable matchings, however, have the same
size they may be only half of the size of the maximum matching.

Instead, our goal is to find a perfect matching, which is least unstable for some
measure of instability. Biro et al. [BMM10] and Hamada et al. [HIM09] used number
of blocking pairs as a measure of instability. Hamada et alﬂ showed that this problem
cannot be approximated with ratio |Vg|'¢, for any € > 0.

This approach, hovewere, is not practical, as one vertex may be incident to many
blocking pairs, which means that many of these blocking pairs could not be simul-
tanously included in any matching. To solve these issues Florian Bierman [Biell]
proposed alternative measure of instability, which counts how many blocking pairs
could be included in a stable matching (we define this measure formally in Sec-
tion .

Unfortunately, we show that finding Least Unstable Perfect Matching with Bier-
mann’s measure of instability is NP-hard.

4We do not require the graph to be complete; such formulation is often referred to as a Stable
Matching with Incomplete Lists

5The paper by Hamada et al. was published before the paper by Biro et al., but it built upon
the conference version of the paper by Biro et al., and as such includes better results.
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Related Work

As mentioned before, a stable matching in bipartite graphs can be found in poly-
nomial time [GS62]. If we allow ties in the preference lists, the stable matching
still can be found in polynomial timeﬂ [frv94], but the stable matchings can differ
in size. Finding the maximum stable matching with ties is NP-hard and cannot be
approximated with a ratio better than % [Yan07], which, as a corollary of our result
for MINIMUM MAXIMAL MATCHING we improve to %, assuming UNIQUE GAMES
CONJECTURE. On the other hand there is a %—approximation algorithm for this
problem [McD09, [Pall4].

Maximum Stable Matching with Ties can be further restricted, thus allowing
better approximation algorithms, e.g. by allowing ties only one side [IMY14], [HK14],
by restricting number of indifferent vertices [HIMYO04, [HIMYO07] or by restricting
maximum degree in the graph [IMOQ9].

A generalization of a STABLE MARRIAGE is a Hospitals/Residents problem —
vertices on one side are assigned a quota, that is a number of vertices they can be
matched to (it could be alternatively defined as a stable b-matching). This problem
admits a polynomial time algorithm [GS62].

In the general graphs, STABLE M ATCHING problem is called a Stable Roommates
problem. Such matching may not exist, but Irving provided algorithm that finds a
stable matching if it exists [Irv85]. Later, Tan showed how to find a maximum stable
matching [Tan90]. As in the case of STABLE MARRIAGE, Stable Roommates problem
can also be considered with ties [CIM19, BHKN19].

Unstable matchings were studied by Floreen et al. [FKPS08] — they allow for
small instability of a matching to improve running time of the algorithm (they do not
optimize the size of the matching). Different measures of instability were discussed

by Eriksson and Haggstrom [EHOSg].

SThere are a few definitions of stability in this case, all of which admit a polynomial time
algorithm
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Chapter 2

General Matching

In this Chapter we present two algorithms, one for cardinality B-matching and the
other for weighted B-matching.

Theorem 5 ([DP18]). There is a polynomial-time algorithm, that for a given graph
G = (V, E) and family {B,}vev, such that G contains a B-matching and no set B,
has a gap greater than 1, finds a mazimum cardinality B-matching.

Theorem 6. There is a polynomial-time algorithm, that for a given graph G =
(V,E), family {B,}vev and weight function w : E — N, such that G contains a
B-matching and no set B, has a gap greater than 1, finds a maximum weight B-
matching.

The crucial step in creating the algorithm for the General Matching is finding an
analog of augmenting paths for regular matching — a structure that is guaranteed
to exist if the matching is not optimal. We will call this structure a canonical path
and in Section [2.2] we prove the following structural theorem.

Theorem 21 ([DP18]). Let M be a B-matching. If there exists a B-matching of a
greater weight than M, then there exists an alternating cycle or a canonical path of
positive weight w.r.t. M.

2.1 Preliminaries and Definitions

First, we recall some notions from matching theory. Given two matchings M and
N the symmetric difference of M and N, denoted as M @ N, is equal to (M \
N)U (N \ M). The symmetric difference M & N of two matchings M and N can be
decomposed into a set of edge-disjoint alternating paths and alternating cycles,
the definition of which is as followdl

Definition 22. Let M be any B-matching of G. An alternating cycle (with
respect to M) is a sequence of edges P = ((v1,vs), (v2,v3), ..., (Va_1, Var), (Vax, V1))
such that:

e for every i such that 1 < i < k the edge (vq;_1, v9;) belongs to M,

We give a definition of alternating cycle (resp. path) of two B-matchings; to obtain the defi-
nition of alternating cycle (resp. cycle) of two matchings M is required to be a matching and the
rest of the definition remains the same.

17



@MNB’M

a) Examples of alternating cy-
cles

b) Examples of alternating paths

Figure 2.1

o (vg,v1) ¢ M and for every i such that 1 <i <k — 1, (vo;,v9i11) & M,

e cach edge of GG occurs in P at most once,

An alternating path (with respect to M) is a sequence of edges P = ((vy, v9),
(v2,v3), - .., (Vk,Vks1)) such that

e for every i such that 1 < i < k—1 exactly one of the edges (v, vi11), (Vit1, Vit2)
belongs to M,

e cach edge of GG occurs in P at most once,

o if v; = vy, then either both edges (vq,vs) and (v, v1) are in M, or both are
not in M.

Vertices vy and vg4 are called the endpoints of P and edges (vy,v2), (Vk, Vki1)
the ending edges of P.

Notice that the vertices in the definition are not necessarily distinct. Some ex-
amples of alternating paths and cycles are shown in Figure 2.1} including ones that
go through the same vertex multiple times. Throughout the chapter we will draw
matched edges using wavy lines, and unmatched edges using straight lines (or we
will use wavy and straight lines to denote two different matchings, when drawing
two matchings).

In this Chapter we will use notation S(u,v) to denote a path S with endpoints
u and v.

We are interested in a maximal decomposition of a graph into alternating paths
and cycles — a decomposition is maximal if no two alternating paths or cycles
can be joined to form another alternating path or cycle. One consequence of such
decomposition is that if two alternating paths start in vertex v, then either they
both start with a matched edge or they both start with an unmatched edge, as
otherwise we could join them.

In the rest of this Chapter we assume that for any graph we consider, we choose
any maximal decomposition of this graph into alternating paths and cycles. Then,
any alternating paths and cycles that we consider come from this decomposition.

For some B-matching M and a path S, we will say that a vertex v is fine in S
w.r.t. M (or v is fine in S if choice of M is clear) if dyes(v) € B(v). We will also
say that v allows k if k € B(v).

Consider a set B(v) for some vertex v. For k € B(v) we will denote u(v)
to be the maximum element of B(v), such that [k, ux(v)] N B(v) consists only of
elements that have the same parity as k. As B(v) has gap at most 1, this means
that [k, ug(v)] N B(v) = {k,k+ 2,k +4,...,ur(v)}. Similarly, we define I;(v) to be
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the minimum element of B(v), such that [lx(v), k] N B(v) consists only of elements
that have the same parity as k.

Now, let Bi(v) = B(v) N [lg(v),ux(v)] = {lp(v),lk(v) + 2,... k..., ur(v) —
2, up(v)}. Note that {Bi(v)}repw) is a partition of B(v). For a B-matching M we
will also use notation Bjy;(v) to denote By, (v). We use this definition to define
consistent and neighbouring matchings.

Definition 23. Let M, N be two B-matchings. N is consistent with M (or N and
M are consistent) if V,ey dy(v) € By(v). In such case we also say that M and N
are consistent.

Definition 24. Let M, N be two B-matchings. N is neighbouring with M (or N
and M are neighbouring) if there exists a set W, such that V,ew dn(v) € Bu(v)
and Vygw dy(v) € By(v). This set W needs to satisfy one of the following:

e |W|=0,or

o |IW|=2and for w € W, By(w) and By (w) are adjacent, that is max(By(w))
+ 1 = min(By(w)) or max(By(w)) + 1 = min(By(w)), or

e W =1 and there is a k, such that for w € W, B(w) is adjacent to both
By (w) and By(w).

If two matchings are consistent, then they are also neighbouring — set W from
Definition [24] is then empty.

When given any B-matching M and optimal B-matching N, a natural thing
to consider is its symmetric difference. From the maximal decomposition of this
symmetric difference we can choose an alternating path P;. It is easy to see that
M @& P; is not guaranteed to be a B-matching.

Consider one of endpoints of P;, which we denote as v, and assume for now, that
degree of v in M @ P; is one greater than in M. This means that degree of v in N
must be greater than in M — alternating paths and cycles that do not end in v do
not change its degrees, while all alternating paths that end in v must end with an
edge from N, as otherwise the decomposition would not be maximal. Therefore we
can find another path P, with endpoints v and w, so degree of v in M & P, ® P,
is now in B(v), but that may not be the case for v. This approach will be used in
Lemma 29

This procedure is guaranteed to end, as otherwise we would run out of alternating
paths in the decomposition of M @& N. It is, hovewer, not a feasible algorithm, as we
do not know what NN is, but we are able to derive some properties of the structure
that we obtain at the end of this procedure. We will now define this structure, which
we call a canonical path, and later, in Lemma 29 we will show that it is indeed a
result of such procedure.

To define canonical paths, we first need to define meta-paths and meta-cycles.
Meta-path is a result of described procedure, if we would never return to a vertex
we already Visitedﬂ On the other hand meta-cycles is formed by a sequence of
alternating paths, that return to its starting point, thus forming a cycle. The formal
definition is as follows.

2We only consider vertices which are endpoints of some alternating path
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(a) W =0 and M & N is \A’\/

an alternating cycle. (b) B, = {0,1,3,5,6}. Then W = {v} and M @ N is a
canonical path with one endpoint.

v u

(¢) If B, = {0,2} then
w =40.1If B, = {0,1,2}
then W = {U} In both (d) By = {071} and B, = {0717375}‘ Then W = {U,U}
cases it is a canonical path ~ and M & N is a canonical path with two endpoints.

with one endpoint.

Figure 2.2: Examples of consistent and neighbouring matchings. Solid edges belong
to matching M and wavy edges belong to matching N. For every dark gray vertex
w B, = {1} and for every light gray vertex z B, = {0, 2}.

Definition 25. A meta-cycle S is a sequence of alternating paths (P (vy, vs), Ps(va,

v3), -y Pe_1(vk_1,vx), Pe(vk, v1)), such that vertices vy, vs, ..., v; are distinct.
A meta-path is a sequence of alternating paths (P (v, v2), ..., Pe1(vg_1, %)),
such that vy, v, ..., v, are distinct.

Let us note that an alternating path P(v,v) with one endpoint is a meta-cycle.

We are now ready to give a definition of a canonical path — a notion that is
going to prove crucial in further analysis and which plays an analogous role as an
alternating path in the context of matchings.

Definition 26. A set of edges S is a canonical path (with respect to a B-matching
M) if there are two, not necessarily distinct, vertices u, v such that S is a union of
some number of meta-cycles C1,Cy, ..., C, incident to a vertex u, some number of
meta-cycles C7, Cy, ..., Cy incident to v and, in case u # v, of a meta-path P with
endpoints u and v. Moreover, M & S is neighbouring with M. For such canonical
path, we will call © and v endpoints of S.

Two variants of canonical paths — with one endpoint or two endpoints — cor-
respond to different cases in the definition of neighbouring matchings. Namely, if
u # v, then set W = {u,v}. Otherwise v = v and W = {u} or W = (. The
examples of these cases are presented on Figure

We will often refer to the weight of a canonical path, which we define as the
effect its application has on a B-matching M. More precisely, for a canonical path
S wy(S) =wM & S) —w(M) = Yees\m w(e) — Xeesnm w(e). Observe that for
two edge-disjoint canonical paths &) and S we have that wy(S1) = wyaes,(S1). We
will usually use w(S) instead of wy,(S) when the choice of M is clear and we will
say that a canonical path is positive if its weight is positive.
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In some of the Lemmas, it will be easier to use a similar concept of a basic
canonical path.

Definition 27. S is a basic (canonical) path if it is a canonical path and for no
proper subset &' C § &’ is a canonical path such that either w(S") > w(S) or
w(S" > 0).

Observation 28. Let M be a B-matching. If there exists a canonical path w.r.t.
M, then there exists a basic canonical path w.r.t. M.

2.2 Proof of Structural Theorem

In this section we will prove Theorem [21]

Theorem 21 (|[DPI18]). Let M be a B-matching. If there exists a B-matching of a
greater weight than M, then there exists an alternating cycle or a canonical path of
positive weight w.r.t. M.

For the sake of the prrof we will assume that we know a optimal B-matching.
The outline of the proof is then as follows. First, in Lemma [29] we prove that any
B-matching can be transformed into an optimal one by a sequence of canonical
paths. As an optimal B-matching has greater weight, at least one of those paths
has positive weight. Our key technical Lemma the proof of which is delayed till
Section claims that we can alter this sequence, to move the positive canonical
paths earlier. The section finishes with the proof of Theorem in which we apply
Lemma [30[ to show that we may assume that already the first path in the sequence
has positive weight.

We start by showing, that if we have two B-matchings, then in their symmetric
difference there exists an alternating cycle or a canonical path.

Lemma 29. Let M, N be distinct B-matchings. Then there exists in graph N U M
an alternating cycle or a canonical path w.r.t. M.

Proof. Consider a maximal decomposition of M & N to alternating paths and cycles.
If it contains an alternating cycle then we are done, so we will assume otherwise.

In this proof we will describe a procedure, in which we maintain a candidate
canonical path & which we will extend in each step of this procedure with an al-
ternating path. At all times, § will be a collection of meta-cycles and possibly one
meta-path. In § we will distinguish either one or two vertices, which we will call
endpoints of S (if S contains a meta path, then endpoints of this meta path are also
enpoints of §). The endpoints of S will change during the procedure. Note, that we
do not require meta-cycles that form & to be incident to endpoints of S.

We end the procedure when all endpoints are fine in S.

At every step of the procedure S will satisfy the following Invariants:

1. For every vertex v which is not an endpoint of S, dyes(v) € By (v). In
particular this means that v is fine in S.

2. If S has two endpoints, then degree of these endpoints in S is odd. Furthermore,
if an endpoint of S, v, is fine in S then Bygs(v) and By(v) are adjacent
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(which is needed for M and M & S to be neighbouring by Definition [24]). On
the other hand, if v is not fine, then dyes(v)—1 € By (v), if dyrgs(v) > dy(v),
or dyas(v) + 1 € By(v) otherwise.

3. If S has one endpoint v, then its degree is even in S. If it is fine then either
dyas(v) € By(v) or there is a k such that Bg(v) is adjacent to both By (v)
and BM@S‘

On the other hand, if it is not fine and dygs(v) > da(v) then By (v) is
adjacent to Bg,,.sw)—1(v). Similarly, if v is not fine and dyes(v) < da(v)
then By (v) is adjacent to By, s(w)+1(v).

These Invariants guarantee that at the end of the procedure, once all the vertices
are fine, M & S and M are neighbouring.

In the beginning of the procedure, we set S to be any alternating path in M & N.
It may have either one or two endpoints, but either way it satisfies our Invariants.

Assume now that at some step we have a path S with either one endpoint v; or
two endpoints vy, vg, and dyes(vi) € B(vy). Assume that dy(v1) < dy(vy) — the
other case is similar. Since vy is not fine in S then dyqs(v1) —1, dyas(v1)+1 € B(vy)
— that is because dysgs(v1) is between dys(v1) and dy(v1) and the gap is at most 1.
The same applies to v if it is not fine. Let P be an alternating path in (M &S)® N,
whose endpoint is v; (such path exists, because degree of v; in N is greater than
degree of v; in M & §). S U P is a new candidate canonical path, but we have to
show that it satisfies our Invariants. Note that by adding P to & we only change
degrees of endpoints of P so we only need to prove Invariants for them.

We consider few cases.

1. Both S and P have two endpoints v; and vy,. S U P is then a collection
of meta-cycles. We will show that S U P satisfies the Invariants.

vy is fine in S U P so it needs to satisfy Invariant 1. Indeed, dygs(vi) — 1 €
By (v1) (from Invariant 2 applied to S), dyas(v1) € B(v1) and dygs(vi)+1 €
B(Ul). Thus dM@S@p<U1) = dM@S(’Ul) + 1€ BM<1}1).

vy is now the only endpoint of S so it must satisfy Invariant 3. Its degree is
even in S U P, because v, has odd degree in S by Invariant 2.

Additionally, if vy is not fine in S U P then it is fine in &, so by Invariant
2 for S Bygs(v2) and Bys(ve) are adjacent. On the other hand, if v, is fine
in S U P then either vy is fine in S, which means that Bpqes(ve) is adjacent
to both Bys(vy) and Bygsepr(ve), or vy is not fine in & which means that
dyasepr(v2) € By(va) by the same argument as for v;.

In either case, Invariant 3 is satisfied for vs.
2. § has two endpoints v; and v,, and P has two endpoints v; and vs.
Let R be a meta-path of S. If v3 € R then RU P is a meta-path of SU P

and the set of meta-cycles remains the same. Otherwise we split R U P into a
meta-path between v, and v3 and a meta-cycle incident to vs.

Now, vy is fine in S U P. and it satisfies Invariant 1 by the same argument as
in Case 1. Degree of vy does not change, so it still satisfies Invariant 2.
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So it remains to consider vz and prove that it satisfies Invariant 2. Indeed
dyes(vs) € Bp(vs), so if vg is fine in SU P then Bygsar(vs) and By (vs) are
adjacent, and if v3 is not fine in S U P then either dygsep(vs) — 1 € Ba(vs)
or dyesepr(vs) +1 € By(vs) (depending on whether degree of v is smaller in
M thanin M & S & P).

3. § has two endpoints v; and vy, and P has one endpoint v;. Then P is
a meta-cycle incident to v;.

We need to show that Invariant 2 is still valid for v;. Indeed dygs(vi) +1 =
dyesep(vi) — 1 is in By(vy), by the same argument as for v; in Case 1.
Therefore regardless of whether vy is fine or not, Invariant 2 still holds.

4. S has one endpoint v; and P has two endpoints v; and vy. Then P
forms a meta-path of S @ P and v; and vy are its endpoints.

Invariant 2 holds for v, using the same argument as for vy in Case 2.

As for vy, it is not fine in S (as otherwise we would have finished the procedure)
and it is fine in S U P, s0 dygsap = dugs(v1) +1 € Bayes)-1(v1). Also
by Invariant 3 applied to S, By(v1) is adjacent to By, s(w)—1(v). Therefore
Buagsap(v) and By (vy) are adjacent, as required in Invariant 2.

5. § and P both have one endpoint v;. Then P forms a meta-cycle.

Similarly as in the previous Case, dy,sep—1 = daas(v1)+1 € Bayyes(on)-1(01)
and B (v1) is adjacent to By, s(v;)—-1(v). Therefore Invariant 3 is still satisfied.

If after this step at least one of the endpoints is not fine, we repeat adding
another alternating path. This process must finish, as the number of alternating
paths in M & N is limited. Then we have an almost canonical path & — it satisfies
all properties of a canonical path except that it may have meta-cycles, which are
not incident to any of its endpoints.

We know from Definition [24] however, that every vertex v that is not an endpoint
allows every second degree between dj;(v) and dpes(v). As degree of any vertex is
even in any meta-cycle, we can remove from S all meta-cycles not incident to any
of its endpoints. In such a way we obtain a canonical path.

]

We state now the key technical Lemma, the proof of which is presented in Sec-

tion 2.41

Lemma 30. Let M be a B-matching. Let S be a basic canonical path w.r.t M and
R be a basic canonical path w.r.t. M @& S, such that w(S) < 0 and w(R) > 0. Then
there exists a basic canonical path T w.r.t. M such that w(7T) > w(S).

We will now prove Theorem

Theorem 21 (|[DP18]). Let M be a B-matching. If there exists a B-matching of a
greater weight than M, then there exists an alternating cycle or a canonical path of
positive weight w.r.t. M.
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Proof. Let N denote a B-matching of greater weight than M. Let C;,C5, ..., C) be
the alternating cycles in the decomposition of N & M to alternating paths and cycle.

If any of the alternating cycles, say C;, has positive weight with respect to M,
then we are done. So, from now on we assume that Cy,Cs,...,C; have negative
weight. Let N’ = N @ (U\_, C;). We know that N’ has greater weight than N and
it is a B-matching, as applying alternating cycles does not change degree of any
vertex. Also, in decomposition of M @ N’ there are no alternating cycles.

