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The subject of this thesis is the existence of efficient algorithms for several combinatorial
optimization problems. A combinatorial optimization problem is a problem to find a best
solution in a given discrete structure, and in this context, an algorithm is considered to be
efficient if its running time is proportional to a polynomial of the input size. The problems
dealt with in this thesis include matching problems (e.g., B-matching, MINIMUM MAXIMAL
MATCHING, and least unstable perfect matching) and voting problems (e.g., selecting candidates
maximizing the voters happiness). The objective is to give a polynomial-time (approximation)
algorithm or to show the non-existence of a polynomial-time (approximation) algorithm for
these problems.

The thesis is 83 pages long and it consists of five chapters.

In Chapter 1, after briefly describing the history of matching problems, the author presents
an overview of the results. Some formal definitions are postponed to later chapters, but this
chapter shows the statement of each result, which enables the readers to understand the meaning
of each result. Some related results are also described in this chapter. This chapter is well-
written and it contains a good summary of the thesis.

Chapter 2 is devoted to the B-matching. For a graph G = (V, E) and a family {By}.ev
of integers, an edge set M C FE is called a B-matching if the degree of each vertex v in M is
contained in B,. A B-matching is a natural extension of a matching, which includes b-matching,
(a, b)-matching, T-join, antifactor, etc. It is known that the existence of a B-matching can be
tested in polynomial-time if the “gap” of each B, is at most one, while it is NP-hard if the gap
is greater than one. The main contribution in this chapter is Theorem 5, which states that a
B-matching of maximum cardinality can be found in polynomial time if the gap is at most one.
The proposed algorithm is quite simple. We start with an arbitrary B-matching and search
a better solution of neighboring type repeatedly. A key technical ingredient is to show that
this local search correctly finds an optimal solution, that is, to show that the local optimality
implies the globally optimality. The result is extended to the weighted version in Theorem 6 by
a scaling technique.

The maximum matching problem is one of the most fundamental and well-studied com-
binatorial optimization problems. Since the first polynomial time algorithm was proposed by
Edmonds in 1960s, a number of algorithmic studies have been conducted for the maximum
matching problem and its generalizations. A central question in this line of research is the
polynomial solvability of generalizations of the matching problem, that is, the objective is to
design a polynomial time algorithm or to show the NP-hardness of the problem. Therefore, it
is natural to seek the conditions of B for solving the B-matching problem in polynomial time.
It was shown by Cornéjols in 1988 that “the gap is at most one” is the condition for testing
the existence of a B-matching in polynomial time. Since then, the polynomial solvability of its
optimization variant has been open. The result in this chapter settles this question by showing
that the same condition is sufficient for finding a maximum B-matching in polynomial time.
Therefore, giving a first polynomial time algorithm for the maximum B-matching problem is
definitely a great contribution in this area.



The contents in this chapter are based on a paper written with Katarzyna Paluch, which is
accepted in WG 2018. WG is not a top-ranked conference, but a good international conference
on graphs.

Chapter 3 is on the inapproximability of MINIMUM MAXIMAL MATCHING. In MINIMUM
MAXIMAL MATCHING, the input is a graph and its edge weights, and the objective is to find a
maximal matching that minimizes the total edge weights. For this problem, a 2-approximation
algorithm was previously known, while it was shown to be hard to obtain an approximation
algorithm with a factor better than 1.5 under UNIQUE GAMES CONJECTURE. The contribution
in this chapter is to improve the hardness ratio to 2, which closes the gap between the positive
and negative results. It is also shown that the same hardness result holds for bipartite graphs
if we assume STRONG UNIQUE GAMES CONJECTURE.

MINIMUM MAXIMAL MATCHING is a natural problem that is closely related to another
important problem called EDGE DOMINATING SET. Hence, the approximability of this problem
is worth studying, and closing the gap between the positive and negative results is a nice
contribution in this area. The proof for general graphs is based on the argument for MINIMUM
VERTEX COVER by Khot and Regev, but a careful modification is required. More complicated
arguments are required for the bipartite case. Therefore, we can say that this chapter contains
enough technical contributions.

The contents in this chapter are based on a paper written with Jan Marcinkowski and
Mateusz Lewandowski, which is accepted in IPCO 2019. IPCO is one of the most prestigious
international conferences on integer programming and combinatorial optimization.

In Chapter 4, the author deals with the Multi-winner Approved Based Voting rule called
Thiele rule. In this rule, we are given a set of approved candidates for each voter, and the
goal is to select a fixed number of candidates that maximize the total happiness of the voters.
Each voter has a list of candidates she approves, and if j winners are in her list, then her
happiness is the sum of the first j elements of a designated sequence w = (w,ws,...). For
any non-increasing and non-negative sequence w, there exists an approximation algorithm with
ratio 1 — 1/e =~ 0.63 for this problem. The contribution in this chapter is to give an aw-
approximation algorithm for this problem when w is geometrically dominant, where aw is a
parameter depending on w. Furthermore, this ratio is shown to be best possible under GAP
EXPONENTIAL TIME HYPOTHESIS.

Max k-Coverage is a special case of this problem, which is popular and well-studied. Com-
pared to this, the case with general w is less popular. Nevertheless, it is theoretically interesting
that the tight approximation ratio a., is obtained for each w. It is also surprising that aw is
defined in a non-trivial way. The proposed algorithm is based on a continuous relaxation and
a rounding technique, which are standard methods. Some probabilistic arguments are used to
evaluate the approximation ratio, which is a technically interesting part. Overall, the technical
contribution of this chapter is quite nice.

The contents in this chapter are based on a paper written with Pasin Manurangsi, Jan
Marcinkowski, and Krzysztof Sornat, which is accepted in IJCAI 2020. IJCAI is one of the
top-ranked international conference on Artificial Intelligence, which also covers optimization
problems.

Chapter 5 is devoted to the least unstable perfect matching problem. In a standard STABLE
MATCHING instance, we are given a bipartite graph G and a preference list of each vertex, and
the objective is to find a stable matching (i.c., a matching that has no blocking pair). The
problem in this chapter is to find a “least unstable” perfect matching, where we adopt the
measure of instability introduced by Biermann in 2011. The contribution in this chapter is to
show the NP-hardness of this problem. The result is not surprising, and the proof is based on a
standard reduction technique. Nevertheless, it is a good starting point of the study of instability



minimization. The contents in this chapter have not been published yet in any conferences or
journals.
As described above, the results in this thesis are of high technical quality. Indeed, the results
have been accepted in good international conferences such as WG, IPCO, and IJCAL
A shortcoming of this thesis is in the presentation. I recommend that the author proofreads
the entire thesis carefully. Here are some specific comments.

e It is hard for the readers to follow the proof of Lemma 30 in Section 2.4, and so it will
be better to improve the description of this part. I understand that the complicated
arguments are necessarily because of the difficulty of the problem, but adding figures and
explanations will improve the readability.

e In p.62, line 8, since scrf, () is not a linear function, the problem is not a linear program.
Thus, “LP rounding” and “LP solution” should be rephrased. For the same reason, it
should be clearly explained how we can compute an optimal solution of this continuous
optimization problem in polynomial time.

e There are several typos, which should be fixed carefully.
e The English style and language should be checked by an English native speaker.

However, the problems in the presentation do not diminish the value of the results.
Again, the technical quality of the results in this thesis are quite high. Overall, I conclude
that this thesis fully satisfies the requirement for obtaining a doctoral degree.
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