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Abstract

Continuation-composing style and so called stacked or layered continu-
ations describe the image of the CPS translation of Danvy and Filinski’s
delimited control operator shift and Kiselyov and Shan’s shiftO, respec-
tively. Continuations of these sorts are composable rather than abortive, as
in the traditional continuation-passing style.

This dissertation is dedicated to search for reduction-preserving reversible
direct style translations — reflections — from programs in CPS to calculi of de-
limited control; we show that it is feasible to reflect faithfully CPS programs
in calculi of delimited control using mechanical direct style translations.

Styl ze sktadaniem kontynuacji oraz tak zwane stosowe lub warstwowe
kontynuacje opisuja, odpowiednio, obraz translacji CPS operatora sterowa-
nia ograniczonego shift Danvy’ego i Filinskiego oraz operatora shift0 Ki-
selyova i Shana. Kontynuacje wspomnianych rodzajow sa skladalne a nie
abortywne, jak ma to miejsce w tradycyjnym stylu z przekazywaniem konty-
nuacji.

Niniejsza rozprawa jest poswiecona poszukiwaniom odwracalnych trans-
lacji do stylu bezposredniego — refleksji (odzwierciedlen) — z programow w
stylu z przekazywaniem kontynuacji do odpowiadajacych rachunkéw stero-
wania ograniczonego; wykazujemy wykonalno$é¢ wiernego odzwierciedlenia
programéw CPS w rachunkach sterowania ograniczonego przy pomocy me-
chanicznych translacji do stylu bezposredniego.



Chapter 1

Introduction

1.1 Overview

Delimited control [Fel88, [DF9(] is a universal computational effect capable
of expressing arbitrary computational monads in direct style [Fil94] [Fil99],
they also have a cunning use in partial evaluation [Dan96]. More recently,
delimited continuations have started to enjoy an upsurge of interest due to
their role in the semantics and implementation of algebraic effects with user-
defined handlers [PP09, [Prel5, [KP17, BPPS18, FKLP19, BPPS19, [PPS19,
SPW.J19, HLA20, BPPS20, BSO20, KPS™20, [SBMO22, [dVP23| — a leading-
edge approach to computational effects garnering interest of researchers and
programmers. Moreover, it has been shown that algebraic operations and
the so-called deep handlers are macro expressible in terms of the delimited-
control operator shift0 [KSO07, MB11], in both untyped [FKLPI19| and poly-
morphically typed [PPS19| setting. A converse simulation is also possible,
which makes shiftO closely related to algebraic effects with deep handlers.

Continuation-composing style and so called stacked or layered continu-
ations describe the image of the CPS translation of Danvy and Filinski’s
delimited control operator shift [DF90] and Kiselyov and Shan’s shift0
IKS07, [ShaO7] respectively. Continuations of these sorts are composable
rather than abortive as in the traditional CPS.

This dissertation is dedicated to search for reduction-preserving reversible
direct style translations — reflections — from programs in CPS to calculi of
delimited control. Reflections were introduced by Sabry and Wadler [SW97|
who argued for their usefulness e.g. in devising correct optimising compilers.



Given a reflection, one can freely choose between optimisations on the source
language and optimisations in the target because reflection ensures that they
are interchangeable. In our work, we reflect continuation-passing style terms
in direct style calculi; such a reflection allows to perform CPS optimisations
in direct style and vice-versa. Besides compiling, these translations could be
applied manually by a programmer. One can write a portion of a program in
either direct or continuation-passing style and convert them at will to match
the target language. Need a pure function but you like to think in terms
of computational effects? CPS translation is the right tool for you. Your
language supports control operators but you are not sure how to employ
them to solve the problem? Write in CPS and convert with DS translation
to get performant, idiomatic code.

The study began with an examination of the shift operator. Our initial
goal was to extend the 'Back to Direct Style’ saga [Dan94, [DL92] with a
translation that would allow to reliably convert programs in continuation-
composing style to direct style programs using shift and reset. Unlike
basic CPS, CCS is sensitive to reduction strategy and it has to be call-
by-value in order to stay consistent with standard reduction strategy for
reset. While the first part of the saga provided a syntactic left inverse to
CPS translation, the second works only up to an equational theory. Sabry
and Wadler’s reflection provided an interesting improvement upon the first
result of Danvy and we decided to pick up the gauntlet: while we do it,
let’s do it right and devise a reflection for CCS. Discovery of a reflection
of CCS prompted us to search for a similar result for stacked continuations
and shift0. The difference between shift and shift0 may seem minor
when looking at their visually similar reduction rules but it has profound
consequences. CPS translation of shiftO gives rise to stacked (or layered)
continuations: while basic CPS and CCS thread a single continuation, in
stacked CPS we actually pass a growing and shrinking stack of continuation.
The operator shift0 grabs a continuation from the stack while the delimiter
installs one: reset0O puts an identity function while dollar puts a function
of your choosing. This stacking behaviour is powerful enough to macro-
define dynamically scoped algebraic effects with handlers [PPS19]. More
recently, lexically scoped handlers were compiled using capabilities [BSO20,
SBMO22|, whose translation to System F recognisably employs CPS with
stacked continuations. In our studies, we discovered a reflection from stacked
continuations. It has the qualities of the previous one but it was very close
to achieving what one might call a directed axiomatisation, it was able to



justify all but a single axiom from the Materzok’s set [Matl3], a level of
strength of theory that we did not expect, and did not aim for in the first
place (we wanted just the basic reductions to work). This fact was itching
us to perfect the construction, so we developed a full reflection of shifto,
i.e. a reflection that is also an axiomatisation. This research revealed the
existence of a calculus Ag with a set of reductions that is complete with
respect to full fn-reduction in CPS. What surprised us however, is the fact
that not just some but every A-term turned out to be in the set of CPS
terms. Reflection of the entire lambda calculus in Ag reveals that call-by-
name [n-reductions and call-by-value reductions with delimited control a’la
shift0 are dual phenomena. While in A-calculus all terms are first-class,
in the Ag-calculus there is a distinction between values and computations,
mediated by mutually cancellable coercions thaw (unary shift0) and freeze
(unary dollar). The CPS translation forgets this stratification while the DS
translation recovers it, inserting coercions when necessary. This direct style
translation solves the problem of reflecting CPS programs into a calculus
with delimited control in the broadest sense given that it is well-defined for
all lambda terms.