Now let us consider sequences of canonical paths transforming M into N’. Of
all such sequences let us choose one in the following way. Let /Ry be a maximum
weight canonical path w.r.t. M in graph M @& N’. Then let R, be a maximum weight
canonical path w.r.t. M @ Ry in graph (M & R,) @ N’ and so on (existence of a
canonical path on every step of this procedure is guaranteed by Lemma .

As N’ has greater weight than M, there is a canonical path in this sequence
that has positive weight, and let ¢ be an index of the first such path. If i = 1 then
the proof is finished, as R; is a positive canonical path w.r.t. M. So let us assume
otherwise and we will reach a contradiction.

We know that w(R;) > 0 and w(R;—1) < 0, so by Lemma (30| there exists a
canonical path 7 w.r.t. M @R ®Ra® - -- & Ri_o such that w(7) > w(R;—1). This
contradicts our choice of R;_; as a maximum weight canonical path.

m

2.3 Algorithms for General Matching

Having proven Theorem we are almost ready to state the algorithms for the
General Matching problem. Before we do that, we provide an algorithm for Uniform
Matching which we will use later as a blackbox.

2.3.1 Uniform Matching

In this section we show a reduction of a Uniform B-Matching problem to an (a, b)-
Matching problem. First, we define (a,b) — Matching problem.

Problem 31. Given a graph G = (V, E), for each vertex v € V two numbers a,
and b, and a weight function w : E — R, the goal is to find maximum weight subset
of edges M C E, such that Vyeva, < dy(v) < by.

Suppose an instance of a Uniform B-Matching involves a graph G = (V, F') and
for each vertex v € V a subset B(v) of the set {0,1,...,dg(v)}. We construct a
graph G’ = (V, E'U E’) and functions a,b: V — N as follows.

If for a vertex v the set B(v) is an interval {c,c+1,...,d} for some nonnegative
integers ¢ < d, then we set a, = ¢ and b, = d. If for a vertex v the set B(v) has
the form {c,c+ 2,...,d}, i.e., ¢ and d have the same parity and B(v) contains all
numbers between ¢ and d of the same parity as ¢, then we add % loops incident
to v and set a, = b, = d. Each loop has weight 0. Apart from this each edge e € FE
has the same weight in G and G’. Thus E’ consists of some number of loops that
are added to each vertex v such that B(v) is not an interval.

Theorem 32. There is a one-to-one correspondence between B-matchings of G and
(a, b)-matchings of G'. A maximum weight (a,b)-matching of G' yields a maximum
weight B-matching of G.
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Proof. Let M be a Uniform B-matching in G. Now we construct an (a, b)-matching
M'. We start by adding all edges of M to M’. Additionally, for every vertex v, such
that B(v) = {c,c+2,...,d}, for some ¢,d, we add %M(”) loops to M’. It is easy
to see that M’ is an (a, b)-matching.
Conversely, let M" be an (a,b)-matching in G’. Then let M be all edges of M’
except of loops. Such matching is a correct B-matching in G.
0

After this reduction the number of edges may increase by at most n? and the
number of vertices remains the same. To solve the (a,b)-matching we can use an
algorithm by Gabow [Gab83]. Its running time on a (multi-)graph with n vertices
and m edges is 3.,y b(v) min(m logn, n?), which we bound by n*. As the number of
vertices does not change in the reduction, a uniform B-matching can also be found
in time O(n?).

2.3.2 Cardinality General Matching

Our algorithm uses similar framework as the algorithm for regular matchings —
try finding an augmenting path, if you succeed then repeat, otherwise return the
current matching. However, in our case, having found a B-matching M we want to
find a bigger matching which is consistent or neighbouring with M. If we fail, then
by Theorem [21] our matching is optimal.

It is easy to check if there exists a bigger consistent matching — we restrict each
set B(v) to By(v) and the problem becomes a Uniform Matching problem, which
we already know how to solve.

To check if there exists a bigger matching neighbouring with M, recall that at
most two vertices may have degree outside of Bj;(v). So we just need to guess those
vertices and what is their range of allowed degrees (there are just two possibilities
according to Definition in the new matching and the problem again is reduced
to solving a Uniform Matching instance.

Overall, checking if there is a greater consistent or neighbouring matching re-
quires solving O(n?) instances of Uniform Matching algorithm, which takes O(nf).
Every time we find a new candidate matching we improve its size by at least 1, and
the maximum size is m, so we need at most m iterations of this algorithm. Thus the

total running time is O(n®m).

Algorithm 1. Maximum Cardinality B-Matching

1. Let M be any B-matching (e.g. from Cornuejols’ algorithm [Cor88])

2. while there exists a B-matching M’ of neighbouring type to M with car-
dinality greater than that of M do: M — M

3. Output M

Note that this algorithm also works for Weighted General Matching. The running
time, hovewer, is O(n®mW), where W is maximum weight in the graph, which is
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pseudopolynomial. In the next Section we will show how to improve the running
time, by running algorithm described in this section multiple times with carefully
set weights.

2.3.3 Weighted General Matching

In this Section we want to improve the Algorithm 1 to reach a polynomial time for
Weighted General Matching. Notice that the problem with this algorithm is that it
can make in each iteration only a small improvement, so it requires a superpolyno-
mial number of iterations. Therefore we want to force the algorithm to start with
bigger improvements and we do so by changing the weights of the edges.

In our approach we will run Algorithm 1 [log(W)] times, where W is a maximum
weight in the graph. In i-th runtime of the Algorithm we will set the weights to
consist only of 7 most significant bits of the original weights.

More formally, let I = [log(W)]. In i-th iteration we set the weight function to
be w; = | 5% ]. The algorithm is presented below.

Algorithm 2. Maximum Weight B-Matching

1. Let M be any B-matching

2. for i =1 to [log(W)]:
Run Algorithm 1 with weights w; using M as its starting matching

3. Output M

Now we need to bound the running time. In our analysis we will denote M; to be
the matching found by the Algorithm 2 after i-th iteration (Mj is the starting B-
matching). To show that each iteration takes polynomial time, we prove the following
Lemma.

Lemma 33. wi—l—l(Mi—i-l) < wi+1(M,~) +m
Proof. Assume otherwise that w;,1(M;y1) > w;1(M;) + m.

We know that w;1(M;) > 2-w;(M;) and w;41(M;41) < 2-w;(M;41) +m, where
the last inequality follows from the fact, that there are at most m edges in M, , and
by setting the least significant bit of weight to 0, weight of the edge can decrease by
at most 1 (then it is halved, when the least significant bit is removed).

So it follows, that w;(M;y1) > w;(M;), which contradicts optimality of M.
]

As we assume that weights are natural numbers, using Lemma [33| we can bound
time of each runtime of Algorithm 1 by O(n5m). We have O(log(W)) iterations, so
the total running time is O(n%mlog(W)).

2.4 Proof of Lemma [30

In this Section we present the proof of Lemma
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Let us start with some notation we will use throughout this section. Each path
and cycle in this section denotes a meta-path and a meta-cycle. Also we will assume
that degree of a vertex in M is 0 — this is purely for notational purposes, so we can
omit writing dys(v) everytime (alternatively you can think that we use the relative
notation of degrees; if M is a B-matching and v a vertex, then we use the set
{d —dy(v) :Vd € B(v)}).

For any canonical path S w.r.t. M we will also assume that degree of v is positive
in §. That is because the case when degree of v is negative is completely symmetrical,
so we will avoid repeating each argument twice.

We say that a vertex v is odd w.r.t. M if degy(v) +1 € B(v) and even w.r.t.
M otherwise. We will often omit M and say that a vertex v is odd (even) if the
choice of M is clear. We will also say that a vertex v is odd (even) w.r.t. S if it is
odd (even) w.r.t. M & S.

Now let us state the following observation which is a consequence of the definition
of a neighbouring B-matching.

Observation 34. Let M be a B-matching and let S be a canonical path. Let N =
M@ S and u,v be the endpoints of S. Then:

1. For each vertex w other than u and v {0,2,...,dyen(w)} C B(w).

2. Ifu and v are distinct, then forw € {u,v} thereis somek € {0,2, ..., dyan(w)
— 1} such that {0,2,4,...,k,k+1,k+3,...,dyen(w)} C B(w).

3. Ifv=u then {0,2,...,dyen()} C B(v) or there are ky € {0,2, ..., dyen(v)
—2} and ko € {k1+1,k1+3, .. ,dM@N(’U)—l} such that {0,2,. . .,kl,k’l—i—l,k‘l
+37'--7k27k2+1ak2+37"-7dMEBN(/U))} QBU

In the following Lemmas we will derive some structure of basic canonical paths,
which will be useful in proving Lemma [30] We summarize these Lemmas in Corol-

lary

Lemma 35. Let S be a basic path, such that its endpoints are distinct. Let v, u be the
endpoints of S. Then there isno k € {1,2,...,ds(v)—2} such that {k,k+1} C B(v).

Proof. The proof will be by contradiction. Assume that thereisa k € {1,2,...,ds(v)
—2} such that v allows {k, k+1}. Therefore by Observation[34{0,2,...,k—2,k, k+
Lk+3,...,ds(v) — 2,ds(v)} € B(v). Let m € {0,1,...,ds(v) — 1} be such that
{m,m + 1} C B(u). We will now construct a subset &’ of S which is a canonical
path and such that w(S’") > min(w(S),0). Let us consider three cases:

1. m = 0. Then for any cycle C'in S, § \ C' is a canonical path. So if S contains
a non-positive cycle C' S is not a basic path. Otherwise VC' w(C) > 0. If
there is a cycle incident to v and not incident to w then it is a canonical
path with positive weight. If not then there must be a cycle C' incident to
uw and v (as v is incident to at least one cycle). We split C' into two paths
connecting v and v and we remove the one with smaller weight and the meta-
path connecting v and v (from definition of canonical path). We decreased
degree of both endpoints by 2 so it is a canonical path and the weight of all
cycles and remaining part of C' is positive
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2. m = dg(v) — 1. If there is a positive cycle C' € S then it is a canonical path.
Otherwise if there is a cycle C' incident only to v then S\ C is a canonical
path and w(S \ C) > w(S8). Finally if there is no such cycle we take a cycle
C incident to u and v and we split it into two paths. The path with greater
weight with meta-path connecting v and v forms a canonical path. As we
removed some cycles, each of negative weight, and one part of C', which also
has negative weight, it follows that resulting canonical path has weight greater
than w(S).

3. 0 < m < ds(v) — 1. We take any cycle C. It is a canonical path, so if it
has positive weight it contradicts the assumption. Otherwise S \ C' is also a
canonical path and contradicts the assumption.

O

Lemma [35| shows that if a basic canonical path § has distinct endpoints then for
its endpoint v either B(v)N{0,...,ds(v)} ={0,1,3,...,ds(v) —2,ds(v)} or B(v)N
{0,....ds(v)} = {0,2,4,...,ds(v) — 3,ds(v) — 1,ds(v)}. The first case happens
when v is odd and the second case when it is even.

Lemma 36. Let S be a basic path with distinct endpoints. If § contains a cycle C'
incident to both endpoints then one of those endpoints is odd and the other is even.

Proof. The proof will be by contradiction. Let us assume that either both endpoints
are odd or both are even. In the first case if w(C) < 0 then &\ C is a canonical
path such that w(S \ C) > w(S). Otherwise we split C' into two paths connecting
endpoints of §. As C' has positive weight, one of those paths also has positive weight
and it is a canonical path. The case when both endpoints are even is similar.

O

Lemma 37. Let S be a basic path with one endpoint (so the meta-path from the
definition of a canonical path is empty and S is a collection of cycles). Let v be the
endpoint of S. Then S is either (a) a single meta-cycle or (b) {0,1,3,...,ds(v) —
1,ds(v)} € B(v).

Proof. Assume that for some 0 < k < dST(”) 2k € B(v). Then let &' be k cycles of
S of greatest weight. If all of these cycles have positive weight then S’ has positive
weight. Otherwise all excluded cycles have non-positive weight, so w(S") > w(S). In
both cases S’ is a canonical path, so it contradicts S’ being a basic canonical path.

]

Lemma 38. Let S be a basic path with distinct endpoints. Let u,v be endpoints of
S. If v is even then all cycles incident to v but not to u have non-positive weight. If
v 1s odd then all cycles incident to v but not to u have positive weight.

Proof. Let v be an even endpoint, and C' a cycle incident only to v. Then if w(C) > 0
then C' is a canonical path of positive weight, which means that & is not a basic

path.
Similarly if v is an odd endpoint, then we can remove any incident cycles of
non-positive weight. O]
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We summarize those Lemmas in the following Corollary. We will often implicitly
refer to this Corollary in the proof of Lemma [30}

Corollary 39. Let S be a basic canonical path with endpoints u and v. Then:
e For every vertex w which is not an endpoint of S, B(w) ={0,2,...,dg(w)};

o Ifu# v and u is an odd endpoint, then B(u) contains 0,1,3,...,ds(u). If u
is an even endpoint, then B(u) contains 0,2, ... ,dg(u) — 1,dg(u);

o [fu=w, then either S is a single meta-cycle and B(u) contains 0,2 or B(u)
contains 0,1,3, ..., dg(u) — 1,dg(u);,

o Ifu # v and u is odd, then any cycle incident only to u is positive. If u is
even, then any cycle incident only to u is non-positive;

o [fu#v and S contains a cycle C' incident to both u and v, then u is odd and
v 1S even.

Lemma 40. Let S be a basic path with distinct endpoints and let v be its endpoint.

If w(S) < 0 and v is even, then we can assume that v is incident to a cycle of
S of non-positive weight. Similarly, if w(S) > 0 and v is odd and incident to any
cycle of S, then we can assume that v is incident to a positive cycle of S.

Proof. Let us assume that S is non-positive and v is even. If there is a cycle in S
incident only to v (but not the other endpoint) then from Lemma [3§ it has non-
positive weight. Therefore we assume that there is no cycle incident only to v and
let C be a nonempty set of cycles in S incident to both endpoints (which means that
the other endpoint is odd). If C contains a cycle of non-positive weight, we are done.
Otherwise, all cycles in S have positive weight (as the other endpoint is odd), so the
meta-path P connecting endpoints of S has non-positive weight. In this case we can
take any cycle of C and split it into two meta-paths P; and Py between endpoints
of §. Assume w(P;) > w(Pz). Then we make P; the meta-path of S and P,UP a
meta-cycle of P, which has non-positive weight.

The other case is similar. O

Now we will prove Lemma |30}

Lemma 30. Let M be a B-matching. Let S be a basic canonical path w.r.t M and
R be a basic canonical path w.r.t. M & S, such that w(S) < 0 and w(R) > 0. Then
there exists a basic canonical path T w.r.t. M such that w(7T) > w(S).

Proof. To construct a canonical path 7 we will consider how S and R interact with
each other, that is what common vertices they have. Firstly let us notice that we
can assume that § and R do not have a common vertex v that is not an endpoint of
any of them. That is because v allows degrees 0,2,4, ..., dsur (v). Therefore we can
create k := dsur(v)/2 new vertices vy, vg, . .., vx and replace v with a different vertex
in each meta-path or meta-cycle containing v. Each of these vertices v; will allow
degrees {0, 2}, if it is an endpoint of some alternating path, or {0} otherwise. Then
any canonical path we will find in the new graph corresponds to some canonical
path in the old graph.
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The structure of the proof is as follows. First we prove some auxiliary Lemmas.
Then we split the proof into a few cases depending on the structure of § and R. If
R has only one endpoint we use Lemma [47]

If both & and R have two endpoints we use Lemmas [52] and [51] In the second
of these Lemmas we assume that R contains a cycle incident to both endpoints —
equivalently we will think that there are multiple paths between endpoints of R.
Finally, if S has one endpoint and R has two endpoints we use Lemma

We say that a path or a cycle goes through a vertex v if at least two edges of
this cycle or path are incident to f}

For a path ), we will denote endpoints of Q as u® and v?.

We start by proving some auxillary Lemmas.

Lemma 41. Let Q C R be a path such that (i) w(Q) > 0, (ii) both u? and v%
belongs to S and (iii) Q) does not go through an even endpoint of S. Then every path
contained in S between u® and v that does not go through any even endpoint of S
has weight at least w(Q) and thus positive.

Proof. Otherwise, we could replace such path with () and obtain a canonical path
of greater weight than S. O

Lemma 42. Let Q C R be a path of positive weight that does not go through any
odd endpoint of R (but odd endpoints may be endpoints of Q), such that both u®
and v? lie on S.

Then, the existence in the graph of any of the listed below tmplies the existence
of a canonical path T w.r.t. M such that w(7T) > w(S):

1. Q is not incident to any odd endpoint of S and there exists a path with end-
points u® and v@ contained in S that is not incident to any odd endpoint of

S;
2. uS and vS are odd and Q) goes through them

3. uS and v are odd and S contains a path with endpoints u® and v9 that is
incident to u® and vS.

Proof. In the first case there exists a path S’ with endpoints u? and v% contained in
S that does not go through any endpoint of S. Then by Lemma 41| S’ has positive
weight and S" U @Q forms a positive cycle that goes only through even vertices and
hence is a canonical path w.r.t M.

For the second case, suppose now that both u® and v° are odd. Thus S contains
exactly one path connecting v® and v°.

We split @Q into paths: Py (u@,uS), Py(u®,v®) and Py(vS,v%). If w(Py) > 0, we
are done. Otherwise, w(P;) + w(P,) > 0. By arguments analogous to those used
in the proof of Lemma this means that w(S) contains two edge-disjoint paths
P|(u®,u?) and Py(v®,v?) such that w(P]) + w(P}) > w(P) + w(P) > 0. Then
P/ U Py U (Q forms a positive canonical path w.r.t M.

For the third case assume also that S contains a path S’ with endpoints u% and
v? that goes through u® and v°. One endpoint of S, say ©¢ must lie on a cycle C;

3While a cycle goes through a vertex iff it is incident to this vertex, these two notions are not
equivalent for a path
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of S incident to ©«® and the other, v9, on a cycle C5 incident to v®. This means that
we can extract from C; and Cy positive weight paths Py (u®,u®) and Py(vS,v9).
Then QU P, U P, is a positive canonical path w.r.t. M. Let us notice that this holds
regardless if @ goes through u® or v or both of them. If u® or v$ are an endpoint
of @ then we omit P or Ps.

]

Let us recall that by saying that v is odd (or even) we denote that it is odd (resp.
even) w.r.t. M, and v is odd (resp. even) w.r.t. S denotes that v is odd (resp. even)
wrt. M®S.

Lemma 43. Let C' C R be a cycle of positive weight that contains at least one of
the endpoints of S. Then there exists a canonical path of weight greater than S.

Proof. Case 1: C' contains no odd vertex. C' forms then a canonical path.
Case 2: C contains at least two odd vertices. Suppose that C' contains k odd
vertices. We then split C' into k paths with odd endpoints. At least one of these
paths must have positive weight and forms a canonical path with positive weight.
Case 3: C contains exactly one odd vertex u* that belongs to R\ S. C
must contain at least one even endpoint of S. We split C' into two or three paths
depending on whether C' contains one or two even endpoints of §. Of those, we
choose the one with positive weight and denote it as (). If the endpoints of ) are
even endpoints of S, we are done — by Lemma [42] Otherwise one of the endpoints
of @ is u® and the other an even endpoint of S, let us call it «°. By Lemma , S
contains a cycle C” going through u° that has non-positive weight. Also, if S has
two even endpoints u® and v®, then C’ does not go through v®. Then SUQ \ '
forms a canonical path with the endpoints v® and u® and weight greater than that
of Q.

Case 4: C contains exactly one odd vertex u°® of S. If C does not contain an
odd vertex w.r.t. § then S U C is a canonical path w.r.t. M of greater weight than
S. Also, by Lemma [36] C' does not contain two odd vertices w.r.t. S. So C' contains
exactly one odd endpoint of R.

Let us consider first the case when u® = u® and u® is odd w.r.t. S. We remove
from S a path between u® and v® of minimum weight and each cycle incident to v,
which is not incident to u® — the remaining part of S has positive weight or greater
than that of S. It is so because each cycle contained in S going through u® and
not v has positive weight, each cycle going through v® and not u°® has non-positive
weight and either each path between u® and v® has positive weight or at least one of
them has non-positive weight. To thus modified S we add C' and obtain a canonical
path &’ with one endpoint u® such that ds (u¥) = ds(u®) + 1.

