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Thank you for giving me an opportunity to provide an evaluation of Mr. Dudycz’ dissertation. I
apologize for providing this evaluation in English – after 35 plus years abroad, my Polish scientific
vocabulary is too limited to write such an evaluation in Polish.

Mr. Dudycz’ thesis covers an interesting collection of packing/covering problems on graphs. The
results concern new variants of these problems, and include several polynomial-time algorithms,
exact or approximate, as well as some tight hardness-of-approximation results. While the problems
studied in different chapters are significantly different, the thesis is quite cohesive, held together by
focussing mostly on matching-related problems and/or approximations.

General matchings. Matching problems have a long history, and have been widely studied in graph
theory and algorithmics. Besides their practical significance, the interest in matchings is to large
degree spurred by their theoretical aspects, as matching problems are often polynomially solvable,
yet at the same time they require unique insights and techniques. For this reason, extending these
techniques to more general settings and more general matching problems is of great interest. Ad-
dressing this, the thesis studies algorithms for findingB-matchings, where each vertex v is assigned
a set Bv of integers, and in a B-matching the degree of v must be in Bv. The special case when
each Bv is {0, 1} corresponds to standard matchings. It is known that B-matchings exist if all sets
Bv do not contain any gaps of size 2 or larger, and under this condition a B-matching can be found
in polynomial time. (This is best possible, since the problem is NP-hard if B has a gap of size at
least 2.) This thesis pushes the boundary further by proving, in Chapter 2, that even the optimization
variant of this problem, where the objective is to compute a B-matching of maximum weight (pro-
viding that a graph has at least one) is polynomially solvable. This is a very strong result. The key
difficulty is in understanding the subtle structure of subgraphs induced by the symmetric difference
of two B-matchings, and in finding a way to exploit it algorithmically. The algorithm in the thesis
runs in time O(n6m logW ) (where W is the maximum weight) and is fairly involved. I expect that
this work will inspire further research on this problem, and that the combinatorial properties and
insights established in the thesis will ultimately lead to faster algorithms and simpler analysis, and
perhaps also apply to other interesting extensions of matchings.

Minimum maximal matchings. A maximal matching is a matching that cannot be extended by
adding an edge. A better way to think of a maximal matching is as a vertex cover that consists
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of disjoint pairs of adjacent vertices. (In other words, this vertex cover induces a subgraph with
a perfect matching.) The problem of computing a minimum vertex cover is a classical NP-hard
optimization problem and is now well understood. It has a trivial 2-approximation algorithm and
this ratio 2 is tight, assuming UGC (Unique Games Conjecture). There are also some non-tight
hardness-of-approximation results that rely only on the assumption that P 6= NP. In contrast to
Vertex Cover, the approximability status of Minimum Maximal Matching is less understood. The
upper bound of 2 is trivial. There are some lower bounds based on the P 6= NP assumption, and the
best lower bound in the literature is 1.5, and it assumes the UGC. Chapter 3 of this thesis closes this
gap, by proving a lower bound of 2, assuming UGC. It extends this result further by proving a lower
bound of 2 for Minimum Maximal Matchings in bipartite graphs, although this requires stronger
complexity-theoretic assumptions. The proofs are via non-trivial adaptations of the corresponding
lower bounds for Vertex Cover. This is a very nice pair of results that establish tight bounds on
approximation ratios for these matching problems, and also further extend the applicability of UGC
as a tool for proving lower bounds. I find the second result particularly interesting, because cleanly
separates Minimum Maximal Matching and Vertex Cover problems, as the latter problem can be
solved in polynomial time in bipartite graphs.

Stable matchings. This is another classical variant of matchings, dating back to 1960s, where nodes
have specified preferences among their neighbors and the objective is to find a matching in a bi-
partite graph in which no two nodes prefer each other over their current matches. It is well known
that stable matchings can be found in polynomial time, and that such a matching could only have
half as many edges as a maximum matching. In Chapter 5, the thesis addresses the optimization
variant in which the matching is required to be perfect, that is it must cover all vertices, and the
objective is to minimize some measure of instability. In the thesis, this instability is measured by
the number of so-called permissible blocking pairs, which are, roughly, blocking pairs that domi-
nate all other blocking pairs. This concept was introduced by F. Bierman, who established some
basic properties of permissible blocking pairs, but did not address the computational complexity of
the problem. This thesis proves that this problem is NP-hard. This result, while relatively simple
to prove, nicely contributes to extending the boundary between polynomially solvable nad NP-hard
matching problems.

Election winners. Chapter 4 studies multi-winner approval-based election systems. (This one topic
in the thesis is not directly related to matchings.) One can think of such a system as a bipartite
graph with edges representing which voters approve of which candidates. Each set of candidates
is assigned a score based on the set of edges with endpoints in this set, and the objective is to find
a k-element set of candidates that maximizes the score. The particular score studied in the the-
sis is called the w-THIELE score, where w is a parameter, given as a non-increasing sequence of
non-negative reals. Different w’s give rise to different w-THIELE scores. The thesis establishes
optimal approximation ratios for a class of w-THIELE sequences called geometrically dominant,
by providing an approximation algorithm and proving non-approximability results with matching
bounds. The problem itself is a generalization of maximum set coverage problems, and the tech-
niques are inspired by the related work on approximating maximum set coverage, but extending
these techniques to a much more general setting. This generality is a nice feature of this work —

2



while bounds for some specific sequences were known in the past, and the 1 − 1/e upper bound
applies to all w-THIELE scores, by submodularity, this thesis provides a formula for the tight bound
αw that applies to any sequence that is geometrically dominant, including some sequences studied
earlier in the literature.

Conclusion. Mr. Dudycz’ thesis deals with optimization problems that are natural, well motivated,
technically challenging, and of significant interest to the algorithms research community. For all
these problems, his thesis presents concrete improvements over the state-of-the-art. Of particular
note is the tightness of the provided approximation bounds, making the provided solutions complete
and final, except perhaps for potential technical improvements that relax the complexity-theoretic
assumptions behind the lower bounds. The work involves substantial depth and breadth, and it
is based on a variety of sophisticated ideas and techniques, some being non-trivial adaptations of
existing methods and some novel. I expect these new ideas to contribute to further progress in this
area, and this work to be well cited in the future.

In summary, I believe that Mr. Dudycz’ research contributions included in his thesis meet the re-
quirements for a doctoral dissertation.

Additional comments. Overall, I enjoyed reading the thesis and I feel that I learned a lot. At the
same time though I feel compelled to add one critical comment regarding the quality of writing. In
the original version of the thesis that I received last year I found the writing somewhat chaotic and
difficult to follow. It lacked precision and some key steps in the proofs were missing. I do appre-
ciate Mr. Dudycz providing me with a revised version of the thesis with some proofs significantly
expanded, and with improved clarity and organization. While still not perfect, it was much easier to
read and it helped me undestand some parts of the thesis.

Sincerely,

Marek Chrobak
Computer Science & Engineering
University of California at Riverside
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