Thesis [t is feasible to reflect faithfully continuation-passing style programs
in a calculus of delimited control using a mechanical direct style translation.

Outline Section briefly introduces the reader to basic informal con-
cepts such as continuations, control operators and delimiters. Section
introduces the crucial formal definitions of calculus, monotonicity, axiomati-
sation and others; the titular concept of reflection is defined and its relevance
and utility is justified. Section discusses method of constructing transla-
tion found in Back To Direct Style series of articles which was adapted in this
dissertation. Section explains how to obtain an axiomatisation through
completion of a starting set of rules, whose iterative, directed variant allowed
us to derive a full reflection for shift0. Later in Section we discuss how
the peer-reviewed articles that we include as chapters of this dissertation
contribute to the thesis. Introduction ends with Section that discusses
possible directions of future work. Introduction is followed by three chapters,
whose contents correspond to papers listed below.

e Chapter [2 is the FSCD 2020 paper A Reflection on Continuation-
Composing Style [BPS20].



e Chapter |3| is the PPDP 2021 paper Reflecting Stacked Continuations
in a Fine-Grained Direct Style Reduction Theory [BPS21].

e Chapter[is the MFPS 2023 paper Call-By-Name Is Just Call-By-Value
with Delimited Control |[Pyz23].

1.2 Control effects

What a control operator is? Imperative programs are full of control. To begin
with, there are variable assignments: these are not really control operators
but if want more than one instruction, you need to chain them. Control flows
implicitly down the list of instructions. A procedure call? When a function
is called, control flows into procedure’s body and when it is finished it goes
back to the caller. Loops and conditionals deal with control but the flow
is straightforward. How are these enabled? They boil down to jumps and
labels. These are harder to work with.

A control operator is a programming language construct that involves
control in a nonstructural way. Therefore we exclude sequencing, subrou-
tines, loops and conditionals. Statements of C language like goto, return,
break, continue are some tame examples of control operator (they are less
tame when the procedure does not fit the screen): nonstandard control flow is
local to the procedure, caller is unaffected. Control operators include things
like exception handling (throw and catch) in C++. These have a visible
effect on the control of the caller. These are not that bad: when you call a
subroutine it may merely not return at all, so the code below a call may not
be executed. Even with loops (or recursion) alone this could have happened.
The real deal are the control constructs discussed below, that may cause a
subroutine to return several times and hence execute the code below it more
than once, at some later, unspecified time. Welcome to the fascinating world
of control operators. [

1.2.1 Continuations

A continuation is defined as surroundings of a particular program fragment
(i.e. aterm) that are meant to be executed afterwards. For example: consider

L POSIX fork(), exec(), and standard C exit (), setjump() and longjump() are all
control operators.



term M,N == V|MN

value vV = z|Ae. M|K|TE
evaluation context F = [||EM|VE
El(Ax.M)V] — E[M[V/z]]
EIKV] — E[V(TE))
E[TE'V] — FE'[V]

Figure 1.1: Operational semantics of call-with-current-continuation (K).

a loop while(C){A; B;} with condition C' and instructions A and B, and
focus on surroundings of instruction A: in its closest vicinity is instruction B
that follows it, when you look further, the sequence of A and B is enclosed
in a loop with condition C'. A continuation can be represented textually as
a term with a hole (written []). When you plug A in E = while(C){[]; B;}
you get a bigger term F[A] = while(C){A; B;}.

Continuation-passing style (CPS) is a program format in which functions
expect an additional parameter, a function that represents the program’s
continuation [Rey98al. In CPS, computations are explicitly sequenced ac-
cording to a given evaluation strategy, all the intermediate results are named,
and there are no nested function calls, i.e., all function calls are tail calls.
An associated notion is a CPS translation, that transforms a term in di-
rect style (i.e. where continuations are implicit) to its corresponding term
in CPS [Fis93|, Plo75]. Continuation semantics for labels and jump were de-
veloped independently, where object-level constructs are translated to meta-
level A-calculus [Sch86, Rey98b]. Alternatively, continuations were used as
an intermediate language in the compilation process [Ste78, [App92]; for ex-
ample in Standard ML of New Jersey compiler CPS translation helps to
achieve efficient procedure calls. Through the Curry-Howard isomorphism
(propositions-as-types, proofs-as-programs) they also show up in logic, as a
double-negation translation [Gri90] which translates classical proofs to intu-
itionistic logic.



term M,N == v|MN| (e

value Vv n= x| . M|S|TF
pure context F n= [||FM|VF
evaluation context F w= [||EM |V E|(E)
El(Ax.M)V] — E[M[V/x]]
E[V)] - E[V]
E(FIS V)] — ELV (T F))]
E[TFV] — E[F[V])]

Figure 1.2: Operational semantics of shift and reset.

1.2.2 Abortive control operators

A continuation capture is a phenomenon in some programming languages
where a term can inspect its continuation. Abortive and undelimited are
adjectives that we now use retroactively for the continuations captured by
call-with-current-continuation operator, abbreviated call/cc or K, a control
operator present in Scheme [Ste78]|, a notable dialect of LISP. Why undelim-
ited? They capture the whole program. Why abortive? They replace the
current continuation with the one captured in a variable.

The idea behind callcc is simple: let the program access its continua-
tion, bound to a variable. This variable can be called just like any procedure,
but these procedure calls never return to the caller, instead the current con-
tinuation is replaced with the one associated with the variable.

Figure presents syntax and small step operational semantics of call-
with-current-continuation operator. This minimal language has functions
as first-class values but also the K operator and continuations wrapped in
T construct — throw expressions. The first rule regards regular function
calls: an application of a function Ax . M to a value V reduces to function’s
body M where z is substituted for V. The second rule gives the operational
semantics of callcc: continuation of I (Ax. M) is substituted for x in M.
Throw expressions have the aforementioned abortive behaviour, they discard
the surrounding continuation and supply their own instead (the third rule).