Now we assume that C' contains a vertex u® # u® that is odd w.r.t. S. Note
that this means that u® € S, as C' does not contain two odd vertices w.r.t. M. If
C goes through an even endpoint v° of S, we proceed as follows. By Lemma 40| S
contains a cycle C' with non-positive weight going through u®. Thus S\ ¢’ U C
forms a canonical path with the endpoints u® and v® and weight greater than w(S).
Next we examine the case when C' does not go through v°.

If S contains a cycle ¢’ with non-positive weight going through both v® and u”,
where v° is even then there exists a path P C S between v® and u® of non-positive
weight and we build &’ = QU C'\ P, which is a canonical path with the endpoints
u® and v® and weight greater than w(S).

S
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Otherwise, we build S’ as follows - we extract from S a path Q between u® and
u® — note that w(Q) > 0 by Lemma 41| as C' contains a path between u® and v™
of positive weight. Next we add every cycle contained in S incident to u”® except
the one containing ) - each such cycle has positive weight. We also add C to S
The weight of S’ is clearly positive. It is also a canonical path with the endpoints
u® and u® because the degree of u® in S’ is odd and dg (u”®) = ds(u®) + 1. To see
that the degree of ©”® in &’ is as claimed let us notice that u® does not belong to
any cycle contained in S that goes through v and with non-positive weight, which
means that u” either lies on a path between v and v® or on a cycle incident to u®.
Also, there cannot exist two edge-disjoint paths between u® and v® going through
u® because then they would form two edge-disjoint cycles — one going through u®
and u” and the other through v® and u”. If the cycle going through v® and v has
positive weight, it forms a canonical path because it does not go through any odd
vertex. [

Lemma 44. Let C C R be a cycle with positive weight incident to u™ and u® € S.
Then there ezists a canonical path T w.r.t. M such that w(7T) > w(S).

Proof. The only case that requires explanation is when C' does not contain any
endpoint of & — other cases are covered by Lemma [43| above. Then C' itself forms
a canonical path because it does not go through any odd vertex.

m

Lemma 45. Suppose that an endpoint u® of R belongs to S. Then u” is either
even w.r.t. 8 or dsur(u®) = degs(u®) + 1.

Proof. If u® is odd w.r.t. R and incident to a cycle of R then by Lemma [40] u?

is incident to a positive cycle C' of R. Then if C' contains an endpoint of S we use
Lemma otherwise C'is a canonical path (u® is even w.r.t. M).

This shows that indeed u® is either even w.r.t. S or dsur(u®) = degs(u™) + 1.

O

Lemma 46. Let Z C R consist of a path between u® and u® and cycles incident to
u®. Assume that w(Z) > 0, u® is even and u® is fine in S U Z and that if Z goes
through v®, then v® is even, and if Z goes through v°, then v° is odd.

Then there exists a canonical path w.r.t. M with weight greater than that of S.

Proof. By Lemma [40| S contains a cycle C' incident to u® of non-positive weight.

Suppose first that ©” belongs to C. It means that u® € S and thus by Lemma ,
u® is either even w.r.t. § or dsyz(u®) = dsur(u®) = ds(u®) + 1. We extract from
C a path P with the endpoints u® and u® of non-positive weight. We construct
S’ =8SUZ\ P. 8 is a canonical path with the endpoints u® and v because the
degrees of ©™ in &’ and in S have the same parity and the degree of u° is the same
in§" asin S.

If u® does not belong to C, we construct &’ = SU Z \ C. &' is a canonical path
with the endpoints v and u™. In both cases w(S’) > w(Q).

]

We now start prove Lemmas for different structure of S and R. We start by
assuming that R has only one endpoint.
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Lemma 47. Suppose that R has one endpoint, denoted by u™. Let v and v° be
the endpoints of S (if S has only one endpoint it will be denoted as u®). Then there
exists a canonical path of weight greater than S.

Proof. If R is a single meta-cycle and 1 ¢ B(u®) then S U R is a canonical path.

We know that R has positive weight, so there is at least one cycle in R of positive
weight. In such a case, if u”® is in S then by Lemma [44) we are done.

If both endpoints of S are fine in R then R is a canonical path with respect to
M.

Now we assume that exactly one endpoint of S, say v, is not fine in R. u® is
incident to some number of cycles of R. If any of them, let us call it C, has non-
positive weight, then we split it into two paths between u® and u®. We remove the
lighter of these paths and obtain that way a canonical path, as degree of u* is odd
and we decreased degree of u® by 1.

If all cycles of R incident to u® have positive weight, we consider any of them
and let us call it C. We split C' into two paths, the same way as before. Let us
consider the heavier of these paths and call it P. Let C be the set of cycles of R
incident to u® except the one which contains P. Then C U P is a positive canonical
path.

In case when both endpoints of S are not fine in R and incident to R we proceed
similarly. If there is no cycle incident to both v and v and all cycles incident to
uS are non-positive then we remove all those cycles and proceed with v° as before.
If all cycles incident to u® are positive we form a canonical path from all of them
except one path between u® and u® (similarly as above). If there is cycle C incident
to both u® and v® we consider a sub-path of C' between u® and v° that does not
contain u™. If it is non-positive we remove it and obtain a positive canonical path.
Otherwise we use Lemma (42

]

From now on we will always assume that R has two endpoints. The following
Lemmas will be useful in the case, when S has only one endpoint.

Lemma 48. Suppose that S has one endpoint u® and there is a positive meta-path
Q between u® and u™. Suppose also that u™ is incident to S and is fine in S U Q
and if Q contains v™® then v™ is even. Then there exists a canonical path of weight
greater than S.

Proof. If S contains a non-positive meta-cycle incident to u® we split it into two

paths and replace lighter of them with . Otherwise ™ with all cycles of S incident
to u™ is a positive canonical path, because not all cycles of S are positive and so u®
is fine.

]

Lemma 49. Suppose that S has one endpoint u® and Z consists of a meta-path
Q between u® and u® and possibly some positive cycles incident to u™, but not
containing v®. Suppose also that Z is positive, u® is fine in SU Z and if Q goes

through v™ then v™ is even. Then there exists a canonical path of weight greater
than S.
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Proof. If any cycle of Z is incident to u® then we use Lemma If u® ¢ S then Z
is a positive canonical path. If u® € S and Z contains some cycle we use Lemma .

Finally if u® € S and Z does not contain any cycle we use Lemma, .
O

In the following Lemma we consider the case when S has one endpoint.

Lemma 50. Suppose that S has one endpoint u® and R has two endpoints u™® and
vR. Then there exists a canonical path of weight greater than S.

Proof. If S is a single cycle and 1 ¢ B(u®) then RUS is a canonical path. Let R,
denote the path of R between u”® and v™® of maximum weight.
Case 1: u® = u® and v* ¢ S.

If R contains a positive cycle C' incident to 4, but not to v, we replace any
non-positive cycle of S with C. If v* is odd, then let C denote cycles of R incident
to v, but not to u®. Each of them has positive weight, so CU R4, also has positive
weight and is a canonical path. If v is even and there are at least two paths of R
between u® and v™ then we choose from them two heaviest paths and they form
a cycle incident to u® and v® and we replace one of cycles of S with it. Finally if
v® is even and there is exactly one path of R between u® and v® then R,,q, with
cycles of R incident to v form a canonical path of positive weight.

Case 2: u® = u® and v® € S.

If there is a positive cycle of R incident only to one of its endpoints we use
Lemma [44] Otherwise set of all paths of R between «® and v® have positive weight.
If v® is odd w.r.t. S then we use Lemma U8 by setting Q = Ry4.. Otherwise we
choose two heaviest paths of R between u™ and v® and they form a cycle C' of
positive weight. Then we replace any non-positive cycle of S with C.

Case 3: u° ¢ R.

If there is a cycle of § incident to both endpoints of R then these endpoints
are even or not incident to any cycle of R, as otherwise we would use Lemma [44]
Therefore the set of paths between endpoints of R has positive weight, so also R4
has positive weight. Then we use Lemma 42| with QQ = R,qz-

Otherwise, if it exists, let C' be the cycle of S of non-positive weight incident
only to one endpoint of R, say u”. Once again u” is even or not incident to any
cycle of R. Let R’ be R without cycles incident to »¥, but not to v™ — its weight is
greater that R. We split C' into two paths between u® and u® and let P be lighter
of them. Then R’ US \ P is a canonical path of weight greater than S.

Finally suppose that all cycles of § incident to any endpoint of R are positive.
Let C denote these cycles, let C' be one of them incident to u™ and let P be lighter
sub-path of C' between u® and u®. Then R’ UC \ P is a canonical path of positive
weight.

Case 4: v € R

If u® lies on positive cycle of R incident to only one of its endpoints then we
use Lemma [43] Let us consider the case when u® lies on some non-positive cycle C
of R incident to only one of its endpoints. Let u” be the endpoint of R incident
to C, which by Corollary [39]is even, let P be the heavier subpath of C' between u®
and u”® and let C be set of cycles of R incident to u™. Let D be any cycle of S of
non-positive weight. If D does not contain v™ then S\ DUR \ CU P is a canonical
path of weight greater than S. If D contains v, then v is even or not incident
to any cycle of R (otherwise we use Lemma [44)). Let P’ be lighter subpath of D
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between u® and v™®. Then S\ P’ UR \ C U P is a canonical path of weight greater
than S.

Now we assume that u® does not lie on any cycle of R, but it lies on some path
of R. If R contains exactly one path between u™ and v® (that is, there is no cycle
incident to both u® and v™), then u® splits R into two parts and let R’ be heavier
of them. If R/ is a canonical path we are done. Otherwise let ©™ be the endpoint of
R contained in R'. If all cycles of S incident to u™ (there must be some as R’ is not
a canonical path) are positive we add them to R’, thus creating positive canonical
path. If u” is incident to a positive cycle of S, we use Lemma . Otherwise the
path of R’ between u”® and u® is positive, which we will denote as Q. Let C be a
non-positive cycle of S incident to u®. We split C' into two paths between u® and
u® and let P be lighter of them. Then S\ PUS is a canonical path of weight greater
than S.

Finally, let us assume that R contains some cycles between u® and v and
therefore u® is odd and v® is even. Firstly let us assume that in R there is a
positive path @ between one of its endpoints and u°, that does not go through the
other endpoint. If the endpoint of @ is ©® we use Lemma If the endpoint of )
is v® let Ry be the path of R between u® and v* containing S and let R,,., be the
heaviest path of R between © and v®, unless R; is the heaviest and then let R,,az
be the second heaviest path. Let C denote the cycles of R incident to u”, but not to
v™. We may assume that R; \ Q is non-positive, as we would have used the previous
case, $0 Q U Ryap U C is positive. If R4, is not incident to S we use Lemma
with Z = Q U Rumaz UC. If Ryes goes through v, then we split it into P; between
u® and u® and P, between u® and v™. If P, UC is positive we use Lemma [48] with
Z = P, UC. Otherwise P, U S is positive so we choose any non-positive cycle of &
and replace it with P, U S.

In case when all paths of R incident to u® are non-positive, let Q denote those
paths that are not incident to u® (it might be an empty set) and let C be the cycles
incident to u®. We can assume that all paths of R between u® and u® are non-
positive, because otherwise we use Lemma [49] Let us consider Q U C, which has
positive weight as we only removed non-positive paths and cycles incident to even
endpoint. If it is a canonical path we are done. If ©” is fine and v* is not we choose
any path between S and v® and add it to R\ Q (we still remove only non-positive
paths). If v® is fine and u” is not then let P be a path between u® and u® and let
R; be a path between u® and v® containing P. If R, \ P is positive then R, \ P with
the maximum path of Q and C is positive (because either maximum path is positive
or we remove only non-positive paths) so we use Lemma . Otherwise QUCUP is a
positive canonical path. Both u® and v® are not fine in QUC only if Q contains odd
number of paths and u® € S. Then we choose a cycle of R incident to u”® (either
one of C, or if it is empty we form a cycle from two heaviest paths between u™ and
o) and use Lemma

m

In the last two Lemmas we consider the case when both & and R have two
endpoints. In the first one we assume that there is a cycle incident to both endpoints

of R.

Lemma 51. If R contains at least two edge-disjoint paths between u™ and v, then
there exists a canonical path of weight greater than S.
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Proof. Exactly one of the endpoints of R is odd w.r.t. S, assume it is u”®. Let us
note that if u® € S, then u”® is even w.r.t. M.

Suppose first that R contains a cycle C' of positive weight. If C' does not contain
any odd vertices, C' constitutes a canonical path and we are done. By Lemma [43], if
C contains any of the vertices {uS,v®}, we are also done.

Let us notice that R always contains some cycle C' of positive weight. Any cycle
C' C R going through u® and not v® is of positive weight. Such cycle C” for sure
does not go through u® or v (by Lemmas {41/ and . Also, if C” exists, it means
that u® ¢ S.

If such C’ does not exist, then R contains two edge-disjoint paths Ry, Ry between
u® and v® such that w(R; U Ry) > 0. Such edge-set must contain some cycle C' of
positive weight.

The only possibility that C' C R of positive weight does not imply the existence
of a canonical path with positive weight is when C' goes through u®, u® does not
belong to S and is odd, and C' goes through neither u® nor v®. For the rest of the
proof suppose that this is the case.

Suppose now that some path Q C R between u™ and v™ contains some endpoint
of §. We consider the set Z C R that consists of edge-disjoint paths @1, ..., Qk, @,
each with the endpoints u™ and v™ and such that either (i) R does not contain C” as
above and then no path @); contains any endpoint of S and k > 2 or (ii) R contains
some C’ as above and then Z contains additionally every such cycle and k = 1; also
w(Z) > 0. Let us note that such Z always exists.

Suppose that () contains exactly one endpoint of & — either an odd endpoint,
which we will denote as S or an even endpoint, v® — and that Z is as in case
(i). If k is odd, we consider ' C Q — a path between u® and the distinguished
endpoint. If w(Q') < 0, Z\ Q' is either a canonical path with the endpoints uS and
u® with positive weight or we can apply Lemma [46| to it. If w(Q’) > 0, again Q' is
either a canonical path with the endpoints u® and u® with positive weight (if the
distinguished endpoint is an odd endpoint u®) or we can apply Lemma 46| to it. If
k is even, we proceed in the same way but considering QQ” C () — a path between
v® and the distinguished endpoint.

If @ contains two odd endpoints of S or two even endpoints, we act similarly but
split Q into three paths with the endpoints u® and v, uS and «”®, and v° and V.

Suppose now that no path Q C R between u® and v contains any endpoint of
S.

It means that there exists a cycle C' C R that goes through some endpoint u® of
S. Tt also goes through v® and not u® and also has non-positive weight. We split C
either into three paths P (uS,vS), Po(us,v®), P3(v5,0®) — if C' goes also through
v®, or two paths with the endpoints u® and v.

If w(P;) > 0 and both u® and v® are even or both u® and v° are odd, we are
done — by Lemmas [{1] and 2] Otherwise we are able to extract from C' a path P
with one endpoint being v® and the other either u® or v® such that w(P) > w(C)/2
and P does not go through any even endpoint of S.

We construct S’. It consists of every path ) C R with the endpoints ©”® and v,
P and each cycle contained in R incident to u”® but not v®. Clearly w(S’) > 0 as in
order to obtain &', we have removed from R at most w(C')/2 which has non-positive
weight and possibly some cycles of R incident to v but not u, each one also with
non-positive weight.
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Note that v® is even in &'. It is also fine in &’ as ds/(vR) < ds(vR). Also u® is
fine in S’ as well as v* is fine in SUS’ — the degrees of u® are the same in &’ and
SuS§.

If P ends at an odd endpoint, say u°, of S — &; forms a canonical path with
the endpoints uS and u™. Otherwise we can treat S’ as Z from Lemma [46]

O

Lemma 52. If § has two endpoints and R does not contain two disjoint paths
between u® and v® then there exists a canonical path of weight greater than S.

Proof. Let Romae be the path of R between u® and v,

The general approach in this proof is as follows. We start by considering a set
Z consisting of a path R,,.. and every cycle C' C R that does not go through any
endpoint of §. Our starting point for construction a canonical path is to consider
set SUZ and to alter it slightly to make it a canonical path. By Lemmas [43] and [44]
the weight of Z is positive because every cycle C C R that we have not included has
non-positive weight, so ScupZ has greater weight than §. However, usually S U Z
is not a canonical path — u® and v® may not be fine in S U Z or the structure of
S U Z may differ from the one required of a canonical path.

In what follows we will use the following observation.

Observation 53. If u® is not an endpoint of S and is not fine in SU Z then u”™ is
even w.r.t. S (thus also even w.r.t. M ) and there is a cycle C C R that goes through
u® and an endpoint of S.

Proof. There is a cycle that goes through 4™ and an endpoint of S because otherwise
degree of u® in Z U S would be the same as in R US and thus fine.
Degree of u”® is odd in Z U S, so if u™ was odd w.r.t. then it would be fine.
[

We will now consider cases depending on the structure of & and R.

Case 1: each of the endpoints of R is not fine in S U Z or coincides with
one of the endpoints of S.

Suppose first that no endpoint of R coincides with any endpoint of §. There
exists then a cycle C; C R incident to u® and a cycle C, C R incident to v
such that C; and C5 go through some endpoint of §. These cycles must go through
different endpoints of S, as otherwise there would be two edge disjoint paths between
u™ and v, so assume that C; goes through u® and Cj, goes through vS. We split
C| into two paths between u® and u* and choose the one with greater weight — let
us call it P,. Similarly, we split C5 into two paths between v and v®, choose the
one with greater weight and call it Ps.

We note that the path Q = Ryee U P U P, between u® and v® has positive
weight. It follows from the fact that each cycle of R has non-positive weight —
recall that each endpoint of R is even w.r.t. S by Observation [53|

If both ©® and v° are even or both of them are odd, we are done, as either @
forms a canonical path w.r.t M or by Lemma 42| its existence implies the existence
of a positive cycle going only through even vertices. Let us note that if R,,,. goes
through some even endpoint(s) of S, we may also need to split Q.

In the case when u® is odd and v® is even we add all cycles incident to u® to
@ — Q still has positive weight as we only removed from R cycles and a path of
non-positive weight. Then we apply Lemma 46|
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If one or two endpoints of R coincide with the endpoints of S, then the argument
remains the same, but we do not have to add parts of some cycles of R incident to
the respective endpoint(s) of R.

Case 2: R contains an even endpoint of S.

First assume that vS lies on a cycle C' C R incident to an endpoint v®. Note
that v™ is even — otherwise we use Lemma

We set Z to be Ryue. and all cycles of R incident to u®. As a result u” is fine
in SU Z. We want to extend Z to be able to use Lemma [46], but to do so Z cannot
go through any even endpoint of §. Thus for now we assume that is the case and Z
does not contain an even endpoint of S.

If v® = v, then we directly apply Lemma If C' goes through only one even
endpoint of S we extract from it a path P, between v™® and v® of weight at least
w(C)/2. P, U Z has positive weight and we may apply Lemma {46/ to Z U P;. If
C' goes through two even endpoints of S, then we partition C' into three paths
Py (uS,vR), Py(vS,0R), Py(u®,v5). If Py has positive weight then we use Lemma [42]
Otherwise we can apply Lemma [46|/to Z U P, or Z U P;.

Now we will deal with the case when Z contains another even endpoint of S,
that is u®. If u® lies on a cycle C" incident to u® then u” is even and hence every
cycle of R has non-positive weight. Therefore subpath of R between S and v® has
positive weight (it can be created by removing non-positive cycles of R and two
parts of C' and C’ that have non-positive weight) so we can use Lemma .

Otherwise u”® lies on R nqes. Then we can split R into two parts that end in u*, one
containing ©”® and the other containing v”. If the part with «® has positive weight
then we can immediately apply Lemma Otherwise we use similar reasoning as
above to show that the path between u® and v® in R has positive weight and apply
Lemma (421

Finally, if one or two even endpoints of S lie on R, but none of them lies on
any cycle of R we split R into two or three parts (depending on whether one or
two even endpoints of S lie on R4, ). If a part with an endpoint of R has positive
weight then we directly use Lemma . Otherwise a subpath of R, between u
and v”® has positive weight which allows us to use Lemma
Case 3: v" is fine in SU Z and lies on a cycle C of S incident to an even
endpoint v° of S but not to u® and such that w(C) < 0.

If « is not fine in S U Z then no cycle of R goes through v”® and an even
endpoint of & — otherwise we use Case 2.