1.2.3 Shift and reset

Stretching back to [Fel88], it was recognised that abortive continuations have
problematic operational semantics; to alleviate their problems, the idea of a
delimiter was introduced. Delimiter in its simplest form is a unary operator
in program code that puts a barrier between inside and outside of it. A
control operator inside a delimiter may only capture continuation up to this
delimiter, leaving the outside world (called metacontinuation) unaffected by
the quirks of control flow inside it. First tandem of a control operator and
delimiter was control /prompt. Later on a more restrictive pair shift /reset was
derived from a principled analysis of continuation passing style programs by
Danvy and Filinski [DF90]. A version of operational semantics of shift is
presented in Figure [1.2l Throw is omitted in most presentations because
T F is macro-definable as Az .(F|z]). It does not discard the surrounding
context unlike throw expression of call/cc; instead contexts are composed
with a delimiter sandwiched between them.

CPS and semantics of control operator A particularly interesting ap-
plication of CPS is in defining the semantics of control operators, i.e., con-
structs that access and manipulate the continuation |[Rey98al, ISWO00, [FEF87].
For abortive control operators such as call/cc, which model jumps, the
image of the CPS translation is more challenging to characterise than in
the pure case. The main reason is that in the pure case one continuation
identifier suffices, whereas the abortive control operators may use any of
the lexically visible continuation identifiers — continuations can be used out
of turn. Sabry and Felleisen [SF93| considered an extension of A,-calculus
with the call/cc and the abort operator (equivalent to Felleisen at al.’s
Ap-C-calculus [FH92]), and they showed a CPS-translation to A that forms
an equational correspondence between direct style terms and CPS terms. A
direct-style translation for call/cc was also developed by Danvy and Lawall
IDL92]. Their transformation is related to the CPS translation via a Galois
connection, induced from the translations and based on the the syntactic
structure of terms rather than on reduction relations.

Continuation-composing style The image of the CPS translation of
shift and reset [DF90| is called continuation-composing style. In CCS
continuations are composable rather than abortive, which means that not all
calls are tail calls and the conditions imposed on where continuation identi-



term M,N = v|MN|MS$N | (M),

value VW = x| Ax. M| S
pure context F n= [||FM|VF|F$M
evaluation context F n= [||EM|VE|ESM|VS$E|(E)
El(Ax.M)V] — E[M[V/z]]
EWSV] — E[WV]
EWS$F[S, V]] — E[V(Ax.WS$F|x])
E[(V)ol — E[V]
E[(F[So V])ol = EV (Ax (Flz])o)]
Sox. M = Sy(Ax.M)
MS$N = $(N)M
S(](V) = SQ.Z'VLL'
$(M) = \v.a$M

Figure 1.3: Operational semantics of shift0 and either dollar or reset0. Tra-
ditional operators are mutually macro-definable with their unary variants.

fiers occur in terms are further relaxed. Ability to compose continuations is
central to the expressibility of arbitrary computational effects with contin-
uations [Wad92l, [Fi194) [Fil99]. Some work was devoted to the image of the
double CPS translation of shift and reset in which a meta-continuation
is introduced to eliminate nested computations of CCS |[DF90]. Kameyama
and Hasegawa introduced a direct-style translation which led to a direct-style
equational characterisation of the image of the double CPS translation with
Bn-equality, a fragment of A-calculus [KHO3].

1.2.4 Shift0 and dollar

The operator shiftO is a variant of shift that also admits a simple CPS
interpretation: neither recursion [Sha(7| nor concatenation is needed, un-
like in the case of control. While it can be and indeed was presented
paired with a delimiter reset0, it was also studied with a delimiter $, pro-
nounced plug or simply dollar. This delimiter is mutually macro-expressible
with reset0: e;$es := letx = ejin(xes)y or (e)g := (Az.xz)$e. Fig-



ure presents operational semantics of shift0. The actual difference
between shift and shiftO is that (F[Sxz.e]) = (e[Ay.(Fly])/x]) while
(F[Sox.€])o = e[Ay.(F[y])o/x]; notice the lack of the outer delimiter in
the latter case ((=) is the smallest equivalence relation that includes reduc-
tion relation (—)). This feature allows shiftO to remove delimiters from
the surrounding context. Shift-zeros nested like Spxy....Syx, .e can cap-
ture outer layers of the context while nested shifts cannot escape the very
first delimiter and the operator instances except the outermost will capture
identity continuations.

1.3 Calculi and correspondences

Correctness of CPS In the context of compilation, a critical concern is
correctness of the CPS translation. In his seminal work [Plo75|, Plotkin
introduced the call-by-value lambda calculus A,, equipped with a reduction
(—) and equality (=) theories, along with a CPS translation * to the call-
by-name lambda calculus A, for which he proved equational soundness, i.e.,
M = N in the source implies M* = N* in the target, and he showed that the
converse does not hold, i.e., the translation is not complete. Completeness
has been obtained by Moggi who devised a monad translation, including a
CPS translation as a special case, from the computational lambda calculus
Ac (an extension of \,) to the monadic metalanguage \,,; (equipped with an
equational theory only) [Mog89]. This result was strengthened by Hatcliff
and Danvy [HD94|, who showed that monad translation x of Moggi has an
inverse translation # such that M = M*# in the source and N#* = N in the
target, i.e., it is an equational correspondence. Finally, Sabry and Felleisen
further improved on Plotkin’s result by devising a CPS translation that forms
an equational correspondence between A. and A [SF93].

Beyond equality — directed code optimisation Sabry and Wadler ob-
tained results in which equality is replaced with reduction (viewed as directed
code optimisation) [SW97|. In particular, they presented a CPS translation
from A. to A along with its inverse # that form a Galois connection satisfying:

e soundness: if M — N7 in the source then M* —» N in the target;

e completeness: if M* — N in the target then M — N7# in the source;



This means that evaluation in the source language is equivalent to com-
piling, evaluating in the target and decompiling. Moreover, this Galois con-
nection is a reflection by satisfying an additional condition: decompiling is
a right inverse to compiling, M#* = M, where = is syntactic identity. As a
side note, Danvy developed a direct-style transformation from A to A, that is
a left inverse to Plotkin’s CPS translation [Dan94], but he did not consider
reduction or equality theories.