We add all cycles incident to u® contained in R to Z. As a result u® is fine
in SU Z and Z still has positive weight. We extract from C' a path P'(v5, %) of
non-positive weight and then Z U S\ P’ forms a canonical path of weight greater
than w(S).

Case 4: v® is not fine in SU Z, u* is fine in SUZ and u* ¢ S.

There exists then a cycle C' C R incident to v® that contains some endpoint of
S. Let us note that we may assume that C' does not contain any even endpoints of
S — such case have already been considered. As C' may contain either one or two
odd endpoints of S, we are able to extract from C either (i) a path P between v™
and an odd endpoint of S such that w(C'\ P) < 0 or (ii) a path P between u® and
v® of positive weight.

In the first case let u® be the endpoint of P. We construct Z; = Z U P. Note
that v® is even in Z; and w(Z;) > 0, so v® is fine in Z;. Also u® is fine in Z; as
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the degrees of u® are the same in Z; and S U Z;. Thus Z; forms a positive weight
canonical path with the endpoints u® and u”.

In the second case P itself forms a canonical path.
Case 5: u* ¢ S, both u* and v® are fine in SU Z.

Note that v® € S. Otherwise Z would form a canonical path with positive weight
or Z would contain odd endpoints of S so we could split it into canonical paths.

If v™ lies on a cycle C' C S incident to an odd endpoint u® of S, we extract
from C' a path P of positive weight connecting ©® and v™ and then P U Z forms a
canonical path of positive weight. The case when v® lies on a cycle C C S going
through an even endpoint v° of S but not through an odd endpoint of S is dealt in
case 3.

If v® lies on a path P of S between u® and v® and S does not contain two edge-
disjoint paths between u® and v®, we split S with v™ into two parts and take one
“half” of S and Z and obtain a canonical path of weight greater than S (v* is fine
by Lemma . If v lies on a path P of S between u® and v® and S contains two
edge-disjoint paths between u® and v®, we proceed as follows. We know that in this
case one of the endpoints of S is odd and the other even. Suppose that u° is odd.
We consider P and another path P;(u®,v°) C S edge-disjoint with P. PU P, either
forms a cycle that goes through u®, v and v® or contains a cycle that goes through
v® and v but not u®. In either case this cycle has positive weight — otherwise
we could apply case 3 to it. If we have a cycle of positive weight that does not
go through u® — it forms a canonical path, because it is a cycle that does not go
through any odd vertex. If we have a cycle C' C S that goes through uS,v°, v®, we
split it into two paths connecting u® and v™ and choose the one with greater weight.
Let us call it (). The path @ has positive weight and Z U ) forms a canonical path
with the endpoints ©® and u® of positive weight.

Case 6: ©° and v® are odd and a cycle C' C R incident to u”® goes through
both v and v°.

It means that R does not contain any cycle incident to v that goes through u®
or v® — such cycle would imply that there are two paths between u® and v® —
and thus that v® is fine in S U Z. Also we may assume that v € S, as the other
case is already covered either in Case 4 or Case 5.

We observe that every cycle contained in R has non-positive weight — those
incident to u® are non-positive because u® is even by Observation and those
incident to v® by Lemma [44] Therefore w(Rq:) > 0.

We split C' into three paths Py (u®,v%), Po(u®,u®), Py(v?, u®). We will show that
C'U Rz contains two paths Q1 (u®,v®) and Qo(vS,v™), each of which has positive
weight. We know that w(C'URpez) > 0. If w(P3) < 0, then Q1 = PyUP,U R4, has
positive weight. Otherwise Q1 = P3U R4, has positive weight. Similarly, if w(P,) <
0, then Qs = P, U P3U R,,,,, has positive weight and otherwise Qo = P> U R4, has
positive weight. Using Lemma {41 we know that any path P C S between u® and
v® or v and v® has positive weight.

Let S’ be the path contained in S between u® and vS. If it goes through v™
then it has positive weight. Then S also has positive weight as every cycle of § is
incident to odd enpoint and thus has positive weight. Otherwise let C' be the cycle
that contains v™ and let us assume it is incident to u®. Then we split C' into two
paths C; and C, between u® and v. Both C; and C, U S’ have positive weight by
Lemma [1] so S also has positive weight.
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Case 7: v® and v° are odd and there are cycles C;,C, C R incident to u®
such that C| goes through u® and C, goes through v°.

This case is very similar to the previous one. Again, we may assume that v® € S
and we observe that every cycle contained in R has non-positive weight. It follows
that w(Ryas) > 0.

As in the previous case we will construct two paths Q;(u®,v®) and Qy(vS,v™)
of positive weight. This time it is enough to take as (), the path R,,., and heavier
of subpaths of C; between u® and u®. We create @), analogously. These paths have
positive weight as we can construct them by removing only non-positive paths and
cycles from R.

Once we have such paths, we repeat the argument from Case 6.

Case 8: u® and v° are odd, a cycle C; C R incident to u”® goes through u®
and a cycle C; C R incident to u® goes through v°.

Again, we may assume that v™ € S. We again observe that every cycle contained
in R has non-positive weight. Therefore w(R,q,) > 0 because w(R) > 0.

We show that w(S) > 0. To this end it suffices to show that the path P(u®,v%) C
S has positive weight. We extract from C; and Cs paths P, and P, correspondingly
between uS and u® and v® and v® such that w(P) > w(C;)/2 and w(P) >
w(Cq)/2. It means that w(R e U Py U Py) > 0. This in turn means by Lemma
that that the path P(a,b) contained in S has positive weight.

Similarly as in the case above v cannot coincide with either u° or v and if u®
coincides with either u® or v° the arguments above hold.

Case 9: v" is fine in SU Z, u® is not and u”® ¢ S.

It means that there exists C' C R incident to u” that goes through exactly one
odd endpoint of S, say u®, and v® € S — other cases are dealt with above. Also, we
may assume that v does not lie on a non-positive cycle ¢’ C R that goes through
v® (that is Case 3).

We proceed as follows. We extract from C' a path P, with the endpoints u® and
u® such that w(P;) > w(C)/2. S, consists of Z and a path P C S between u® and
v™. w(P) > 0 because w(P; U Ryqe) > 0. Therefore Sy has positive weight and is a
canonical path with the endpoints u® and u”.

We are left with the cases when both «® and v® are in S.

Let us observe that at most one endpoint of v° lies on some cycle C of R — the
other cases are dealt with above.

If Rinae goes through some even endpoint(s) of S, then we use Case 2. If R4z
goes through two odd endpoints of S, then we may apply Lemma [#2] Thus we may
assume that R,,.. goes through at most one endpoint of & and if it does, it is
through an odd endpoint of S.

Also, we may assume that either every path connecting u™ and v® contained
in § goes through some endpoint of S or that R, goes through an odd endpoint
of § — otherwise we can apply Lemma 41| and obtain a positive cycle going solely
through even vertices.

As both endpoints of R are in S, they are either even or not incident to any
cycle by Lemma . Thus all cycles of R have non-positive weight and w(Rpaz) > 0.
Also, if for some edge-set S’ we have that ds/(u®) = dsur(u) — 1, then u* is fine

in S,
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With these assumptions these are the remaining possible cases:
Case 10: u*,v® € S and u” or v* lie on a cycle of S incident only to an
even endpoint of S.

We proceed as follows. Let C' be a cycle of S incident to an even endpoint v.
If C does goes through one endpoint of R, say u®, we partition C' into two paths
P, and P, both with the endpoints ©® and v°. If C' goes through both «® and v,
then we partition C' into three paths Py, P, and Pj3, with endpoints correspondingly,
v and u®, v8 and v® and uS and v®. vS € R (we would use Case 2), so v° is fine
in SUR\ P, fori e {1,2,3}. Thus SUR\ P, for i € {1,2,3} is a canonical path.
Clearly at least one of the paths has greater weight than & as at least one P; has
non-positive weight.
Case 11: u®,vR € S, u* lies on a cycle of S incident to u° and v* lies on a
cycle of S incident to v°; u® and v® are both odd endpoints.

We use Case 3 of Lemma [42] for R,q-

In each of the remaining cases the general approach is as follows. We remove
from S a path contained in S between v* and v® and all cycles going through vS.
From R we take R,... and all cycles incident to . This way we obtain path S'.
If v¢ does not lie on a cycle of R incident to u® or on Re, then S’ is a canonical
path w.r.t. M with the endpoints «® and 4™ and we need to show that w(S’) > 0.
If that is not the case, we will have to deal with it separately in each case.

Case 12: u®,v® € S, v and v® both lie on one path connecting «® and v®
in S and R,... goes through an odd endpoint u°.

Assume first that v® does not lie on any cycle of R. Assume without loss of
generality that on the path between u® and v, u® is closer to S than u®. Then
we define a path S’ as above — it consists of a subpath P of S between u° and v*®,
positive weight cycles incident to u® (some of the cycles incident to u® may not be
positive if they are also incident to v® ), all cycles incident to u™ and R,,q,. We will
show that the weight of &’ is positive. From R we removed cycles incident to v™
which have non-positive weight. From & we added positive weight cycles and a path
P between u® and v. So it remains to show that P has positive weight.

We split P and R, each into two paths: P into P (u,u®) and Py(u®,v®),
and Rpae into Qp(u®,u) and Qy(u®,v™). The weight of P, is positive because
W(Rmaz) > 0 and by Lemma[d1] It holds that w(Q1) > 0 or w(Q2) > 0. If w(Qs) > 0,
then w(P) > 0 and we are done. In the other case, w(P;) > 0 (because w(Qy) >
0 and by Lemma [1)). We also already know that w(P,) > 0, which means that
w(P) > 0.

It remains to consider the case when v® is odd and lies on a cycle of R. If v°
lies on a cycle incident to v™ then the above argument holds, as we ignored such
cycles. Otherwise let C' be a cycle of R incident to u® and v° and let C; be a
heavier part of C' between them. We know that w(Raz) + w(C;) > 0. u® and v
are both odd, so all cycles of § are positive and thusly path P between them in S
has negative weight. If we replace P with a positive path then we obtain a positive
weight canonical path.

We split P into 3 parts: Py(uS, u®), Py(u®,v®) and Ps(v?, vS) and we split Ronez
into Q1 (u”,u®) and Q2(u®,v®). As shown above w(P;) > wW(Rumae). If w(Qz) > 0
then Qo U P, U (Y is a path between u® and v° of positive weight which we can use

41



to replace P. Otherwise w(Q1) > w(Rpaz), 50 Q1 U C is such path.
Case 13: u®, 0% € S, u® lies on a cycle of S incident to odd endpoint u®
and v® on a path between v° and v° in S.

Let C be the cycle of S with u®. We create S’ by taking path P C S between
u® and v™®, all positive cycles of S incident to u®, all cycles of R incident to u® and
Rmaz- To show that 8’ has positive weight we need to show that the parts we took
from S have positive weight. To do so, notice that all cycles we took from & have
positive weight. Also, C'U P has positive weight, otherwise we could replace it in S
with Rynee and a subpath of C' between uS and u® of positive weight. Thus, S’ has
positive weight.

Again, it remains to consider the case when v® is odd and lies on a cycle C’ of
R incident to u® or that vS is odd and R,ue. goes through v°, as then S’ is not a
canonical path. If v° lies on C’ then let C be the heavier subpath of C’ between u®
and v® — we know that w(C}) + w(Rumaez) > 0, and let C; be the lighter subpath
of C between u® and u®. Then we can replace in S a path between v® and v® with
P URpaz UC, (if Ronae goes through u® this would also create a cycle incident to
uS). We know that w(Rye U C}) > 0 and w(P U Cy) > 0 because of Lemma [41]
Weight of C'\ ('} is positive, as the whole cycle has positive weight, so we created a
canonical path of positive weight.

If v does not lie on a cycle of R, but it lies on R4, we proceed as follows. We
split Ropnae into Qq(u®,v%) and Qy(v®,vR). If w(Qs) > 0 then we replace in S the
path between u® and vS with P U Qy; — we show that w(C; U P) > 0 in the same
way as above. Otherwise we use Lemma {42 on ;.

Case 14: u®, 0% € S, u* and v* lie on two different cycles of S incident to
odd endpoint uS.

We create S’ by taking Roaz, all cycles incident to u”, all positive weight cycles
incident to u® except the one with v® and the heavier part of the cycle between u®
and v™. &’ has weight greater than 0, as all cycles and paths taken from S have
weight greater than 0 (the path between v® and u® has positive weight because it
comes from a cycle that is not incident to an even endpoint).

S’ is not a canonical path only if v¥ is odd and R4, goes through vS or there
is a cycle in R incident to both ©® and vS. If R, goes through v°, then we can
split it into two parts between an endpoint of R and v°. One of those parts have
positive weight, so we can apply Case 3 of Lemma . If v5 lies on a cycle incident
to u®, take heavier part of this cycle, Roqe and a heavier part of the cycle with v
and uS. It is a canonical path with positive weight.

Case 15: v, 0% € S, u® and v* lie on the same cycle of S incident to odd
endpoint ©v° and R,,ax goes through an odd endpoint of S.

This case is very similar to the previous one. Let C be the cycle incident to u*
and v™. We split it into three paths P (uS, u®), Py(u®,v™) and Ps(u®,v). We know
that w(P3) > 0, as otherwise S could be improved by replacing Ps with R,q.. We
will assume that w(P,) < w(P;). Then we proceed the same as in Case 14 and P, is
the path we do not take into &' It is easy to see that w(S’) > 0.

If Roiaz goes through v® we split it into two paths and apply Lemma on
the heavier of them. If v® lies on a cycle C’ C R incident to u%, let O] be the
heavier subpath of C’. We assume that R .. goes through v — it must go through
some endpoint of S and we already considered the case when it goes through v
— and split it into Q1 (u,u®) and Qo (u, V™). If w(Qy) > 0, we take Rypaz, Po, C}
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and all other cycles of S, to create a canonical path of positive weight. Otherwise
w(Q1) > wW(Rypae) which means that @1, C] and all cycles of S form a canonical
path of positive weight.

Case 16: u®,v® € S, u® and v* lie on two different paths between u® and
v® in S.

We assume w.l.o.g. that u® is odd and v® is even. We will use P to denote the
path between u® and v® that goes through ©® and @Q to denote the one that goes
through v™. We also split P into two paths P;(u®,u™) and Pp(u®,v?) and we split
Q into Q1(u®,v®) and Qo(v®, v%).

The general approach is the same as in the previous cases — we construct S’
and want to show that it has weight greater than w(S). This time S’ consists of all
cycles of S incident to u®, but not v°, all paths of S between u® and v° except a
path V from v° to v®, R, and all cycles of R incident to u”. Clearly we can swap
u® and V%,

The choice of path V' in the construction of S’ is not unique. If there exists a path
from v to an endpoint of R of non-positive weight, including ones that go through
u®, we can choose it as path V. In such case, when constructing S’ we removed only
non-positive fragments of S and added some fragments of R of positive weight, so
the weight of S’ is greater than the weight of S and we are done.

Otherwise, we define S” — it consists of all cycles of S incident to u®, but not
vS, paths P, Q1, one arbitrary chosen path of S between uS and v$ (we will denote
it as Z), Roae and all cycles of R incident to u”®. We will show that S” has positive
weight.

Notice that the path P, U Q) is positive by Lemma [4I] We also know that paths
P, U Z and Q; U Z are positive, as otherwise we would use them as path V' in the
construction of &’. This means that P, U Q1 U Z is positive. P, is also positive,
as otherwise it would be used as path V. As cycles of § incident only to an odd
endpoint and fragments we chose from R are positive, it shows that S” has indeed
positive weight.

In this case v € R, as that would be Case 2, so S’ and S” are always canonical
paths.

[

We finished considering all possible cases, so we proved Lemma [30]
m
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Chapter 3

Hardness of Minimum Maximal
Matching

In this section we prove that Minimum Maximal Matching in both general graphs
and bipartite graphs cannot be approximated with a constant ratio better than 2.

Theorem 15 ([DLM19, Theorem 1]). Assuming UNIQUE GAMES CONJECTURE, it
18 NP-hard to approximate MINIMUM MAXIMAL MATCHING with a constant better
than 2.

Theorem 16. Assuming STRONG UNIQUE GAMES CONJECTURE, it is NP-hard to
approzimate Bipartite MINIMUM MAXIMAL MATCHING with a constant better than
2.

Theorem 17. Assuming SMALL SET EXPANSION HYPOTHESIS, it is NP-hard to
approzimate Bipartite MINIMUM MAXIMAL MATCHING with a constant better than
2.

Our results are based on relation between MMM and Vertex Cover — it is easy
to see that vertices matched in any maximal matching form a vertex cover (or,
equivalently, that unmatched vertices form an independent set). Vertex Cover was
shown by Khot and Regev to be hard to approximate with a constant better than
2 assuming UGC [KR08], but to prove Theorem [15| we need a hardness of Vertex
Cover with a promise, that in the YES case vertices in the minimum vertex cover
admit a perfect matching (which would then be a minimum maximal matching). To
obtain such a result we change Khot and Regev’s hardness of Vertex Cover to suit
our needs.

As Vertex Cover is polynomially solvable in bipartite graphs we need to be more
careful. Vertices matched in maximal matching, hovewer, form a specific kind of
vertex cover, which is balanced — that is it contains equally many vertices from
both sides of the graph. The complement of such vertex cover is a Balanced Bi-
Independent SetE], which is known to be hard to approximate [Manl8, [ BGH™16].

Problem 54 (Maximum Balanced Bi-Independent Set). Given a bipartite graph
G = (VowUg, Eg), find in G a mazimum independent set ZS, such that |[ZSNVg| =
IZS NUg|.

!Many of cited papers talk about Balanced Bi-Clique, when recalling those papers we will
implicitly take a complement of a graph
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3.1 Hardness of Minimum Maximal Matching in
general graphs

In this section we prove hardness of approximation of Minimum Maximal Match-
ing in general graphs. We will start by recalling Khot-Regev hardness of Vertex
Cover [KRO8]. Then we will describe changes that we need to make for this reduc-
tion to work for Minimum Maximal Matching.

3.1.1 Revisiting the Khot-Regev hardness of Vertex Cover

In their paper [KROS§| Khot and Regev prove the UGC-hardness of approximating
Minimum Vertex Cover within a factor smaller than 2. In this section we look at
parts of their proof more closely.

Let us start by recalling Unique Games Conjecture.

Problem 9 (UNIQUE LABEL COVER, ULC(e, R)). Given a bipartite biregular graph
G=(UWV,E), a set of labels [R] = {1,..., R}, and for each e € E a permutation
T 1 [R] — [R] distinguish between two cases:

o (YES) There ezists a subset V' C V of size |V'| > (1 —¢)|V| and a labelling
1: UUV — [R] such that for every edge (u,v) € E wherev € V', ) (l(uw)) =

l(v).

e (NO) For every labelling | the number of satisfied edges (u,v), i.e. such that
T(uw)({(1)) = 1(v), is smaller than €| E|.

We will also refer to permutations {7e}ecr as constraints.

Conjecture 10 (UGC [Kho02]). For everye > 0 there ezists R such that ULC(e, R)
is NP-hard.

While this is not a standard formulation of UGC, as discussed in Section [I.1.2]
it is an equivalent one [KRO0S§], and it is used by Khot and Regev as a starting point
of their reduction?

Now, we state a reduction from the ULC to the Minimum Vertex Cover problem.
Given an instance of ULC(e, R) ® = (G = (UgW Vg, Eg), {Te}.cp) We build a graph
Gq> = (Vq), E@)

Reduction 55 ([KRO08|). Input: An ULC (g, R) instance ® = (G = (Ug W Vg, Eg),
{Tre}eEE>'
Output: A graph G = (Vp, Eg,w : Vo — R).

Let Vi = Vg x 2B 50 every vertex in Go corresponds to one vertex in Vg and
a subset of labels. The weight of a vertez (v,.S), is equal to

w(v, S) = p(|S]) = |Vlcl SI(1 = p)ls

2In their paper they actually perform one more step to obtain what they call a Strong Unique
Games Conjecture (note that their Strong Unique Games Conjecture differs from the one we defined
in Section and use it as a starting point of their reduction. We incorporated this step into
our presentation of their reduction.
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where p = % — e (there is a bias towards smaller sets). The total weight of Gg is thus
equal to 1.

For any u € Ug and its two neighbours vi,vy in G, we add an edge between
(v1,S1) and (vq, Sa)in Ecb iff there is mo pair of labels s1 € Sy and sy € Sy satisfying
the constraint m,, u) © 7T( ( during this procedure parallel edges may be created).