1.3.1 Formal definitions

We write = for the syntactic equality of terms, we reserve = for equivalences
of terms, which we simply call equality, without adjectives. A (directed)
calculus is a set of terms A equipped with a reduction relation (—,4) C
A x A. Most of the time we are concerned with reflexive-transitive closure of
— 4, written — 4. An undirected calculus A is equipped with an equivalence
relation =,. Every calculus A has an induced equivalence =4, reflexive-
symmetric-transitive closure of — 4, which provides a canonical construction
of an undirected calculus from a directed one. We say that a subcalculus
Y C X is full when (—y) = (—x) NY x Y; ie. its set of terms is closed
under reductions of calculus X.

Equational correspondence An equational correspondence is a pair of
sound translations between two undirected calculi that are each other inverses
up to equivalence. In other words, a pair (x : A — B,# : B — A) is an
equational correspondence if, and only if

e x is sound (=) and complete (<): a1 =4 ay <= a} =p a},
e # is the inverse of * up to equality of the calculi:

— o =, a,

— b#** =g b.

Examples of equational correspondence include: Sabry & Felleisen [SF93)
(between callcc and its CPS), Kameyama & Hasegawa [KHO3| (between
shift and its double CPS), Downen & Ariola [DA14] (between shiftO and
Ay, an extension of call-by-value Ap-calculus) and in Chapter [4] (between
Materzok’s Ag and a novel Ag calculus, also between Ag and lambda calculus).
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Axiomatisation For an axiomatisation, it is merely required that a sound
and complete translation from the axiomatised calculus (where equality is
a compatible equivalence relation induced from a finite set of rules) to the
reference calculus (usually a variant of A-calculus) is provided, no inverse
translation is needed. There are examples of an axiomatisation which do not
constitute an equational correspondence. Sabry [Sab96] axiomatises a variant
of callcc while Materzok [Matl3| adapts Sabry’s technique to axiomatise
shiftO.

1.3.2 (Galois connection and reflection

Below we define Galois connections and provide some essential facts about
them. We refer to Sabry and Wadler’s work [SW97| for more detailed back-
ground.

A set A equipped with a reflexive and transitive relation — 4 is called a
preorder. Notice that calculi are naturally preorders. An induced preorder
may arise from truncation of a preordering relation to a subset. In the
following, it may be helpful to think about A and B as a source and target
calculi, respectively, whereas x : A — B and # : B — A can be thought
of as compiling and decompiling, respectively. We start with the standard
notion of monotonicity, i.e, preservation of reduction by a map. Notion of a
monotone function is a directed refinement of a notion of a sound translation.

Definition 1 (Monotone function) A function * : A — B is monotone
iof, and only if Vay,as € A.ay -4 a2 = a] —p aj.

A Galois connection expresses harmony of compiling and decompiling
with respect to reduction relations. This notion is a directed refinement of a
notion of equational correspondence.

Definition 2 (Galois connection) Monotone functions x : A — B and
# B — A form a Galois connection if, and only if a —» 4 b¥ <= a* —»p b.

The theorem that follows provides an alternative characterisation of Ga-
lois connection.

Theorem 1 (Equivalent definition) Monotone functions (x,#) form a
Galois connection between A and B if, and only if

11



e a4 a and

[} b#* B b.

When decompiling is a right inverse of compiling, we have a reflection.
When decompiling is also a left inverse to compiling, we have an isomorphism.
Every reflection factors into an inclusion and an order isomorphism.

Definition 3 (Reflection) A Galois connection (x : A — B,# : B — A)
is a reflection from B into A if, and only if b** =g b.

Definition 4 (Order isomorphism) A reflection (x : A — B,# : B —
A) is an order isomorphism if, and only if a =4 a*¥.

Theorem 2 (Reflection decomposition) FEvery reflection pair (x : A —
B,# : B — A) decomposes into a reflection (called inclusion) (# o % : A —
#(Bl,idyp : #[B] — A) and an order isomorphism (x : #[B] — B,# :
B — #[B]), where #[B] C A has an induced preorder.

It follows from Theorem [2| that given a reflection (f : A — B,g : B —
A), the source calculus has a kernel g[B] (or equivalently, g[f[A]]) that is
isomorphic with B, or that reflects B. A few examples of reflection can be
found in a Sabry & Wadler’s, including a reflection of pure CPS terms into
call-by-value lambda calculus. Reflections into call-by-value lambda calculus
extended with delimited control operators are constructed in Chapters
and [l

Reflection versus Galois connection Practical importance of Galois
connection and reflection is clear when we consider the following scenario.
An optimising compiler will apply several optimisation phases: on source,
intermediate representations, and even on target assembly code. Consider
now two intermediate languages in a pipeline of a real-world compiler. Some
optimisations can be made on either stage A or B, let’s assume there is a
Galois connection (%, #) between A and B. If we optimise a* —»p b, then by
the laws a —»4 b”. Galois connection asserts that optimisation in stage B
corresponds to some stage-A optimisations. When (x, #) is a reflection we
know further that there is nothing left to be done in stage B if we applied
all stage-A optimisations that correspond to some stage-B optimisations:

12



a* —»p b = b, while in general a* —p b"* —p5 b. Reflection forces de-
compilation to be injective; it disallows reflecting stage-B simplifications as
stage-A noop, making actual stage-B processing entirely redundant. If there
are no further benefits for going through stage B, it could even be removed
from the pipeline. For example reflection of CPS shows that optimisations
can be performed on direct style source code and compilation through CPS is
obsolete, by reflection decomposition one can instead compile to kernel direct
style (@ —4 a*#) and translate kernel terms straight to stage that followed
CPS. Benefits of explicit naming of atomic terms that CPS provides are not
unique to this format and can be alternatively provided by administrative
normal forms [FSDF93, [Ken07].

1.4 Back to Direct Style

Danvy and Lawall [Dan94, [DL92| pioneered the direct style translations.
They obtained them methodically from the characterisation of the image of
CPS translation. A CPS translation  : S — T induces a set x[S] C T If we
now have a constructive judgement = M (where M € T') that we prove to
include exactly the terms that belong to *[S], then we can most likely extract
from a judgement derivation what was the original term in direct style. There
is a caveat: there may be many derivations for a single CPS term and each of
them boils down to some direct style counterpart; Danvy and Lawall resolved
this ambiguity by designing an injective CPS translation. New direct style
translations were discovered recently by Miiller et al. [MSBOZ23].

1.5 (Un)directed theory completion

Sabry and Felleisen [SF93| axiomatised call-by-value lambda-calculus ex-
tended with the call-with-current-continuation operator. They employed a
general method that follows: first, start with a direct style language and a set
of equations on it (e.g. derived from operational semantics). Second, char-
acterise grammatically {M | AN . N*M}, i.e. closure under reduction of the
image of a CPS translation. Third, seek an inverse translation and extend the
set of equations so that the direct-style translation preserves equality. The
extended set of equations is an axiomatisation with respect to denotational
semantics of CPS translation. Our observation is that if we start with a set

13



of reductions and do not convert them into equations, we arrive at a bigger
set of reductions. The caveat is that we need to start with a well-behaved
set of initial reductions; otherwise some reduction might be used backwards
and a construction will not yield a Galois connection. Therefore the process
is iterative and we have to try many initial reduction sets until we find a
perfect match.

1.6 Contributions

1.6.1 Reflection into shift /reset

In Chapter 2| we follow work of Sabry and Wadler [SW97] on reflection and
Danvy and Lawall [DL92] on direct style translation for abortive continua-
tions with callcc. From grammatical characterisation of the image of CPS
translation (%) we derived the first ever reduction-preserving direct style
translation (#) for delimited continuations. The pair (x,#) constitutes a
reflection of continuation-composing programs into calculus with shift, re-
set and let-expressions. To find the direct style translation we followed the
approach of Sabry and Wadler [SW97|: we pick the most administratively-
reduced (i.e. reduced in direct style while retaining the same CPS) term
amongst the candidate counterparts. Due to difference in methodology we
got a post-inverse (M —» M*#) while Danvy and Lawall obtained a syn-
tactic left-inverse to CPS (M = M*#). Our direct style translations are
syntactically reversible while theirs are reversible up to equality. Another
difference is that Danvy and Lawall used inductive judgements to charac-
terise CPS while we opted for grammars (alike literal movement grammars
|Gro95]) which are a less verbose formalism. Using reflection decomposition
and let-expressions folding we derive an isomorphism between direct style
without let-expressions and continuation-composing style (up to renaming
of bound variables). This paper contributes to the thesis by showing fea-
sibility of reflecting continuation-composing style in a calculus with shift.
We characterise the kernel direct style calculus — the range of DS translation
and decompose CPS translation into translation from DS terms to kernel
and isomorphism between kernel and CCS terms. Based on that, we define
an isomorphic translation between DS terms without let-expressions and a
subset of CCS terms that arise from their CPS translation.

14
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Figure 1.4: Conversion from A back to direct style Ag.

1.6.2 Reflection into shift0/dollar

In Chapter [3| we study the shiftO operator. We define a calculus with the
operator shift0, delimiter dollar and local operational semantics. Reduc-
tions of this calculus express continuation reification in terms of interaction
between a context frame and delimiter; control operator is only reduced when
it neighbours a delimiter directly (similar simplifications in the context of ef-
fect handlers were studied independently by Karachalias et al. [KKPS21]).
We prove that these new fine-grained reductions are justified by Materzok’s
axioms [Mat13] and are strong enough to simulate traditional reductions and
derive all but one of the axioms. The calculus is shown to be confluent. We
define a CPS translation and characterize its image in order to define a DS
translation that reflect terms in stacked CPS into a direct style calculus. A
reflection of CPS programs into the calculus is found, supporting our thesis.
We characterise the kernel direct style calculus (the range of DS translation)
and decompose CPS translation into translation from DS terms to kernel and
isomorphism between kernel and stacked CPS terms.

1.6.3 Full reflection into unary shift0/dollar

In Chapter {4 we adapt axiomatisation method of Sabry and Felleisen [SF93|
to obtain a directed axiomatisation. Starting with operational semantics of
IBPS21], we close the image of shift0’s CPS under reduction to obtain a full
subcalculus of A\. From characterisation of CPS we derive a direct style trans-
lation that is a part of a reflection into a calculus Ag with unary shift0 (named
thaw, So(V') = So V) and unary dollar (named freeze, $(M) = Ax.x$ M)
without built-in let-expressions. Remarkably, the characterisation of CPS
turns out to include all lambda-terms (this feature was unexpected; we an-
ticipated a proper subcalculus of lambda as the closure), therefore there is
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a direct style translation that reflects A-terms seen a CPS programs into
call-by-value calculus with shift0 and dollar. The calculus is shown to be
confluent and its reductions induce an equational theory that corresponds
with Materzok’s axioms of shift0, with Ap, calculus (by composition) and
A calculus (by reflection). Due to its desirable theoretical properties (conflu-
ence, directed axiomatisation, reflection) we argue that Ag is well positioned
to become the new reference calculus of delimited control a’la shift0 and
supersede both the Materzok’s axioms and the traditional incomplete opera-
tional semantics. Contributions of this paper support the thesis, as all CPS
programs are reflected in calculus Ag using a direct style translation (Figure

).

1.7 Future work

Fine grained calculus of effect handlers Algebraic effects [Prel5| gar-
ner an ongoing interest of both the academia and industry with many re-
search papers being published and implementations being developed in novel
and established programming languages alike. Deep handlers are known to
be closely related with stacked continuations a’la shift0 [FKLP19, [PPS19).
Search for a reflection and/or a (directed) axiomatisation of effect handlers
either by a transport or an analogy is an obvious continuation of the pre-
sented work. Since a fine-grained calculus of shift0 admits a full reflection, it
is therefore natural to ask whether the same can be obtained for a fine-grained
calculus of effect handlers; preliminary results are promising but more work
is required.
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—— Abstract