We will denote C, := {(v, 9)|S € 2/} and call it a cloud of vertices corresponding
to v.
Two lemmas are proved.

Lemma 56 (Completeness [KRO8, Sec. 4.2]). If ® is a YES instance, the graph Ge
has an independent set of weight at least % — 2¢.

Before proving this Lemma, let us define a set ZS which we will also use in
completeness proof for the hardness of MMM. As we are in the YES case, there is
a labelling [ : Vi — [R] and there is a large set V' of vertices (|[V'| = (1 —¢) |Vg]),
such that all constraints with one endpoint in V"’ are satisfied by [. Then we define
IS as:

18 = {(v,8) [ve V', l(v) € S}

Proof of Lemma[50, We claim that ZS is an independent set in Gg. For any two
vertices v; and vy of V'’ we know, that for any u € Ug

szglu(ﬂm U(l(vl)) = I(UQ)‘

Indeed, if we then take the sets of labels Sy 3 [(vy) and Sy 3 [(ve), they do satisfy
the constraint for the vertices vy, vy. Hence, there is no edge between (v, S7) and

(v2, Sa).
Finally, the weight of ZS is equal to

w(IS) =Y ( ) (U)w(v,S)) )3 <|VG| f:( 11> ,pk,(l_p)R_k>

veV’ \SC[R],S31 k=1
=Y <p.1.]§<R_1> .pk.(l_p)R—l—k>
vev’ ‘VG‘ k=0 k
= ( (p+(1- p))R_l>
veV/
A 1 1
= p=(1—e)(=— — — 2.
R e><2 &) >3 -2

The most of their paper is dedicated to proving the following key lemma.

Lemma 57 (Soundness [KRO8| Sec. 4.3]). If ® is a NO instance, Go does not have
an independent set of weight larger than &', where €' is some constant that depends
on €.

Since the minimum vertex cover is a complement of the maximum independent
set, we see that it is hard to distinguish between graphs with minimum vertex cover
of the weight % + 2¢ and those, where minimum vertex cover weighs 1 — &’.
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3.1.2 Weighted Minimum Maximal Matching

Let us now modify their reduction. The graph G gets additional edges between
vertices (v, S1), (v, S2) if S1 NSy = 0 — they do not assign the same colour to the
vertex v and as such at most one of them belongs to ZS. Moreover, we introduce
the weight function on the edges.

wy ((v1,S1), (v2,59)) = w (v1, S1) + w (v, S?)

This weight function is such that for any matching, the weight of matching edges is
equal to the weight of matched vertices.

Reduction 58. Input: An ULC (¢, R) instance ® = (G = (UaW Ve, Eq), {Te}cp)-
Output: A graph Gy = (Vg, B, wy : Eg — R).

Let Vo = Vi x 2B 50 every vertex in Go corresponds to one vertex in Ve and
a subset of labels. The weight of a vertex (v,S), is equal to

w(v, S) = p(|S]) = chl SI(1 = p)Fls

where p = 3 — e (there is a bias towards smaller sets). The weight of an edge is then

W ((U17 Sl> s (’UQ, Sg)) = w (Ul, Sl) +w (UQ, SQ)

For any u € Ug and its two neighbours vi,vy in G, we add an edge between
(v1,S1) and (vq, Sa)in Eg iff there is no pair of labels sy € Sy and sy € Sy satisfying
the constraint m,, ., © Ty.,. Additionally, for any v € Vi, we add an edge between

(v,81) and (v, S2) iff Sy NSy = 0.

Clearly, the Lemmas [56] and [57] still hold for G’ — it is easy to check that proof
of Lemma [56| is still valid, while Lemma [57| still holds, because we only added new
edges in this reduction which cannot increase the size of the maximum Independent
Set.

We will now show that similar statements are true for the Minimum Maximal
Matching.

Lemma 59 (Completeness). If ® is a YES instance, the Minimum Mazximal Match-
ing in Gy weighs at most % + 2¢.

Lemma 60 (Soundness). If ® is a NO instance, the Minimum Mazimal Matching
in Gy weighs at least 1 — €', where €' is some constant that depends on €.

These Lemmas altogether will give us the theorem.

Theorem 61. Assuming the Unique Games Conjecture, for any 6 > 0 it is NP-hard
to distinguish between graphs with mazimal matching of weight %—i—é and those where
every mazimal matching weights at least 1 — 9.

This in turn means that — assuming UGC — a polynomial-time approximation
algorithm with a factor better than 2 for weighted MMM can not be constructed.

Proof of Lemma[59 Let us construct a matching M in G%. The matching will only
consist of the edges between vertices corresponding to the same vertex in ®. First
we define the part of M restricted to V’

My = {(0.80) ~ (v.55) | v € V' A S195, = [R]\ {1(v)}
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For vertices of G in clouds corresponding to vertices outside of V’ we define
M= {(0.8) ~ (v.%) [0 @ V' A S105, = [R)}

The matching M will be the union of My and Mj.
We can observe, that the vertices matched by M are exactly those, that do not
belong to ZS. Hence,

1 1
wi (M) <w(Ve) —w(ZS) <1 - (2 - 25) =5 +2
Moreover, since the vertices of M compose a vertex cover, M is a maximal
matching. O]

Proof of Lemma[060. Let M be any maximal matching. The vertices matched by M,
V(M) form a vertex cover. Hence, the weight of M is going to be at least as large
as the weight of the minimum vertex cover. From Lemma [57| we know, that if ® is
a NO instance, G’s minimum vertex cover weighs at least 1 — ¢’.

]

3.1.3 Unweighted Minimum Maximal Matching

A natural way to reduce a weighted variant of a problem to the unweighted would
often be to assume that the weights are integral (that can be achieved by rounding
them first at a negligible cost) and copying every vertex as many times, as its
weight would suggest. This simple strategy will not however work with instances
from previous section, where we were matching pairs of vertices of different weights.
Such a matching does not easily translate to the graph with copies of vertices, as
matched vertices would have different number of copies. Thus, we want to create a
different, fractional matching, in which every vertex is matched proportionally to its
weight. Then, we can use such matching after copying each vertex.

In order to extend our approximation hardness proof to Minimum Maximal
Matching problem in unweighted graphs, we thus need first to modify our weighted
reduction a bit. The structure remains the same, but the weight of each edge is now
defined to be the minimum of the weights of its endpoints — thus telling how many
copies of its endpoints it can match.

Wmin ((’U17 Sl) y (UQ, 52)) = min {U)(’Ul, Sl), U)(UQ, Sg)}

Similarly to the reasoning presented in the previous section, when G is a YES
instance, we will want to construct a matching and argue that it is maximal using
a known vertex cover.

Fractional Matchings

Definition 62. A fractional matching is an assignment of values to variables z.
corresponding to edges, such that for every edge e, 0 < x, < wpin(e) and for every
vertex v, Z(v,w)eE’ L (v,w) < U}(U)

Definition 63. A fractional matching r saturates a vertex v if >, ,)ep T(ow) =
w(v). A vertex v is unmatched if 35, ,)ep T(ww) = 0.
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As we know already, when ® is a YES instance, there is a vertex cover in G
composed of all vertices except those in ZS.

Lemma 64. If ® is a YES instance, a fractional matching exists that leaves all
vertices in IS unmatched and saturates all the other vertices.

We will now prove this Lemma. Our matching will be a sum of three matchings
— Iy, F1 and Fy. The first two of them will only match vertices in the same clouds.

We will first define these matchings for vertices not in V.

Let us consider a vertex v € V' and its cloud C,. The matching needs to saturate
every vertex in C,.

Matching Fj restricted to V' is defined similarly to M; in Lemma [59]

Wnin ((v, S1), (v,52)), if S; W5 = [R]
0, otherwise

Fo((v,81), (v, 8)) = {

Recalling, that the weight function w defined on vertices, has a bias towards
smaller sets, we can state the following.

Observation 65. Fy saturates all vertices (v, S) € C, such that |S| > £.

Let us now pick 0 < k& < £ and look at the layer C := {(U,S) ‘ |S| = k‘}
The graph is symmetric, and F matches every vertex with the same weight —
(R —k) = ﬁpR_k(l — p)*. In order to build a matching F; that saturates all
vertices in this layer we build a bipartite graph B* out of C.

Definition 66. For every set S of size k, By has two vertices, S and S®. SF is
connected with S£if S; N Sy = 0.

The graph By is in fact a Bipartite Kneser Graph. As proved in [MS17], it
has a hamiltonian cycle Hjy. We are using this cycle to define F} — for every edge
connecting the sets S; and S; in Hj, we lay the weight of

1

Fi ((0:81), (0, 82)) = 5 (k) = (R~ K)

on the edge connecting them in C.
To saturate the vertices (v, () (for v € V'), we must realize that all these vertices
form a clique in G% in which we can find a hamiltonian cycle Hy. Let us define F;

20)—p(|R])
FQ((vh@);(UQ?@)) B {“ ; , for {v,v2} € Hy

0, otherwise

Lemma 67. Fy + Fy + F» saturates all vertices {(v, .5) ‘ v g V')

Proof. We look at the vertex (v,S). If [S| > £ then this vertex is saturated by
Observation G5l

If 0 < |S] < %, then the hamiltonian cycle Hy, visits set S exactly twice (once
ST and once S%), using four edges incident to it. Hence, the total contribution of
Iy and F; is equal to

p(R[ — k) +4- i (u(k) = p(|R] = k) = p(k) = w(z, S).

Finally, if S = () then Fy contributes u(|R|) to the vertex (v, (), while Fy con-
tributes 2 - M, hence that vertex is also saturated. O
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(z, R\ (SU{r.}))
@

Figure 3.1: A close-up look at the resulting matching in a cloud of vertices corre-
sponding to the vertex x € V'. The fractional matchings Fy and F; can be discretised
to match all the copies of respective vertices.

When v € V’

We proceed similarly as with vertices not in V’, but this time we only want to match
vertices {(v, S) ’ l(v) & S}. For the cloud C, when v € V', our first matching Fj is
taking the labeling of the vertex v into account. Similarly to the proof of Lemma 59
we match (v,S1) and (v, S2) if S; WSy = [R] \ {{(v)}, thus saturating the larger of
the sets.

R—1

Again, the layer C* for k < =5~ composed of sets not containing /(v) — that

is Ck .= {(v, 5) ‘ |S| = k, l(v) ¢ S} — can be transformed into Bipartite Kneser
Graph the same way as in Definition [66, and we use its hamiltonian cycle to define
Fl.

Finally the vertices (v, () for v € V' form a clique. Once again, we can use the
hamiltonian cycle in that clique to define F5.

Hardness of unweighted MMM

We are now ready to prove Theorem [15]

Theorem 15 ([DLM19, Theorem 1]). Assuming UNIQUE GAMES CONJECTURE, it
1s NP-hard to approximate MINIMUM MAXIMAL MATCHING with a constant better
than 2.

Starting with a graph G, with the weight function w on the vertices, and any
precision parameter p > 0, we are going to construct an unweighted graph G4 =
(VP, EP). The resulting graph size is polynomial in |®| and %.

Definition 68. Let n = |Vg| - %. For every v € Vg we set n, = [n - w(v)j. The

new set of vertices is going to consist of multiple copies of original vertices; for each
vertex v, we add 4 - n, copies.

Ve={(vi) |veVaic{l,. . 4-n}}
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The edges are going to connect each pair of copies of vertices connected in G%.

B = {{{v1.i1) , (v2.i2)} | {or, 00} € E(Gy),
i € [4-ny, )iz € [4-my,]}.

This construction has been presented in [DS02]. It is shown that any vertex
cover C' C G yields a product vertex cover C” = U,cc{(v,7) | i € [4-n,|}

. |Cp| .. .. . p
with ‘w(C) — | <P (precision). Moreover, every minimal vertex cover in GY% is

a product vertex cover [DS02, Proposition 8.1]. We can similarly define a product
independent set, which has analogous properties, as independent set is a complement
of a vertex cover. That way from the set ZS we obtain a set ZS” in graph G%.

As before, we are now going to prove two lemmas witnessing the completeness
and soundness of our reduction.

Lemma 69 (Soundness). If ® is a NO instance, then for every maximal matching
M in GY
2-|M|>1|VPI(1—2¢ —p).

Proof. Take any maximal matching M. The 2 - |M| vertices matched by it form a
vertex cover C. Let C_ be a minimal vertex cover obtained by removing unneeded
vertices from C' (in a simple greedy way — remove a vertex if after its removal C'
remains a vertex cover). As presented in [DS02], C' is a product vertex cover, which
means, there is a vertex cover C, in G with weight

C-| ]

+p< — +p.
Ve TPS et

On the other hand, from Lemma 57 we have, that w(C,,) > 1 — 2¢’. O

w(Cy) <

Lemma 70 (Completeness). If ® is a YES instance, a mazimal matching M exists
in G with
1 1
M < Svel (5 + 2+ p).

Proof. Take F, a fractional matching on G% constructed in Lemma When F
matches vertices u = (v, 51) and w = (v, Sz) with some weight F'(u,w), we are going
to match 4 -n - [F(u,w)] copies of u and w in G%.

Let us focus on a vertex u = (v, S) € ZS belonging to a vertex cover of G, with
0 < |S| < £. 1t is matched by Fy to (v, S’), which leaves 4 ([w(v,S)| — [w(v, S")])
vertices in G% unmatched. This number is divisible by 4, which allows us to match
all the copies of vertices in the Bipartite Kneser Graph according to F (see Fig|3.1]).

Finally, the number of unmatched copies of the (v, ) vertices is divisible by 2.
We can thus replicate F, to match all the remaining copies of these vertices.

Since we are matching every node in a vertex cover of the graph G%, our matching
is maximal and its cardinality is half of the cardinality of the vertex cover.

1 1 1 1 1
= — Pl — P <7 14 1—1(= — _ <7 P -
[M[ =5 (V7= IZS]") < 5V \( (2 2e p)) 51V \(2 +2€+p)

3[x] is an integer nearest to z.
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3.2 Bipartite MMM hardness assuming Strong UGC

In this Section we will review the reduction from Unique Label Cover with Weak
Expansion to Bi-Independent Set problem, that was presented in [BGHT16]. Then
we will present our modification and prove its correctness.

Let us start by recalling problems Maximum Balanced Bi-Independent Set and
Unique Label Cover, and Strong Unique Games Conjecture.

Problem 54 (Maximum Balanced Bi-Independent Set). Given a bipartite graph
G = (VeWUg, Eg), find in G a mazimum independent set IS, such that |[ZSNVg| =
|IZS N Ug|.

Problem 11 (ULC with weak expansion, ULCE(e, R, d)). Given a bipartite bireg-
ular graph G = (UWV, E), a set of labels [R], and for each e € E a permutation
Te 1 [R] — [R] distinguish between two cases:

o (YES) There ezists a subset V' C V' of size |V'| > (1 —¢)|V| and a labelling
| : UUV — [R] such that for every edge (u,v) € E where v € V', m ) (l(u)) =
[(v).

e (NO) For every labelling | the number of satisfied edges (u,v), i.e. such that
Ty ({(1)) = 1(v), is smaller than €|E|. Moreover, for every S C 'V of size
|S| = oV, [T(S)| = (1 =6)|V|, where I'(S) is a neighbourhood of the set S in
the graph G.

Conjecture 12 (Strong UGC [BKQ9]). For every e > 0 and § > 0 there exists R
such that ULCE(e, R,0) is NP-hard.

The main building block of their reduction is the graph 7" that we are going to
use as a gadget. It will be composed of identical layers and parametrised by a prime

number ¢ > 2 (see Fig[3.2).

Definition 71 (7). The vertex set is [¢] = {0,1,...,q — 1}. There are three kinds
of (undirected) edges.

e {i,i+1 (mod q)} fori # |q/2].

e A self-loop {i,i} for i # 0 and an additional one for |¢/2] + 1.

e An edge {0, |¢/2]}.

The resulting graph is 3-regular and connected.

Let additionally define the sets Hi, = {|q/2] +1,...,¢ — 1} and Lo, = {1,...,
|¢/2]}. 0 belongs to neither. As one can see, there are no edges in Tj, between Hi, and
Lo,, so they form a balanced bi-independent set (although not fitting our definition,
as T, is not bipartite). The graph T' = T:" has the vertex set [q]" (thus every
vertex is an R-element vector of numbers from [g], every coordinate corresponds to
one label colour in unique label cover) and two vertices x and y are connected with
an edge, if z; and y; are adjacent in T, for every coordinate i € [R]. The reduction
from [BGH™16| is now defined as follows.
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Figure 3.2: The gadget 7, for a prime number ¢ > 2 (black) is an undirected 3-
regular graph. The modified gadget 7T} is obtained by adding directed arcs from i to

q—ifori¢& Lo, (grey).

Reduction 72. Input: An ULCE(g, R, §) instance (G = (UgW Vg, Eq), {7}
Output: A bipartite graph H = (Uy W Vy, Ey).

Let Uy = Vg = Vg X [q]R, so every verter in H corresponds to one vertex in
Ve and R numbers in [q]. For any u € Ug and its two neighbours vy, vy in G, we
add an edge between (vi,x) € Uy and (ve,y) € Vi in Ey iff ﬁ(jjvl) o x s connected

R).

eckE»

to W(jjw) oy in T (coordinates correspond to different labels, so we need to permute
them to the point of view of vertex U)EI

It is easy to see that if the input graph comes from the YES case, then there is
a bi-independent set of size (3 —¢ — %)|UH W V| in H. To find it take the labelling
[ and the set V' C Vg of vertices fully satisfied by the labelling . For any v € V'
and z such that x;,) € Lo, pick (v,z) € Uy into the left side of the bi-independent
set. Similarly for w € V" and y, include (w,y) € Vy in the bi-independent set if
Yiwy € Hiq. Such set is bi-independent, because x,) and ¥, are not neighbours
in 7, (and these two coordinates are compared, when creating edges, because of
permutations). The reader can see, that in fact two symmetrical bi-independent sets
exist in H. The soundness is analysed in the original paper.

Lemma 73 (Soundness, [BGH™16, Lemma 14 reinterpreted]). For every constant
7y, there exist constants €, such that if G comes from the NO case of ULCE(¢g, R, J)
then H has no balanced bi-independent larger than €|Ug & Vi|.

Now it is time to introduce our modification. Let us define a new gadget T, by
adding directed arcs {(i,q —i)};gp, (see Fig. . The undirected edge between
two vertices is replaced by a pair of two directed arcs, the self-loop is replaced by
a single arc. Consequently, the graph 7" = T(;®R is also directed. Our reduction is
similar to the one above.

Reduction 74. Input: An ULCE(e, R, §) instance (G = (Ua W Ve, Eq), {Te}.cp)-
Output: A bipartite graph H' = (Uyg W Vi, EYy).

Let Uy = Vg = Vg x [¢%, like before. For any u € Ug and its two neighbours
v1, 09 in G, we add an edge between (vi,x) € Ug and (ve,y) € Vy in EYy iff there is

-1 -1 ; !
an arc fmm ﬂ.(u,m) ox to 7T(uﬂ)2) oy n T

Lemma 75 (Completeness). If the graph G comes from the YES case of ULCE,

there is a bi-independent set BIS C Uy W Vi of size |BIS| > (5 —¢ — %)\UH W V|

in H'. Moreover, there is a perfect matching in H' between Uy \ BZS and Vi \ BZS.

4The character ‘o’ is a function composition operator. Since a vector can be viewed as a function
mapping indices to values, for a permutation 7 and a vector x, 7w o x is the vector with permuted
coordinates.
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Proof. Take | and V' as in Problem For every v € V' and z € [q]R such that
Ty € Log, we pick the vertex (v,z) € Uy into the set BZS. Similarly, for every
v e V" and y with y) € Higy, we pick (v,y) € V into BZS.

To see that BZS is indeed a bi-independent set pick any (vy,z) € Uy NBZS and
(vy,y) € Vg N BZLS. Since vy, ve € V', for every u in their common neighbourhood
in G, T (l(w) = 1(v1) and 7y e,)([(u)) = I(v2). There is no arc from .,y € Lo,
t0 Yi(vy) € Hig in T}, so there is no edge between (vy,z) € Uy and (vs,y) € Viz. The
size of BIS is |BIS| > (1 — &) |[Va|(12)gR -2 > (§ — & = 1)|Uy & V.