We present a study of the continuation-composing style (CCS) that describes the image of the CPS
translation of Danvy and Filinski’s shift and reset delimited-control operators. In CCS continu-

ations are composable rather than abortive as in the traditional CPS, and, therefore, the structure of
terms is considerably more complex. We show that the CPS translation from Moggi’s computational
lambda calculus extended with shift and reset has a right inverse and that the two translations
form a reflection i.e., a Galois connection in which the target is isomorphic to a subset of the source
(the orders are given by the reduction relations). Furthermore, we use this result to show that
Plotkin’s call-by-value lambda calculus extended with shift and reset is isomorphic to the image
of the CPS translation. This result, in particular, provides a first direct-style transformation for
delimited continuations that is an inverse of the CPS transformation up to syntactic identity.
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1 Introduction

In higher-order programming languages based on the A-calculus, continuation-passing style
(CPS) is a program format in which functions accept an additional parameter — a continuation
— that represents the entire rest of the computation [17]. In CPS, computations are explicitly
sequentialised according to a given evaluation strategy, the intermediate results are named,
and there are no nested function calls, i.e., all function calls are tail calls. A notion
associated with CPS is the notion of a CPS translation that transforms a term in direct
style, i.e., where continuations are not passed around, to the corresponding term in CPS [8,
16]. Such translations have been routinely used both to define continuation semantics of
higher-order programs, where object-level constructs are CPS-translated to the meta-level
A-calculus [21, 18], and as a compilation step bridging the gap between higher-order and
low-level languages [23, 1].

In the context of compilation, a critical concern is correctness of the CPS translation.
In his seminal work [16], Plotkin introduced the call-by-value lambda calculus A,, equipped
with a reduction — and equality = theories, along with a CPS translation * to the call-
by-name lambda calculus A,, for which he proved equational soundness, i.e., M = N in
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the source implies M* = N* in the target, and he showed that the converse does not hold,
i.e., the translation is not complete. Completeness has been obtained by Moggi who devised
a monad translation, including a CPS translation as a special case, from the computational
lambda calculus A, (an extension of A,) to the monadic metalanguage A, (equipped with
an equational theory only) [15]. This result was strengthened by Hatcliff and Danvy [11], who
showed that Moggi’s monad translation * has an inverse translation # such that M = M*#
in the source and N#* = N in the target, i.e., it is an equational correspondence. Finally,
Sabry and Felleisen further improved on Plotkin’s result by devising a CPS translation that
forms an equational correspondence between A, and A, [19].

Whereas all these results concern equality theories, Sabry and Wadler obtained stronger
results in which equality is replaced with reduction (viewed as directed code optimisation) [20].
In particular, they presented a CPS translation * from A, to )\, along with its inverse #
that form a Galois connection satisfying:

soundness: if M — N# in the source then M* — N in the target;

completeness: if M* — N in the target then M — N# in the source;

This means that evaluation in the source language is equivalent to compiling, evaluating in
the target and decompiling. Moreover, this Galois connection is a reflection by satisfying
an additional condition: compiling is a left inverse to decompiling, M#* = M, where = is
syntactic identity. Interestingly, Danvy developed a direct-style transformation from A\, to
Ay that is a left inverse to Plotkin’s CPS translation [2], but he did not consider reduction or
equality theories.

A particularly interesting application of CPS is in defining the semantics of control
operators, i.e., constructs that access and manipulate the continuation [17, 24, 5]. For
abortive control operators such as call/cc, which model jumps, the image of the CPS
translation is more challenging to characterise than in the pure case. The main reason is that
in the pure case one continuation identifier suffices, whereas the abortive control operators
may use any of the lexically visible continuation identifiers — continuations can be used out
of turn. Sabry and Felleisen [19] considered an extension of Felleisen et al’s A,-C-calculus
(including call/cc and the abort operator) [6], and they showed a CPS-translation to A,
that forms an equational correspondence. A direct-style translation for call/cc was also
developed by Danvy and Lawall [4]. Their transformation is related to the CPS translation via
a Galois connection, induced from the translations and based on the the syntactic structure
of terms rather than on reduction relations.

In this work, we study the continuation-composing style (CCS), which arises as the image
of the CPS translation of Danvy and Filinski’s delimited-control operators shift and
reset [3]. In CCS continuations are composable rather than abortive, which means that not
all calls are tail calls and the conditions imposed on where continuation identifiers occur
in terms are further relaxed. Continuation composability is central to the expressibility of
arbitrary computational effects with continuations [25, 7]. There exist some work devoted to
the image of the double CPS translation of shift and reset in which a meta-continuation
is introduced to eliminate nested computations of CCS [3]. Most notably, Kameyama
and Hasegawa introduced a direct-style translation which led to a direct-style equational
characterisation of the image of the double CPS translation with Sn-equality (a subset
of \,) [12]. However, we are not aware of any published study of the reduction theory of
CCS, and the goal of the present work is to fill this vacuum.

To that end, we follow the programme of Sabry and Wadler [20], and we construct a
reflection of CCS in two calculi with shift, considered as a combinator, and reset. We first
focus on the A.s-calculus, which is Moggi’s computational lambda calculus A., extended with
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shift and reset for which we give a CPS translation that eliminates administrative redexes.
The image of the translation is \!g, a call-by-value lambda calculus equipped with a set of
dedicated reduction rules. We then define a direct-style translation from this calculus back to
a subset of A.s that we call A\ (the kernel of A.s) and we prove that it is a right inverse to
the CPS translation. We then show that the two translations form a reflection with respect
to orders given by the respective reduction relations and that the reflection decomposes into
an inclusion of A.s in the kernel A\7¢ and an order isomorphism of A\>5 and X).

Second, we consider Ag, a subcalculus of \.s that is a more traditional calculus of
delimited control and that coincides with A, extended with shift and reset. Building on
the results for A\.s and restricting the CPS translation to As, we show that As is isomorphic
to A%, its image through the CPS translation and a subcalculus of Alg. A byproduct of
this development is a one-pass direct-style translation for delimited-control operators, a long
missing continuation of the work by Danvy for pure call-by-value lambda calculus [2], and by
Danvy and Lawall for abortive control operators [4]. Such transformations make it possible
to automatically map continuation-passing programs to their more concise, but at the same
time more challenging to design, direct-style counterparts.