Now we define a perfect matching M between the vertices not in BZS. First,
for every v € V' we will match the vertex (v,x) € Uy where 2,y € Lo, with
(v,2') € Vg where

, {xi, when i # [(v)
X =

q — x;, when i =[(v)

For any vertex v € Vi \ V' let M ((v,z)) = (v, x). Such edge exists since there was
a loop (7,7) in T, for every i € [q]. O

With Lemmas [75] and [73] we can conclude.

Corollary 76. Assuming Strong Unique Games Conjecture, for any ¢ > 0, it is
NP-hard given a bipartite graph G = (U WV, E) (with |U| = |V|) to distinguish
between two cases.

e (YES) There is a mazimal matching in G of size (3 — €)|U].

e (NO) There is no bi-independent set of size e|UWV |, so every mazimal match-
ing must have at least (1 — ¢)|U| edges.

which gives us Theorem [16] as the (2 — €)-approximation algorithm faced with
a YES instance would produce a solution of size at most (1 — 2¢)|U| unequivocally
qualifying it as a YES case.

3.3 Bipartite MMM hardness assuming Small Set
Expansion Hypothesis

Our second hardness of Bipartite MMM starts from the Small Set Expansion prob-
lem. It is a modification of the proof of hardness of approximation of Maximum
Balanced Bi-Independent Set from [Manl8]. It is more complicated than the one
presented in Section [3.2] We start by recalling definitions of the problems that we
will use.

Problem 54 (Maximum Balanced Bi-Independent Set). Given a bipartite graph
G = (VgWUg, Eg), find in G a mazimum independent set S, such that |[ZSNVg| =
|IZS N Ug|.

Problem 13 (SSE(d,7n)). Given a reqular, edge-weighted graph G = (V, E,w) dis-
tinguish between two cases:

e (YES) There exists S C'V of size |S| = §|V| such that ®(S) < 7.
e (NO) For every S C V of size |S| =0|V], ®(S) >1—n.
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Conjecture 14 (SSEH [RS10]). For every n > 0 there exists 6 = 6(n) € (0, 3] such
that SSE(0,m) is NP-hard.

The reduction presented in this Section is two-step, with an intermediate problem
called Max UnCut Hypergraph Bisection(MUCHB) defined below.

Problem 77 (Max UnCut Hypergraph Bisection). Given a hypergraph H = (Vy,
Ey) decide between two cases:

e (YES) There is a bz’sectio (VR,VE) of Vg s.t. |[Eg(VR)I|Ex(VE)| = (
— )| Enl.

1
2

e (NO) For every set T C Vi of size |T| < @, |En(T)| < ¢|Egl.

We are only modifying the second step of reduction from [Man1§|, that is from
MUCHB to Maximum Balanced Bi-Independet Set, but we need to describe the
first one as well, because we are relying on the structure of the solution in the YES
case. Before we are able to do that, let us give an overview of the reduction, to
explain the origin of its various components.

3.3.1 Reducing from SSEH to UGC

In order to understand the reduction it makes sense to first see an outline of the
proof that SSEH is strictly stronger than UGC, which was presented in [RS10].

We begin with a graph G = (V, E,w) — an instance of the Small Set Expansion
problem. We will produce a bipartite graph Hy = (U WVi, By, {7}, ) Which shall
constitute an instance of Unique Label Cover problem. In the following reduction
G®% denotes a graph, whose vertex set is V% (thus every vertex is an R-element
vector of vertices from V') and two vertices x and y are connected with an edge, if
x; and y; are adjacent in G for every coordinate i € [R].

Reduction 78. Set R = § (5 is a parameter from SSE). Let Uy = Vi = VE, 5o
every vertex in Hy corresponds to a vector of R vertices from G.

(751 v1

For u = l : 1 and v = l : ] we add (u,v) to Ey if there is a permutation
UR VR

such that m ou and v are neighbours in G®R.ﬁ We set muv) = 7.

The idea behind this reduction is, that if there is a well-separated set S C V of
size 6|V| in G, then a vector of 3 vertices should in expectation have exactly one
vertex in S. We call such vector v € VI S-singular — that is v is S-singular if
{v1,...,op}tN S| =1.

If v is S-singular, then in the optimal labelling [ its assigned color should be
the index of its vertex that belongs to S. Then, most of the neighbours of u) are
also in S, so they are also chosen as labels of neighbours of v in [ (as long as these
neighbours are S-singular) thus satisfying corresponding constraints.

Unfortunately, only %—fraetion of all the vectors in H; will be S-singular, so

Reduction is clearly a failed attempt, as the easy part—completeness—is not
working.

5(A, B) is a bisection of X if |[A| = |B| = |)2<7\ and AUB = X.

6The vectors v and w are neighbours in G®® iff v; is connected to w; in G for every i € [R].

o6



There is a simple way to overcome this problem. If we pick a large constant k
and sample k distinct R-element vectors (blocks) of vertices, it is very likely that
at least one of these vectors will be S-singular. This idea stands behind the second
attempt at reducing SSEH to UGC.

Reduction 79. Let R = % and k be a constant depending on £ we wish to achieve
in our UGC. Let Hy = (Us & Va, By, {7}, cpp,) where Uy = Vy = VEXE (every vertex

in Hy corresponds to k vectors of length R of vertices of G).

ul e b Wl ok
Foru = { 11 ;] and v = [ s ;] we add (u,v) to & if there are k permu-
ul ek vl ok
tations 7, ..., 7 such that 7*(ul) and v' are neighbours in G®%, and 7(u?) and

v2 are neighbours in G®F and so o] We will set muy) = =k = 7l |a?| . |=k

(concatenation of k permutations).

Now, the expected label of a vertex is the index of a vertex in S of the first
block that is S-singular, thus making it possible to prove completeness. It turns
out, hovewer, that the reduction presented above does not yet provide the desired
soundness, and certain “noises” have to be added. We will not discuss these noises
in this context, but they will be present in the next subsection(Reduction .

3.3.2 Max UnCut Hypergraph Bisection

The first phase of the reduction was described in [Manl8]. It begins with a graph
G = (V, E) and produces a weighted hypergraph H = (Vig, Ey, wy), an instance of
MUCHB. We will present two equivalent formulations of this reduction—one will
be combinatorial (easier to work with), the other (original) is probabilistic and we
present it for the sake of completeness (as it defines the weight function and may be
more intuitive).

Reduction 80 (combinatorial). Let R = O(3), k, | be constants. Let also Q =
{0,1, L}. The hypergraph is built as follows:

o The set of vertices is Vi = VIE*k x Qftxk,

e Every e € Ey is associated with a tuple (B, ..., B',x, D) where B,... B'€
VEXE 2 e QF*F D C[R] x [k].

o A hypervertex v = (A,,x,) belongs to the hyperedge e = (BL,... B!, x., D.) if
there is a permutation © € (Ig)" such that:

(i) Ip s.t. A,(i) = BP(nw(3)) for all i such that x,(i) #L.
(11) x,(i) = xe(w(2)) for all i such that 7(i) & D..

We will denote as m,. the permutation that is used to show that v € e.ﬁ The
weight wy(e) of an edge is defined by a probabilistic process described below.

To describe the probabilistic construction we need to introduce some notation.

"Equivalently we will write that 7~*(u) and v are neighbours in GOWFEXkK),
8Such permutation may be not unique. In such case, the choice of a permutation is arbitrary.
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e Let ey be a small constant. For any A € VE** Ty, (A) denotes a distribution
on V% where (i, j)-th coordinate is set to A4; ; with probability 1 — ey and a
uniformly random vertex of V' otherwise.

e For A € VExk GeWEXK)(A) denotes a distribution on VF** where (i, j)-th
coordinate is a neighbour of A;; in G sampled proportionally to the edge
weights.

e Let 8 be a small constant. 25 = {0,1, L}; denotes a distribution over (2 =
{0,1, L} where 0 and 1 are sampled with probability 3/2 and L is sampled
with probability 1 — .

e Let er be a small constant. S..(R) is a distribution over subsets of [R] =
{1,..., R} where each element of [R] is picked with probability er.

o For x € QW and A € VI let M,(A) = {A' € VR* | Vi € [Rx k] & =1

VA; = A}

e For aset D C [R] x [k] and z € QF* let Cp(z) = {x’ ‘ TURxFN\D =
x([R]XUCD\D}'

e Il is a set of all permutations of (1,..., R).

Reduction 81 (probabilistic).
1. Sample A ~ VEXF gnd AY, ... Al ~ Ty (A).

2. Sample BY ~ GPEXR)(AY) . Bl ~ G2 (AY and B! ~ Ty(BY),..., B ~

Ty (BY).

Y

3. Sample x ~ Qng and D ~ S...(RE).

4. Output a hyperedge {(W(B/),W(x’)) ‘ pelllr =a.. |z¢ e (IR o €
Cp(x), B' € My (B)}.

Remark 82. Reduction as described produces a randomized unweighted hyper-
graph. However, weights of edges are then set to be a probability that a given edge
is generated using this procedure [Manl8]. By copying the hyperedges with quanti-
ties proportional to their weights we can make the instance unweighted as defined in
Problem 77

Manurangsi [Manl8] shows that, for every e > 0, there exist constants R, k, [,
0, €y, er such that the following theorems hold:

Theorem 83 ([Manl8][Lemma 9]). If G comes from a YES case of SSEH, then
there is a bisection (V3, V) of Vi such that |[Eg(V)|, |[Ex(Vg)| = (1/2 — ¢)|Ey|.

Theorem 84 ([Manl8][Lemma 14]). If G comes from a NO case of SSEH, then
every subset T C Vi with |T| < @ has |Ex(T)| < €|Epyl.

Henceforth, we will assume that we use the same parameters R, k, [, (3, ey, er
as in [Manl8§].
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Completeness—The bisection

We present the construction of sets V) and Vj; from Theorem [83| (in the YES case).
They will be important in our further proceedings. Let S be the set that satisfies
YES case of SSEH. The following additional notation will be used:

e For a vector A € VE*F let Al ... A¥ € VE be its blocks. Let W(A, z,j)
denote the set of all coordinates i in j-th block such that z; #1 and A} € S,

e, W(A,z,j)={ic[R | Al eSnm#L}.

o Let j*(A, x) € [k] denote the first z-filtered S-singular block, i.e., smallest j
with [W (A, z,j)| = 1. Note that if such block does not exist, we set j*(A,x) =
—1.

o Let i*(A,x) € [R] x [k] be the only element in W (A, z, j*(A, z)). If j7*(A,z) =
—1, let i*(A, x) = —1. For a hypervertex v = (4,, x,) we will sometimes write
i*(v) instead of i*(A,, x,).

We will split all hypervertices into three sets: Tg,Tl,Tﬂ. Let T, be the set of
hypervertices (A, x), such that j*(A,z) = —1. Then, for every hypervertex (A4, z)

not in 7', we look at the value b = -4 ,) and include it in Tj if b = 0 and in T if
b= 1. It can be shown that |Ey(Tp)|, |Ex(T1)| > (5 — ¢)|Ex| [Manl8].

Not-disjointness relation between hypergraph edges

Following from the definition of the hypergraph (as in Reduction , we have the
following property.

Observation 85. Two hyperedges e, = (Bi,..., Bl z,,D;) and ey = (Bs, ..., B,
xg, Do) of the hypergraph are not disjoint if two permutations m, Ty € (HR)k exist
satisfying the following conditions

(1) 21(my (i) = 2o(ma(3)) for i such that m (i) & Dy A ma(i) & Do;
(2) 3p1,ps € [I] such that B (m,(i)) = BY (ma()) for all i satisfying
(i) ;(m;(i)) =L= m;(i) € D; for j € {1,2}, and
(ii) (i) & Dy V mo(i) & Ds.

We will denote the not-disjointness relation by A. So (ej,e3) € A iff there is a
hypergraph vertex v € e; N ey. We will now define our relation A C EFy x Ey. Its
definition is similar to the conditions of not-disjointness, but it is not symmetrical.
It is also a superset of A.

Definition 86. Two hyperedges e; = (Bl,..., Bl 2y, D) and ey = (B}, ... B, x,
Dy) of the hypergraph are in relation A if two permutations m,m € (II R)k exist
satisfying the following conditions

(1) z1(m1(3)) < @o(m2(7)) for ¢ such that m (i) & Dy A ma(i) € Da;

(2) Fp1,p2 € [I] such that BY* (m1(i)) = BY(ma(i)) for all i satisfying

9T,y and T; are called T}, and T respectively in [Manl8].
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(i) z;(mj(t)) =L= m;(i) € D; for j € {1,2}, and
(11) 7T1(i) € D1 \/71'2(2) g DQ.

r1 < X9 is a point-wise inequality on vectors of {2, where a < a for all a € €2 and
0<1.

3.3.3 From MUCHB to Bipartite MMM
In [Man18] the bipartite graph Gprs = (V, U Vg, Eprs) is created the following way.

L VL, VR = EH.

e ¢, € V, and e, € Vi are connected with an edge if they are not disjoint (i.e.
(e1,€.) € N).

We are applying a modification to this construction. Instead of A we are basing the
graph on the relation A which will result in a superset of edges.

Reduction 87 (MUCHB to MMM). The bipartite graph Gy = (Vi U Vg,
Envn) is built as follows.

L4 VL, VR = EH

e ¢, €V} and e, € Vi are connected with an edge in Eprar iff (€1, €,) € A.

Completeness

In the YES case we need to find a maximal matching that leaves roughly half of the
vertices of Gpsaras unmatched. The next few pages will be devoted to constructing
it, as promised in the following lemma.

Lemma 88 (Completeness). If G comes from the YES case of SSEH, then in
GMMM there is a mazimal matching of size at most (5 + €)|Vy|.

The idea is, that V;, N Ex(Ty) will be matched with Vg N Ex (7)) in matching
M, while V;, N Ex(Ty) and Vg N Eg(T,) will form a bi-independent set (this is
why we needed to build the graph on an asymmetric relation). There are some
details to discuss: one is constructing the matching precisely; secondly, the vertices
in Vp\ (Eg(To)UER(Ty)) and VR \ (Eg(To)UEL(T1)) need to be handled — they will
be matched in matching Ms; finally, we need to show formally that the remaining
vertices indeed form an independent set.

Constructing M; We will find a bijection ¢ between Ey(Ty) and Egy(T))
such that (z,¢(x)) € A for all x € Ey(Tp). For a hyperedge t = (B}, ..., B}, xo, Do)
define W(t) = {i € [R] x [k] | Ip € [l],2’ € Cp(x).i = i*(BP,2’)}. Now let ¢y =
(B}, ..., Bl xy, Do) be any hyperedge in Ex (7). We obtain x; by modifying x, as
follows.

1, if1 € W(to)

mi) = {xo(i), otherwise, (3.1)
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and set ¢(tg) = t; = (B¢, ..., Bl, 21, D). We need to prove the correctness of
this definition: In Lemma [93] we show that ¢(Ex(Ty)) € Ex(T). In Lemma [94] we
show that ¢ indeed is a bijection. To prove these lemmas, we will need some auxillary
lemmas, starting with an equivalent definition of set W (t) in Lemma [90]

Observation 89. Let tg = (B}, ..., Bl, zo, Do) be any hyperedge in Ey(Ty). Then
for every p € {1,...,1} the hypervertex v, = (B}, xo) € Tp.

Lemma 90. Let W'(t) be constructed in the following way. Consider any hypervertex
v in t. For every such v we include m,(i*(v)) in W'(t). Then W (t) = W'(t).

Proof. We will first show that W (t) € W’(t). Consider any i € W(t). Let p €
[l], 2’ € Cp(x) be such that i = i*(BP,2’). Then (BP,z’) € t,s0 1 € W'(t).

Next, we will show that W’(t) C W (t). Let v = (A,, x,) be any vertex in t. Let p
be such that A, (i) = BP(m,+(i)) for all i where x,(i) #_L. We consider another vertex
v = (mp1(Ay), Tpe(xy)), which also is in ¢. 7 permutes each block in A, separately, so
it preserves value ¢*, that is *(v") = m,+(¢*(v)). Now we claim that i*(v") = i*(B?, ).
It is so, because if A,(m,+(7)) # BP(j) then x(m,+(j)) =L. O

Lemma 91. Let tg be any hyperedge in Ey(Ty). Then Dy N W (ty) = (.

Proof. Assume the contrary. This means that there is i € Dy N W(ty). Let v =
(Ay,z,) € to be such that *(A,z) = i. We set x(i) to be 1. After this change v is
still in ¢y, because i € Dy. v is, however, also in T} because x,(i*(A, z)) = 1, which
contradicts ty € Eg(to). O

Lemma 92. For any ty € Ey(1p), Vi € W(ty). zo(i) = 0. Similarly, Vt; € Egx(Th)
Vie W(t). (i) = 1.

Proof. Consider any p € [l] and 2" € Cp,(xg). Then vertex v = (B?, ') is in ¢y, and,
in consequence, in Ty. Thus, 2/(¢*(BP,2')) = 0. As i*(v) & Dy, x(i*(BP,2')) = 0 as
well. [

Lemma 93. Let ty be any hyperedge in Ey(Ty) and t; = ¢(ty). Let v = (A, x) be
any hypervertex in ty. Then v € T7.

Proof. mu4, (1*(A,2)) € W(t1), so from (3.1) we have x;(m,¢ (i*(A,2))) = 1
Tot, (1" (A, 2)) & Dy, so x(i*(A,z)) = x1(mps, (i*(A,2))) = 1. Thus, v € T}. O

Lemma 94. Function ¢ is a bijection.

Proof. We start with an easy observation:
Observation 95. Let ty be any hyperedge in Ey(Ty). Then W (ty) = W(o(to)).

This observation follows from the fact that i*(-, z) does not distinguish between
zeros and ones in x. Now, it is easy to construct the inverse function to ¢. ¢~ will
be almost the same as ¢, except that in the vector x we will set x(7) to be 0 instead
of 1. Due to Observation , ¢! changes the same coordinates in x as ¢, so it is an
inverse of ¢. m

We use the bijection ¢ to define the perfect matching between V; N Egx (1) and
Vi N Ex(T1) in a natural way: My = {(to, ¢(to)) | to € Vi N En(Tp)}.
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Remark 96. Note that there may be many copies of to = (B}, ..., By, xo, Do) in
the graph. ¢(to), hovewer, is obtained by only changing some zeros to ones in vector
xg. As 0 and 1 are sampled with the same probability in distribution Qg, probability
of generating ty and ¢(ty) with Reduction 81| is the same. In consequence there are
as many copies of ty and ¢(ty).

We need to show that all the edges of matching M; are in graph G-
Lemma 97. Let to,t; be any pair such that ¢(ty) = t;. Then (to,t1) € A.

Proof. We will show that directly from Definition [86] We choose both 7y, 75 required
in this Definition to be identity permutation.

(1) is satisfied, as for all i either z((i) = z1(i) or x¢(i) = 0 and z;(¢) = 1, which is
exactly the definition of (i) < x1(7).

(2) is satisfied, because B} = Bj.
0

Constructing M, As we said earlier, the vertices in Vi, \ (Ex(Ty) U Eg(Th))
and Vg \ (Eg(Ty) U Eg(T1)) need to be taken care of. We are going to match them:
My = {(e1,e,) | &1 € Vi\ (Eu(To) UEw(TY)), er € Va\ (En(To) UEH(Th)), e = e,
(every vertex is matched with its own copy). These pairs are in Eypy as the
relation A is reflexive. We define our matching as M = M; U Ms. Now, all vertices
left unmatched by M are either in Vi, N Ex (1) or Ve N Ex(T5). In the following
lemma we prove that they form a bi-independent set, and therefore our matching is
maximal.

Lemma 98. For every ty € Ey(Ty) and ty € En(T0), (ti,t0) & A.

Proof. Assume by contraposition, that there is t; = (B}, ..., BL, 2y, D) € Eg(Ty)
and tg = (B}, ..., Bl, zo, Do) such that (t;,t9) € A. We will show that there exists
a hypervertex v € to N'T7. It will clearly follow that ¢ty & Ey(Tp).

The relations A and A are very similar. If (¢1,%9) € A (¢; and ¢, are not disjoint),
we have that tyNT; # () right away. Otherwise, from the definition of A we have that
there are two permutations 7, my such that Vi € ([R] x [k]) \ (D1 U Dy). x1(m1(7)) <
zo(mo(2)) and the inequality is strict for at least one i (since (t1,%9) ¢ A). Let us
consider another vertex ) = (Bg, ..., B, 2}, Do), where x} is defined as follows.

/i) = {0, if 20(mo(i)) = 1 and 21 (m1(i)) = 0.

3.2
xo(i), otherwise. (3.2)

Clearly (t1,t;) € A, which means that t{, & Ey(Tp). Let v' = (A, z,s) be such that
v" ety NT1. We will change v’ slightly, to “reverse” changes made in (3.2)). x, will
be defined as follows:

w(i) = {0 aolmolmyg(0)) =1 and 2, (i) =0 (33)
zy (i), otherwise.
Now, a hypervertex v = (Ay,z,) € ty (with the witness permutation m,;, =

o © m}/’té). To finish the proof we need to show that v ¢ Tg. Since v/ € T,
Ty (i*(Ay, xy)) = 1. Then, from (3.3), x/(i*(A,, 2))) = x,(i*(Ay, zy)), so v is also
in T7. ]
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To finish the proof of Lemma |88 we bound the size of matching M.
(M| = [Mi| + M| = |En(To)| + |V \ (En(To) U En(1h))|
1
= Vil = [Ea(T)| < (5 +¢) Vil

3.3.4 Soundness
We recall Lemma from [ManlI8] about graph G52 in the NO case of MUCHB.

Lemma 99 ([Manl18|[Appendix A)). If for every T C Vi of size at most |VTH| we have
|Ex(T)| < e|Egl, then in GBS there is no bi-independent set of size 2 - (e|Eg| +1).

MMM BIS
Y g~

As the set of edges of graph is a superset of the set of edges of
analogous statement is also true for GMMM,

Lemma 100 (Soundness). If H comes from the NO case of Problem then in
GMMM there is no bi-independent set of size 2 - (| Ey| + 1).

Altogether Lemmas [88] and [TI00] give us the following, from which Theorem
immediately follows.

Corollary 101. Assuming Small Set Ezpansion Hypothesis, for any € > 0 it is NP-
hard given a bipartite graph G = (U WV, E) (with |U| = |V|) to distinguish between
two cases.

e (YES) There is a mazimal matching in G of size (3 + ¢€)|U].

e (NO) There is no bi-independent set of size e|UWV |, so every mazimal match-
ing must have at least (1 — €)|U| edges.
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Chapter 4

Optimal algorithm for Thiele rules

4.1 Preliminaries

An approval-based election £ = (V,C,{A,},o,) consists of a set V' of n voters, a
set C' of m candidates, and, for each voter v € V, a set A, C C of candidates
approved by v. The w-THIELE rule is parameterized by an infinite-dimensional
non-increasing non-negative sequence w = (wy, ws, ... ); the w-"THIELE score (total
utility) of a subset W C C'is defined as scré, (W) == 3, v AW, The goal of an
optimization problem called w-THIELE rule is to find a set W C C' of k£ candidates
that maximizes its w-THIELE score.

For notational convenience, we assume throughout that w,; = 1.E] Furthermore,
the sequence w is henceforth assumed to be non-negative and non-increasing.

We say that a sequence w (and its corresponding w-THIELE rule) is geomet-
rically dominant if for every ¢ € Ny, w; - w30 > wi . It follows that if w is
geometrically dominant then either w = (1,0,0,...) or w“’—ﬂ > % for all 7 € N.
All Thiele rules in Table satisfy these properties.

We use Poi(-), Ber(-), Bin(+,-) to denote the Poisson, Bernoulli and Binomial
random variables respectively.

Recall that for a sequence w, we let ., denote

Y 0 1 Y
aw = E w;| = . w; | . 4.1

y~Poi(1) Lg; ] yzl e-y! (; ) (4.1)
In words, o, is the expected utility of a voter if the number of elected candidates

that they approve is distributed as Poisson distribution with mean one.
We will prove the following Theorem.

Theorem 20 ([DMMS20][Theorem 1]). Let w be any geometrically dominant se-
quence such that lim; .. w; = 0. There exists a polynomial time o, -approrimation
algorithm for w-THIELE rule, and it is NP-hard to compute (aw + €)-approzimate
solution for any constant € > 0. Furthermore, assuming GAP-ETH, we cannot
achieve (o + €)-approzimation even in f(k) - n°®) -time.

This Theorem will be proven in two parts — first we will show that there exists
an approximation algorithm and then show the hardness of approximation.

!This is w.l.o.g. since, as long as w; # 0, we may scale sequence w by any constant factor
without affecting the approximation ratio.

65



4.2 Approximation Algorithm

In this section, we describe our algorithm and argue that it gives an a-approximate
solution, thereby proving the algorithmic part of Theorem

Our approximation algorithm is based on rounding a solution of a linear program.
The simple approach to rounding — that is taking candidate ¢ with probability x7,
where z* is the optimal fractional solution of LP — does not work as often the con-
straint on number of candidates we can select would be violated. We can, hovewer,
use Pipage Rounding framework as a blackbox to guarantee that this constraint will
not be violated while achieving the same expected approximation ratio. Thus we
only need to analyze the approximation ratio of this simple rounding.

The hardest case for rounding is when every candidate in the support of LP so-
lution is assigned the same fractional value. In such a case the approximation ratio
becomes an expected value of Thiele score, when the number of selected candidates
for each voter is a random variable taken from binomial distribution. We can then
bound binomial distribution using Poisson distribution. To use this approach, hov-
ewer, we will need to prove that such case is indeed the hardest for our algorithm
which is done in Sections £.2.1] and 4.2.2

To define linear program, we first need to define scré, also on a fractional solution
xz € [0, 1]C specifying for each candidate fractionally, how much the candidate is
selected.

| Ao |
sers, (z) = > > w; - min {1, max {0, x4, — [+ 1}},
veV [=1
where x4, = > .ca, .. Intuitively, for each voter v this function adds the first x4,
elements of the sequence w. The last element of the sequence may be counted in only
fractionally. With this definition, we now compute the optimum fractional solution
of the following linear program, which we will denote as x*.

maximize scré (z)
subject to Z Te=k
ceC
ze 0,1

Throughout this section for a fractional vector y* we will use notation g ~ y* to
denote that g is a random vector with each coordinate ¢; independently chosen to
be 1 with probability y; or 0 otherwise.

Note that our constraint in the program is a uniform matroid, which we will
need to be able to use Theorem 102l

To round z*, we will employ a framework called pipage rounding [AS04].
Specifically, we resort to the following result of Calinescu et al.

Theorem 102 ([CCPV1ll, Lemma 3.5]). Let f be a monotone, submodular func-
tion, let M be a matroid and a let B(M) be a convexr hull of indicator vectors
of the bases of M. Given a vector y* = argmax{f(z) | x € B(M)} the proce-
dure PipageRounding(M, y*) will return a solution S € M of value E[f(S)] >

Ejny- [ (9)]-
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Remark 103. Applying Theorem directly results in a randomized algorithm.
There is however another version of this theorem which yields a deterministic al-
gorithm [CCPVUT]. In order to use it, we have to be able—given a vector x*—to
efficiently compute Ezp[scr &, (2)].

This can be done with a simple dynamic programming procedure: Let dp,[m][i]
denote the probability that exactly i candidates out of ci,...,c, € A, have been
selected. Clearly it can be computed using the identity dp,[m][i] = dp,[m — 1][i —
1] -a} +dp,[m —1][i] - (1 =} ). Having calculated these probabilities, calculating
Esur[scré (2)] is straightforward.

The function scrf is submodular (because w is non-increasing), and monotone
W )

(because w is non-negative). We can thus use Theorem to round the optimum
LP solution z*. The resulting approximation ratio is then at least

Eivar[scr (2)]

scré, (z*)

p:

The remainder of this section is dedicated to bounding p.

E; * | S I"g T
Let the approximation ratio of a voter v be p, := % where scré, (z,v)

is the score of v, i.e., Zﬁ”l‘ wg - min {1, max {0, 24, — [ + 1}}. Henceforth, we will

focus on a single voter v and show that p, > .. By using mediant inequalityﬂ, this
straightforwardly implies that p > a4, as desired.

We next characterize £* that minimizes the ratio p,, which in the end will lead
us to the claimed bound.

4.2.1 Step 1: Three-valued x*

Let 7 = 23 = > .ca, 7, be a sum of x* values for candidates approved by v. The
score of the fractional solution x* can now be written as scré, (z*,v) = wy + -+ +
Wir| +A{7}- UJLTJ+1E|

The numerator Ez..«[scr & (2, v)] of p, can be written as

i((wl+...+wl)£ﬁ {Z @c—z]).

We recall the following Lemma due to Barman et al.

Lemma 104 ([BEGG20(]). Let x € [0,1]™ be such that x1 + -+ + x,,, = 7. Then,
for any non-negative sequence (ay,as,...), there exist ¢ € (0,1) and 2’ € {0,q,1}"

such that Y-, = 7 and Y j(a; Pemo[>m, i = 1)) = (@i Poma [Xy 2 = 1]).

In [BFGG20), Lemma 2.5], 7 is required to be an integer. While this assumption
is not required in their proof, we present a proof of this Lemma for completeness.

Proof. Let x € [0,1]™, be such that it minimizes >;(a; Pzz[> 1%, Z; = []) subject to
>~ x; = 7. For contradiction, we assume that x takes two distinct values other than
0 and 1 — w.l.o.g. assume that x1,z5 € (0,1) and z; # 5. Let p = x1 + 5.

*Mediant inequality says, that if b,d >0 and § < § then {75 > ¢[Bull3].
3{ry := x — |x] is a fractional part of a number z.
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We create another vector x’, parameterized by y, by setting 2} =y, 2, =p —y
and for i > 2 2} = x;. Then for any [ we have

+AP/[Z£2‘:Z—1]AP,[@1+f2:1| Z@Zl—ll
o Li=s o =3
+AP,[Z@:Z—Q]AP,[£1+£2:2| Zji:l_Ql
o Li=s o =3

Piwaf’ [Zzﬂii’) iz = l]? Pi:mx’ [Z:i?) :i'l =1- 1]’ P50~:L" [27;3 iz =1- 2} are independent
of y. Poew[Z1 + 20 =0 | X33 =1 = (1 —y)(1 — p+y) and so is a degree 2
polynomial in y which is symmetric for exchanging y and p — y.

Similarly Pap (21 +22 = 1| Y@ =1—1] = (1-y)(p—y) +y(1 —p+y) and
Pimw[T1 + 220 =2 | X3 =1 — 2] = y(p — y) are degree 2 polynomial in y and
symmetric for exchanging y and p — y.

The function we want to minimize, >°;(a; Pz [>o1% Z; = []), is a weighted sum
of such polynomials and as such it is also a degree 2 polynomial in y which is
symmetric for exchanging y and p — y. Therefore it is minimized when either y is
on the boundary of its domain, that is y € {0,p} if p < 1lory € {p—1,1} when
p > 1, or when y = p — y. Neither of these cases hold for x so it does not minimize
Soi(a Poma [ @; = 1]) which is a contradiction.

O

Now, notice that the denominator scrf (z*,v) in our ratio p, only depends on

the sum 7 = }  .c4, 2, and not the way values are distributed among z’s. Hence,
from Lemma [104] p, is minimised by z* that only takes three values — 0, ¢ and 1,
although we do not yet know what the value of ¢ isﬁ

4.2.2 Step 2: Getting rid of ones

Let w(z) be a function w : Ryy — Ry extending w, defined by w(z) = w, -
(1 — {x}) + Wiz 41 - {x}. Clearly, when x is integral w(x) = w,. For fractional x, the
function just takes the weighted average of w,), w|;)4+1. The following observation
is straightforward.

Observation 105. The function w is convez.

Proof. Since w(x) is piecewise linear, it suffices to show that the differences between
consecutive elements of w are non-increasing, that is Vo > 1: w;_1 —w; > w; — w;41.

Take any ¢ > 1 and suppose w;, w;y1 # 0 (when w;;; = 0 it must also hold
that w; = 0 from definition of geometrical dominancy). From w being geometrically
dominant w;‘il + w;tl > wﬁl + w;gl which is greater or equal to 2 since 7 + g > 2
for all positive a and b. ww—;l + ww—tl > 2 implies that w;_; —w; > w; — w4, which is
what we wanted to show. O

Using this observation, we can prove the following lemma, which allows us to
only consider x* that does not contain 1.

4Note that this reduction minimizes p, only for a single voter, as applying Lemma to
different voters may result in different values of q.
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Lemma 106. Suppose z; = 1 for a candidate ¢ € A,. Then the approzimation ratio
for the voter v does not increase after removing ¢ from the fractional solution x*.
Formally, if x5 =1, then

oo (Wi Paags [ e 2 1) 2o (wl Pi~ar [ZC# Te 2 lD
W+ -+ W) {7 Wr /leF Tt W) AT wLTJ

Pv =
Proof. Tt suffices to show that

AP TR (W Poner [Sode > 1)) = T (1 Pins |[Sope e > 1)
Afee <w1 + w7} wm+1) - <w1 + W {7} wm)

Z Py

In fact we will just show that Afr:c

1. Starting with the numerator.
Aiént - xN;C |:Z xc

(o (e -2 5o ])

IR S
>

Sl lZ%J) lw (=)

(e 5 s

Where the inequality follows from convexity of w. O

Hence, the fractional solution z* that minimizes the ratio p, of a single voter
only has values 0 and g where g € (0,1).

4.2.3 Step 3: Comparing Binomial and Poisson

The values {x}} ., are now all either 0 or ¢ and sum up to 7. It means that, when
we sample T ~ z*, we now are performing g coin tosses with an identical coin with
bias g. The value of our integral solution which is equal to >; (w; - Pz [Xp e = 1)
can be now rewritten as Y-, (w; - P[Bin(7/q,q) > 1) = E[w1 + - - - + WBin(r/g,9)]-

Let sy,(n) = wy + - - - + w,. The function s,, is monotone (as w is non-negative)
and concave (as w is non-increasing). We recall another lemma by Barman et al.

Lemma 107 ([BEGG20, Lemma 2.3]). For any convex function f, any integer
N > 1 and parameter p € [0, 1] we have E[f(Bin(N, p))] < E[f(Poi(Np))].

By applying the above lemma for the function s_,,(z) = —s,(z) which is convex,
we get that E[wy + - - - + Wein(r/q,9)] = E[w1 + - -+ 4+ Wpei(r)] and hence

E[w1 + -+ wPOi(T)]
Wyt Wi AT Wir 4

V

po (4.2)
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4.2.4 Step 4: Changing the mean of Poisson

A property of Poisson distributions is that sampling X; ~ Poi(\;) fori =1,...,m
and adding them is equivalent to sampling Y ~ Poi(>; \;). Hence,

[7]
E[w1+--.+wpoi<7>]=(z £ [wy+1+~~+wy+Poi<n1) (43)

1= y~Poi(i-1)
E [w 1t tw POiT]'
yPor(|r ) YT y+Poi({7})

We can bound each term in (4.3) as follows.

Lemma 108. For anyl € {1,...,[7]}, we have

wq
E 4ot NI >E . . .
proi(l_l)[warl Wytpoi(1y] = E[wr + - -+ 4+ Wpoi(1)] o

Proof. We start with the left side of the inequality

y~P E(l 1)[wy+1 +oee wy+Poi(1)] = Z Elwy11 + -+ wy+Poi(1)] - P[Poi(l — 1) = 9]
o1{t— y:O

By w being geometrically dominant we get

> E[wysi -+ 4 wyrpoin)] - P[Poi(l — 1) = y]

y=0
o) w '
> E[wy + - + wpgin)] - Y —2+ P[Poi(l — 1) = ]
y=0 W1
E Wpoi(l—1)+1
= Elwy + -+ 4 wpoiny] - Q
w1
WE[Poi(l— w
> Efwy + - + Wpeign)) - LEPoi(t=1)+1] _ E[wi + - - - + wpoin)] - &
w1 w1y
The last inequality coming from convexity of w. m

Next, we will apply a similar reasoning to the last term of (4.3)). Specifically, we will
show the following:

Wir]+1
w1

Lemma 109. EyNPOi(I_’TJ) [wy+1 +- wy.,_poi({T})] > E[w1 +---+ wPoi(l)] . -{T}.

Before we attempt to prove it, it will be helpful to have the following two lemmas
at hand.

Lemma 110. We define auziliary function: g(z) = w,, for z € Ny and g(0) = 0.

Let f(X) = E.opoin)[9(2)]. Then j{\ = ZNEpoi[g(z +1) —g(2)].
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Proof.
df _ dE.opeiylg(2)] _ d3522, 9(2) P[Poi(A) = 2]

dA dA dA
_ °°0 QS) (Xt — a2 )
= —g(0) P[Poi(\) = 0] + ig(z) (P[Poi(A) = z — 1] — P[Poi(\) = z])
— 3" P[Poi(A) = 2l(g(= + 1) — g(=))
B a1~ ()

Lemma 111. Let f(§) = EZNPOi(‘;)[wlywﬁ”'erzL For any § € (0,1] f(0) = f(1).

. poi(s) [w1+wa+--+w;]
5 . Its

Proof. We use Lemma [110| to analyse the function f(§) =
first derivative is

df EZN 0i6[5wz ]_EZN 015[w +...+wz]
f’(é)zﬁz Poi(9)92+1 521’() 1 '

We are going to show that f/(0) < 0 for § € (0,1] by focusing on the numerator
Lam (0) := E.opoi(s) [0w41] — Eoopoi(s) w1 + - - - + w,] (the denominator 6% is always

going to be positive). Obviously f! . (0) = 0. Moreover derivative of f! Joum _

e dg
0 E . [W,+2 — w,11], is never greater than 0 since the sequence w is non-increasing.
z~Poi
O

Now we can come back to Lemma [I09]

Proof of Lemma[109 Again we transform the left side of desired inequality and take
advantage of geometrical dominance and convexity of sequence w.

Wr|+1
yNPE(LTJ)[wy+1 + o Wyipoi{rp] = E[wn £ - + weoi(gry)] - wy
Now, by applying Lemma 111 with § = {7},
W, W,
Elwi + -+ + wpoi(rp)] - —lrlt > E[wy + - 4 wpoin)] - {7} - —rk+
wq w1

O
Putting together (4.2)), (4.3)), Lemmas and allows us to conclude that the

ratio p, is at least

Wy A+ Wi+ {T) W4

Elw; + - -+ + wpoi] -
[ oi( )] w, <w1++wL7J +{T}'wl_7—J+1)

which is equal to Efw; + -+ + wpei(1)] = aw since wy; = 1. Hence, our algorithm
yields an ayw-approximate solution.
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4.3 Hardness of Approximation

We next prove the hardness of approximation (second part of Theorem . Our
proof largely follows the proof of (1 — 1/e + o(1))-inapproximability of Max k-
Coverage of Feige [Fei98]. Specifically, we reduce from the Label Cover problem:

Problem 112. A Label Cover instance L = (G = (AW B, E), L], [R],{7}.c5)
consists of a bz’—regulmﬂ bipartite graph (A, B, E), alphabet sets [L], [R| and, for every
edge e € E, a constraint «. : [L] — [R]. We will refer to A and B as respectively
left and right side and to [L] and [R] as respectively left and right alphabet.

A labelling of L is a function ¢ : A — [L]. We say that ¢ satisfies a right vertex
v € B if, for every two neighbours u,u’ of v, we have T(yw)(d(w)) = T ) (P(u')).
The value of ¢, denoted by val(¢), is defined as the fraction of right vertices satisfied
by ¢. Moreover, we say that ¢ weakly satisfies a right verter v € B if there exist
two distinct neighbours u,u’ of v such that T, (P(u)) = T v (P(u')). Similarly, we
define the weak value of ¢, denoted by weak-val(¢), as the fraction of right vertices
weakly satisfied by ¢. We use val(L) (resp. weak-val(L)) to denote the mazimum
value (resp. weak value) among all assignments ¢, i.e., val(L) := maxg. 4z val(¢)
(resp. weak-val(L) := maxy 4[] weak-val(¢) ).

For any § > 0 and t € N, let Label-Cover(t, R,9) denote the following prob-
lem: given a Label Cover instance L with right degree t and right alphabet set [R],
distinguish between val(L) = 1 and weak-val(L) < 0.

The hardness of Label-Cover (¢, R, §) is well-known and is often used as a starting
point for reductions in hardness of approximation. Below we summarize two results
of hardness of approximation of Label Cover relevant to our work.

Theorem 113 ([Fei%]ﬁ). For every § > 0, every t € N;t > 2, and for any suffi-
ciently large R € N (depending on d,t), Label-Cover(t, R,0) is NP-hard.