The remainder of this article is structured as follows. In Section 2, we briefly introduce
the basic notions related to Galois connections and reflections. In Section 3, we introduce
the calculi A\.s and X} along with the CPS translation from A.s to Aig. In Section 4, we
characterise the image of the CPS translation and we define its right inverse — the direct
style translation. In Section 5, we prove that the two translations form a reflection and we
identify the kernel of the reflection in A.s. In Section 6, we show that when restricted to As,
the CPS translation has an inverse such that the two transformations form an isomorphism.
We conclude in Section 7.

2 Galois Connections and Reflections

Below, we recall the essential facts about Galois connections that we use throughout the
article. We refer the reader to Sabry and Wadler’s work [20] for more detailed background.
We treat each set A as equipped with a preorder (i.e., reflexive and transitive) relation
—» 4. In our development, we define these in two ways: either by applying reflexive-transitive
closure on a reduction relation — 4, or by truncating a preorder (multi-step reduction)
relation — x of a superset X O A (— 4 is then an induced preorder). In the following, =4
denotes the syntactic identity on A .

In the following, it may be helpful to think about A and B as a source and target
calculi, respectively, whereas f and g can be thought of us compiling and decompiling,
respectively. We start with the standard notion of monotonicity, i.e, preservation of reduction
by the compiling map.

» Definition 1 (Monotone function). A function f : A — B is monotone if, and only if
Yoy, 20 € A.wy >4 12 = f(71) »5 f(22).

A Galois connection expresses a form of harmony of compiling and decompiling with
respect to reduction relations.

» Definition 2 (Galois connection). Monotone functions f: A — B and g: B— A form a
Galois connection if, and only if a — 4 g(b) < f(a) —p b.

There is an alternative characterisation of a Galois connection.
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terms LMN := V|P

values vV, W n= zlAz.M|S

nonvalues PQ = MN|letz = Min N |(M)
pure contexts J, K w= [J|KM|VK|lete =KinM
(B.v) Az. M)V - Mz :=V]

(n.v) Az Ve -V

(B.let) letz=VinM = Mz :=V]

(n.let) letz = Minx - M

(assoc) letx=lety=LinMin N — lety= Linletz = MinN
(let.1) PN — letz = Pina N
(let.2) VQ — lety=QinVy
(8.8)  (JIS NI = Ny ()
(BR) (V) -V

Figure 1 Direct style calculus Acs.

» Theorem 3 (Equivalent definition of Galois connection). Monotone functions f: A — B
and g: B — A form a Galois connection if, and only if

a —a g(f(a)) and

flg(b)) »pb.

When compiling is a left inverse to decompiling, then we have a reflection.

» Definition 4 (Reflection). A Galois connection (f : A — B,g: B — A) is a reflection if,
and only if f(g(b)) =g b.

In case compiling is also a right inverse to decompiling, we have an isomorphism.

» Definition 5 (Order isomorphism). A reflection (f : A — B,g : B — A) is an order
isomorphism if, and only if a =4 g(f(a)).

Every reflection factors into an inclusion and an order isomorphism.

» Theorem 6 (Reflection decomposition). Ewvery reflection (f : A — B,g : B — A)
decomposes into a reflection (called inclusion) (go f: A — g[B],idyp) : g[B] — A) and an
order isomorphism (f : g[B] — B,g: B — g[B]), where g[B] C A has an induced preorder.

It follows from Theorem 6 that given a reflection (f : A — B,g: B — A), the source
calculus has a kernel ¢g[B] (or equivalently, g[f[A]]) that is isomorphic with B, or that
reflects B. The goal of this work is to identify such a reflection of CCS in call-by-value
lambda calculi with delimited continuations.

3  Delimited-Control Operators Shift and Reset

We begin with Moggi’s calculus of computations, A, extended with shift and reset delimited
control operators, which we dub A.s. The syntax and semantics are presented in Figure 1.
The terms of the calculus are divided into values, which include variables, lambda abstractions
and the shift combinator S, and computations, which include applications, let-bindings and
the reset operator, which serves to delimit the scope of the continuation. Moreover, we
introduce the syntactic domain of pure evaluation contexts, which encode a left-to-right
call-by-value evaluation strategy and, crucially do not contain the reset operators.
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%1 Aes — A

M = \Ek.(M : k)

VK =KVt

(PQ): K =P:(Az.(Q:(Ay.zyK)))
(PW): K =P:(\zx.2WK)

VQ): K =Q:(\y.ViyK)

(VW): K =VIWiK
(letx=MinN): K =M:(Az.(N:K))
(];4):[( =K(M:(\z.x))

Az. M)t =A\z.M*

St =Awj.wAyk.kE(Gy)) (Ax.x)

Figure 2 Conversion from A.s to Continuation-Composing Style.

The operational semantics of the calculus is given by a contraction relation, which may

be performed within any context, as we consider general reduction rather than evaluation.

Nonetheless, we still require the pure fragment of evaluation contexts: these are used to
match the shift operator with the enclosing reset by the (8.S) rule. This rule matches a S
operator applied to some term N in a pure context J closed by a reset operator, captures
the latter context (together with the reset), reifies it as a function and passes it as an argument
to N. Note the duplication of the reset operator in the contractum, which is an important
characteristic of shift/reset [22].

Except for (5.8) and the simple (5.R) rule, the rules are those of A., including 8 and 7
rules for applications and the let-bindings, as well as a rule for association, or hoisting, of
let bindings. Note, however, that we do not include any 7 rules for the control operators,
restricting ourselves to the appropriate S-reductions, which leads to a minimal extension
of \. with delimited control. It can be shown that the resulting calculus is confluent. While
most presentations treat S as an operator with a binder (for a continuation variable) rather
than as a combinator, the latter approach is hardly non-standard: in particular, most
implementations provide shift as a combinator.

We now turn to the CPS transformation for A.s, which is presented in Figure 2. Since
the CCS calculus is rather complex, the transformation targets syntactic lambda-terms, and
we establish the fact that it only produces terms in CCS a posteriori. This translation extends
Sabry and Wadler’s CPS translation for A. [20], which eliminates unnecessary administrative
redexes, to handle the shift and reset delimited control operators. Note that, in contrast
to some of the classic one-pass CPS translations for shift and reset, including Danvy and
Filinski’s [3], the translation does not reduce matching shift-reset pairs at transformation
time. Note that without this more conservative approach to source-language redexes we
could not hope for establishing the desired reflection.