Theorem 114 ([Man20]). Assuming GAP-ETH, for every 6 > 0, every t € N,t >
2, and any sufficiently large R € N (depending on §,t), no f(k)- N°®) _time algorithm
can solve Label-Cover(t, R,0), where k denote the number of left vertices in Label
Cover and f can be any function.

We may now state the main properties of our reductions:

Theorem 115. Let w be such that lim; ., w; = 0. For any € > 0, there exist § >
0,t € N and a reduction that takes an instance L = (G = (AWB, E), [L], [R], {7c}.c)
of Label-Cover(t, R, §) and produces an election € = (V,C,{A,},cy) inpoly(|C|, [V])
time such that:

e (Completeness) If val(L) = 1, then there exists W C C such that scré, (W) >
V1.

o (Soundness) If weak-val(L) < 6, then for all W C C, we have scrl, (W) <
(w + ) - [V].

SIn bi-regular graph every vertex in A has the same degree and every vertex in B has the same
degree, but these degrees can be different.

6Note that Feige [Fei98] did not state the hardness of Label Cover explicitly in this form. For
an explicit formulation, the readers may, for example, refer to [Mos15].
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o (Size bound) |C| = |A|- L and |V| = |B| - t&.
e (Parameter) k = |A|.

Plugging in Theorem to Theorems [I13] immediately yields the desired
hardness of approximation in Theorem [20]

The rest of this section is devoted to the proof of Theorem[I15 Our reduction is in
fact the same as Feige’s [Fei98], which can be interpreted as the inapproximability
for APPROVAL CHAMBERLIN-COURANT. Hence, on the hardness front, our main
contribution is in extending the analysis to work with more general sequences of
weights. To this end, we provide several helpful auxiliary lemmas in Section |4.3.1].
Then, in Section {4.3.2] we describe Feige’s reduction together with our generalized
analysis, and prove Theorem [115]

4.3.1 Auxiliary Lemmas

Similar to the analysis of our algorithm, we will need to move from (generalizations
of) Binomial random variables to Poisson random variables. The difference between
here and the algorithmic counterpart (Section is that the sign is flipped.
Specifically, in Section , we need E[wy + - - - + Wiinnp)] = E[wi + - + Weoignp) |-
Below, we show that in fact the left-hand side is not much more than the right-hand
side. Our lemma is presented in its full generality below.

Lemma 116. Let w be such that lim; .o w; =0, v, A > 0 be any positive real num-
bers. Then, there exists po = po(W, v, A) > 0 such that, for any positive real number
p < po, any positive integer n < A/p and any non-negative integers my, ..., my with
St m; = n, we have

E [wl + -+ wzg < E[w1 + -+ wPoi(np)] +7. (44)

21,.--,2¢~Ber(p) i=1 V%

Another useful fact is stated below.

Lemma 117. The function f : R>g — Rxg given by f(X) = E.opoipny[wr + - - + w.]
1S concave.

Proof of Lemma [116]

To prove Lemma (116} we will also rely on the following classic result that gives an
upper bound on the total variation distance between the Binomial distribution and
the corresponding Poisson distribution.

Theorem 118 ([LeC65]). For any n € N and p € Ry, Y32, | P[Bin(n,p) = k| —
P[Poi(np) = k|| < 4p.

Proof of Lemma[116. Let i* be the smallest positive integer such that w;« < 0.1y/A.
We let py = 0'?}/\7 ® . The proof of (4.4) consists of two parts. First, we will show that
the left-hand side is at most E[w; + - - - + wBin(n,p)]. We will then relate this quantity
to the right-hand side of (4.4)). To show the first part, let us first observe that, for

any m € N and M € NU {0}, we have

z/NBEer(p)[wl + o W] = (w1 - Fwar) P (Warp o Warem)
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and thus

E e m—1)z +2/
z'l,zéwBer(p)[wl + + WA Dzt 2]

= (w1 + - +wu) +p(1 = p) (wargr + -+ + Warsmon) )
+p(1 = p)warsr + p*(War1 + -+ + Wargm)

= E [ ] 4 p(1 =) (Wi = i)

> E [wl + -+ wM-i—mz’]- (45)
z'~Ber(p)

By repeatedly applying (4.5), we have

E [wl +oeet wm121+~~~+meze]

2 m1

1 [wl + wz%—l-m—l-zznl+m222+~~~+ngg]
21425 002y ©22,0.,20€Ber(p)

< [w1+---+w1 my 1 me]
z% ..... z;nl ..... zk,..z, £€Ber(p) S B A R’
— E |:w1 + oo + wBin(n,p)} . (46)

Now, we will relate the above quantity to the right-hand side of (4.4)). Notice that
E[wl + -+ wBin(n,p)] —E {wl +- wPoi(np)}

= i(P[Bin(n,p) = k| — P[Poi(np) = k|) - (wy + - - - + wy,). (4.7)

We will separate the term on the right-hand side above into two parts, based on
whether k£ < kg := L%J, and bound each term. We start with the first term.
ko

> _(P[Bin(n,p) = k] — P[Poi(np) = &]) - (w1 + -+ + wy)

k=1

< ko kz | P[Bin(n, p) = k] — P[Poi(np) = k|

(From Theorem [T18])

<
(From our choice of ky and p) < 0.47. (4.8)

The second term can be bounded as follows:

o0

3 (PIBin(n,p) = K] — PIPoi(np) = ) - (w + i)

< Y. PBin(n,p) = k] - (wi + - +wp)
k=k‘0+1

(From our choice of i*) < Y P[Bin(n,p) =k]- (i* + (k —i*) - 0.1y/\)
k=ko+1

(From our choice of k) < Y P[Bin(n,p) = k] - (k- 0.2y/))

k=ko+1
(From np < \) < (0.27y/X) E[Bin(n, p)] = (0.2y/\) - np
< 0.27. (4.9)
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By combining (4.7)), (4.8) and (4.9)), we have

Elwy + - + Wginnyp)] — E {wl +e T+ wPoi(np):| < 0.6y <.

The above inequality together with (4.6]) yields (4.4) as desired. ]
Proof of Lemma 117

Proof of Lemma[117. Recall the following identity from Lemma [110} if h()\) =
Eszoi()\) [g(Z)L then % = Eszoi()\) [g(Z + 1) - g(Z)] By applylng the 1dent1ty to
f twice, we have % = Espoion) [War2 — w2y1] <O -

4.3.2 The Reduction and Proof of Theorem [115

We can now describe the reduction and prove Theorem [I15] As stated earlier, our
reduction is the same as that of Feige [Fei98], which employs the following gadget:

Definition 119 (Hypercube Set System [Fei98]). For any integer t € N, R € N,
the (¢, R)-hypercube set system is defined as H = (U, P1,...,Pr) where the
universe U is [{]® and each P; = (P} 1,. .., P;;) is a partition of ¢/ into ¢ parts where
Pj,i = {u = (ul,...,uR) S [t]R | U; = ’L}

In our reduction, we first pick the parameters as follows.

e Let ¢* denote the smallest positive integer such that w;- < 0.1¢, and let ¢ =
10i* /e.

o Let v=0.7¢, po = po(W,7,109) be as in Lemma m

o We sclect t = [2/py] and & = %01€.

Given a Label Cover instance £ = (G = (AW B, E), [L], [R],{n.}.cp) where the
right degree is ¢, we create an election €& = (V,C,{Ay},, ) as follows.

e Let (U,Py,...,Pgr) be a (t, R)-hypercube set system.

e Let the set of voters be V := B x U.

e Let the set of candidates be C':= A x [L].

e For each b € B, order its neighbours arbitrarily and, for a neighbour a of b, let
t(a) € [t] denote its index in this ordering. A voter (b,u) € B x U approves a
candidate (a,0) € A x [L] iff a is a neighbour of b and u € P, (0).4(a)-

o Let k= |A|.

The reduction obviously runs in poly(|C|, |V|) time and the sizes of C,V are as
stated in Theorem [T15]
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Completeness

Suppose that there is an assignment ¢ : A — [L] that satisfies every b € B. Pick
W = {(a,¢(a)) | a € A}. We claim that scré, (W) > |V]; specifically, we will argue
that every voter approves a candidate in W. Consider any voter (b,u) € B x U and

let ay,...,a; be b’s (ordered) neighbours. Since ¢ satisfies b, we have 7, ) (¢(a1)) =
= Tap)(P(ar)). Since Pr, ,(4(a1)) is a partition of u, there exists i € [t] such
that u € Pr, ,(4(ar))i = Pﬁai,b(d)(al)),i. This implies that (b,u) approves (a;, ¢(a;)) as

desired.

Soundness

Assume contrapositively that there exists a subset W C C' of k candidates, such
that scré, (W) > (ay, +¢€) - |V]. We will show that weak-val(¢) > 4.

For every b € B, let Vi, = {b} xU, & = (Vp, C, {Av},cy,) denote the subelection
on the voters V;, and let degy, (b) := |W N (N (b) x [L])| where N(b) denote the set
of neighbours of b. For every a € A, let W, C [L] denote {o € [L] | (a,0) € W}.
Finally, let D = 10vt.

We divide the set B into three sets:

e Let By denote the set of b € B s.t. degy, (b) > D.

e Let B, denote the set of b € B such that degy, (b)) < D and, for all distinct
neighbours ai,as; of b and all oy € W, ,00 € W,,, we have 7, p(01) #

Tr(a2,b)(0-2)'
o Let Bg = B\(Bl UBQ)

We will next argue that |Bs| > ¢ |B|, for some constant ¢;. depending on ¢ and
€, which will then allow us to “decode” back the assignment to the Label Cover
instance £. To do so, we start by bounding the contribution of B; to scré (W). The
main idea is that when degy, (b) is large, the “average score per candidate” becomes
small, which gives the following upper bound on the desired quantity:

Proposition 120. Y ,cp, scré (W) < 0.2¢ - |V].

Proof. Let us fix a vertex b € B;. Notice that each candidate (a,0) € N(b) x [L]
is approved by exactly |V3|/t voters in V, (and voters in Vj, do not approve any
candidate outside N(b) x [L]). As a result, scr& (W) is of the form 322, rw; for
some sequence (1;);en of non-negative integers that satisfies Y22, 7, = degy, (b)-|V3|/t

and |Vy| > ry >y > -+ . It is simple to see that among such sequences Y 52, rw; is
maximized whenr = -+ =, = |Vj| for m = |degy, (0)/t], rmi1 = |Vb|-{degy, (b) /t}
and 7,42 = rmys = -+ = 0. In other words, scr& (W) is upper bounded by
m de b) - |V, n
(SSIAI- )+ 1Vl s 0 s < (gW”") (Z wz)
i=1

degW |Vb

(From definition of ¢* —14%)0.1¢)

d
(From our choice of D, 1) <M> (0.2em)
(degw V3| )
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Summing the above inequality over all b € By, we have

Y sar® (W) < 0.2¢ (Z W)

be By be B
V]
=026 —— - degy, (b)
Bt 2,0

V]

< 02— |B|-t=0.2¢-|V]|,

g Bl t=02e- V]

which concludes our proof. O

Next, we bound the score contribution from B, using the auxiliary lemmas
shown in the previous subsection.

Proposition 121. Y, scrit (W) < (ayw + 0.7¢) - [V].

Proof. Let us fix b € By. Let ay, ..., a; be its (ordered) neighbours. For each k € [R],
let 7 = [{(a,0) € W | a € N(b), m(ap)(0) = K}|. Moreover, if 7 # 0, let i* denote
the index i € [t] of the neighbour s.t. 7, p)(0;) = & for some o; € W;. (Due to our
definition of By, there is a unique such i.) If 7% =0, let ¢* =_L.

Recall that a voter (b,u) approves a candidate (a;,0) iff u € Pr, (o) OF
equivalently Uny (o) = L. Hence, the number of candidates in W approved by
(b,u) € V, is

Z Z 1[uﬂ(ai’b)(g) = Z] = Z . 1[u,€ = i'{].
i€ft] o€Wy, Kk€E[R]
Hence, we may rearrange scré (W) as
|Z/[| ’ _— ERNM [wl + -+ wZne[R] Tn~1[u,€_7;n]:| .
Observe that 1[u; = i'],..., 1[ug = ifY] are i.i.d. Ber(1/t) random variables. More-

over, Y.ery 7" = degy,(b) < D = 109t. By our choice of ¢, we may apply Lemmam
to get
SCT%(W) <|U|-E [w1 + -+ wPoi(degW(b)/t)} + .

By summing this over b € By, Y pep, scrit (W) is at most

| - Z (E [wl + e+ wPoi(degW(b)/t)} + 7)
be B>

|B|t

<|Ul-|B|-|E w1+"'+wpoi<2begdegw<b>> +

= (an + 0.7¢€) - V],

where the inequality comes from Lemma([117, and the equality from Yy 5 degy, (b) =
|B| - t, U] - |B] = |V| and from our choice of . O

From the two propositions above and our assumption that scré, (W) > (au +¢€) -
|V|, we must have Yy, scrs2 (W) > 0.1¢ - [V|. It is obvious to see that scr§ (W) <

w

degyy, (b) - |Vp|/t, which is at most D - |V |/(t - |B|) for b € Bs. Thus,
0.1e - |V 0.1et|B|  0.01¢|B]
B3| > = = . 4.10
5= DBy T D g 0
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Now, consider the following (random) assignment: for every a € A such that W, #
0, let ¢(a) be a random element of W,. By definition, each b € Bj has distinct
neighbours ay, as and o1 € Wy, 00 € W, such that m, 5)(01) = a4 (02). Hence,
the probability that ¢ weakly satisfies such b is at least Warl-Wagl > ﬁ, where the
inequality follows from degy, (b) < D. Thus,

B #.10) 0.01 0.0001
I%[Weak—val(¢)]> B ’ € _ ‘

B[-D2 ~ 9.DP o

This completes our proof of Theorem [115]

78



Chapter 5

Least Unstable Perfect Matching

In this Section we will prove the hardness of Least Unstable Perfect Matching with
a measure of instability which we define later. Our starting point of the reduction
will be a Balanced Bi-Independent Set, which we already used in Chapter [3] This
time, we use a formulation in which, instead of finding a maximum size Balanced Bi-
Independent Set, we ask, given a parameter k, if there is a Balanced Bi-Independent
Set of size 2k. These two formulations are obviously equivalent.

Problem 122 (Balanced Bi-Independent Set). Given a bipartite graph G = (Vg &
Ug, Eq) with |Vi| = |Ug| and a parameter k € N, decide if there exists in G an
independent set TS, such that |ZS N Vg| =|ZS NUqg| = k.

5.1 Preliminaries

A stable matching instance is a bipartite graph G = (Vi W Ug, Eg) and, for each
vertex v € Vg W Ug, a preference list >, which orders neighbours of v (if u >, w,
then v prefers u to v).

Definition 123. Consider a graph G = (Vg W Ug, E¢) with preference lists {>,
toevewu, and a matching M. Then (v, u) € E¢ is a blocking pair, if

e u >, M(v) or v is unmatched, and

e v >, M(u) or u is unmatched.

For a matching M we will denote the set of blocking pairs as B(M).
Definition 124. Let (uv/,v"), (u,v) € B(M). Then (v/,v") dominates (u, v) if either:

1. v =wand v =, v, or

2. vV =wvand v =, u.

We denote by dom((u,v)) a subset of blocking pairs which are dominated by
(u,v).

Definition 125. For a matching M, a permissible set of blocking pairs D(M)
is such that every blocking pair (u,v) ¢ D(M) is dominated by some blocking pair
(W', v") € D(M).
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While a permissible set of blocking pairs, for a given matching M, is not unique,
Biermann showed that every such set have the same size [Biell].

We are interested in the following problem — given a bipartite graph G and
preference lists for every vertex find a perfect matching with the smallest size of a
permissible set of blocking pairs. We show that this problem is NP-hard.

Theorem 126. Given a bipartite graph G = (Vg W Ug, Eg) and for each vertex v a
preference list >, it is NP-hard to find a perfect matching that minimizes the size
of a permissible set of blocking pairs.

In our reduction we will use the folling Observation.

Observation 127. Let G = (Vg W Ug, E¢) be a complete bipartite graph such that
Vol = [Ug| and {+,}veveuue be any preference lists. Then there exists a perfect
stable matching in G.

This observation follows from the fact, that a matching that is not perfect cannot
be stable, as there would be two vertices, one on each side, which are left unmatched.
As the graph is complete, these two vertices would make a blocking pair.

5.2 NP-hardness of least unstable matchings

Reduction 128. Input: A balanced bi-independent set instance (G = (VawWUg, Eg),
Output: A graph H = (Vi, Ey) and a set of preference lists { Ly, }vevy,

Let n = |Vg| = |Ug|. In our reduction H contains a copy of G. Additionally it
contains 8 clouds of vertices — ZV = {2} }iep and ZY = {2V }iep, both containing
k wvertices, and WY = {w) }Vicpnor, WY = {w? Vicpony, XV = {2} ticpon, XY =
{20 Yiewm—n, TV = {t] Ve and TV = {t }icjn—n-

FEdges between Vi and Ug remain the same as in G. Additionally, we create a
biclique between Vg and ZV and Vg and WV. Between WV and XV we create a
perfect matching — w) is connected with x . Similarly we create a perfect matching
between XV and TV .

The preference list of vertex x¥ is w) =,v tV. The preference list of vertex w) i

;1S
z) =wY Vo (that is, w) prefers x¥ to any vertex in Vg and the order of vertices in
Vi on preference list of w) is arbitrary). The preference list of vertex 2} is arbitrary.
Finally, the preference list of vertex v € Vg is WY =, Ug =, Z" (again, order of
vertices in the respective sets is arbitrary).

We proceed analogously for the set Ug and the corresponding clouds of vertices.

An example of the Reduction [12§]is presented in Figure [5.1}
It is easy to see that the reduction creates a bipartite graph. To prove Theo-
rem |126| we prove the following two Lemmas.

Lemma 129. If G contains a balanced bi-independent set of size 2k, then H contains
a perfect matching with 2(n — k) permissible blocking pairs.

Proof. Let ZS be a balanced bi-independent set of size 2k. Then we construct the
perfect matching M as follows.
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TV XV wVv VAL

TU XU WU UG ZU

Figure 5.1: Example of graph H from Reduction m Edges in G are omitted for
the sake of clarity of this Figure.

We include in M edges (t!,z)) and (tV,2Y), for i € [n—k]. Between VoNZS and
ZV we find a perfect stable matching and add it to M (such matching always exists,
because of Observation . Similarly, we find a perfect stable matching between
Vo \ ZS and WV and add it to M.

We do the same for the set Ug.

Now we claim, that the set of permissible blocking pairs is a subset of (XV x
WYYu (WY x Vg) U (XY x WY) U (WY x Ug). It is so, because the only other
candidate blocking pair would be (u,v) for some u € Ug,v € V. For (u,v) to be a
blocking pair, u would have to be matched with some 2! and v with some ZJV — if
at least one of them would be matched to a vertex in WV or WY they would prefer
their current partner. If so, then by the choice of vertices matched to ZV and ZY,
both u and v are in ZS, so there is no edge between them, and in consequence they
cannot be a blocking pair.

Since the set of permissible blocking pairs is a subset of (XV x WY)U(WV x Vg)U
(XU x WY)U (WY x Ug), every permissible blocking pair must have an endpoint in
either WV or WY so we can bound their number by |[WY UWUY| which is 2(n — k).

]

Lemma 130. If H contains a perfect matching with 2(n — k) permissible blocking
pairs, then G contains a balanced bi-independent set of size k.

Proof. We define ZS as vertices of Vg U Ug that are matched to some vertex in
ZV U ZY. Obviously, |ZS| = 2k and [ZS N |Vg| = ZS N |Ug| = k. We need to show
that it is indeed a balanced bi-independent set. Assume that it is not, and we will
reach a contradiction.

In a perfect matching, vertices in 7V UTY must be matched to vertices in X" U
XY Therefore, D = {(z},w} ) }iepn—r U{(z{, W) }icpn_n are blocking pairs and they
cannot be dominated by any other blocking pair, as they are on top of each other’s
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preference lists. If we find another blocking pair, which does not share a vertex with
D, then the number of permissible blocking pairs is at least 2(n — k) + 1.

As we assumed that ZS is not a bi-independent set, then thereis u € UgNZS, v €
VeNZS such that (u,v) € Eg. If so, then (u, v) is a blocking pair, because u prefers v
to any vertex in ZY, and v prefers u to any vertex in Z". As (u,v) is not dominated
by any blocking pair in D, the number of permissible blocking pairs is at least
2(n — k) + 1, which is a contradiction.

m
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