4 Back to Direct Style

Having defined the CPS translation for the extended computational calculus, we now turn to
precisely identifying its image. To this end, we introduce a new calculus, Xg, presented in
Figure 3. The syntax is given as a mildly context-sensitive grammar in the style of literal
movement grammars [10]. In this case, context-sensitivity amounts to annotating both term
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roots R = Ak.My

termsa M,N = KAV‘VWKA|KAM.
values VW == z|Xx.R|S

shift S = dwj.wAyk.k(Gy)(Az.x)

continuationsa  J, K = (azp)k|(aze) AT .z |A2. Mp

(nv)  Azk. Vazk - V

(B.let) (Axz.Ma)V = Malz:=V]

(nlet) Axz.Kpax — Ka

(8.S) SW.J. - WQyk.k(Jey)) (Az.x)
(BR) (Az.x2)V a4

Figure 3 Continuation-composing style calculus A\.g.

and continuation nonterminals with A, which ranges over the set of variables extended with e,
and limiting certain productions to particular annotations. This serves to distinguish the
“tail-recursive” parts of the term, where there is a current continuation that needs to be used,
from the “returning” calls, where there is no access to the current continuation (and thus
the only trivial continuation is the identity). Throughout the following, we use A FY M
to mean that a term M is derived as a member of syntactic class IV of calculus C' under
assumptions A of the shape appropriate for the given calculus and non-terminal combination;
in the case of standard context-free grammars, this assumption context is always empty.

For the semantics of our calculus, we follow the methodology of Sabry and Wadler [20],
extending their .y, calculus with reductions that notionally match our control operators.
Note that while this calculus can be considered a subsystem of the lambda-calculus, its
reductions take much larger steps, and thus the system is not closed under general A,
reductions. We begin by establishing that the image of the CPS translation defined in
previous section is indeed contained within Ag.

» Lemma 7 (Characterisation of CCS). For all M € A\.s, M* € Xig.

Proof. We prove the following propositions by mutual structural induction on the term:
H\Vis M = Ff’:s M*,
I—%S M/\Al—ﬁfzs K = AI—%S (M : K),
1% v
eV = AR VI <

4.1 Direct-Style Transformation

With the calculus g defined, we now turn to a translation to direct style. The target of
such translation is A.s, the computational calculus with shift and reset, and the translation
is defined in Figure 4, with the definition proceeding inductively on the structure of terms
of Alg. We can now show that the CPS and DS translations form a retraction pair with
respect to syntactic equality (as usual, up to implicit a-equivalence) in A}g. We take I to
denote the trivial continuation for A, i.e., Iy = k and I, = Ax . z.

» Theorem 8 (Right inverse of x). For all R € \:g, R** = R. Also, the following equalities
hold: MX : In = Ma, V=V, K4[M]: In = M : Ka.

Proof. By mutual structural induction. |
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#: X — Aes

(A k. M;,)# = M

(KA V) = KA [V*]
(VW Kp)f — Ky [VEWY]
(KAM) = KA [(M3)]

(/\m R)* =\z.R*
(ij wAyk.k(jy)(\z.x)t =S

(M x)’ =]
(Az.Na) =letx = []in N%

Figure 4 Back to Direct Style from \g.

terms M,N == KJ[V]|K[P]

values VW = z|Az.M|S
nonvalues P,Q = VW|(M)

pure contexts J, K = []||letz =[]inM
(Bv) K[Az.M)V] — Mz:=V]: K K maximal
(nv) Az Vz - V

(B.let) letx=VinM — Mz:=V]
(n.let) letx=[]inK[z] — K

(8.8)  {JIs W] = (WQAy.-(J))
(BR) (V) - V

VK = K[V]

P K - K[P]

(letz =VinM): K =letz=Vin(M : K)
(letx =PinM): K =letz=Pin(M : K)

Figure 5 The kernel direct style calculus \>g.

This result establishes that \’g does not overestimate the set of valid CCS terms, as
any root in A5 can be obtained by the CPS transformation from its own translation to Acs.
However, not all terms of A.s can be obtained as the result of the direct style translation.
Thus, we define yet another calculus, \>¢, which characterises the kernel of A.s. The definition
presented in Figure 5 again follows and extends Sabry and Wadler’s take on a refined calculus
(this time extending their A...); the major difference with respect to A.s is the fact that all
the let-bindings are hoisted, i.e., normalised with respect to associativity rule. The reduction
rules need to preserve this fact, which again leads to larger reduction steps: this time, when
reducing an application, we may need to reassociate arbitrarily many let-bindings. We finish
this section by establishing that the image of our direct style translation falls within AJg

» Lemma 9 (Characterisation of kernel DS). For all M € \:g, M# € \og

Proof. We prove the following propositions by mutual structural induction on the term:
L, R =R R7,
A D—Q{ M = }— LM,

FSCD 2020
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l_;/* V :>|_§\/> Vh,
cS cS
AHE K =+HE K. <
cS cS

5 Reflection: Computational A-Calculus with Shift and Reset

Having introduced the three main calculi involved in the reflection and established a syntactic
inverse in one direction (in Theorem 8), we now turn to establishing a Galois connection
between A.s and Alg. By Theorem 6, such a connection will decompose into an isomorphism
and a reflection: in the following we establish that A> is such a factorisation.

5.1 Monotonicity

In order for our CPS and DS transformations to form a Galois connection, we must first
establish that they are monotone maps, i.e., that they preserve the order given by reflexive-
transitive closure of the reduction relation of, respectively, Acs and A:g. Since for some
intermediate results we require zero or one reduction steps, we also introduce —7 as a reflexive
closure of the relation —. We begin by establishing that any pure evaluation context J
of A¢s can be matched by a continuation of A\’g.

» Lemma 10 (Existence of a continuation for each context). For all J,A and Ka, exists Ja
such that for all M, JIM]: Kan =M : Ja.

Proof. By structural induction on J. <

Next, we show that any reduction of \’g continuations extends to the colon translations of
a common A.s term.

» Lemma 11 (Single-step reduction preservation by : in the second argument). For any A.s
term M and N.g continuations Jan and Ka such that Ja — Ka we have M : Ja ="M : KA.

Proof. By structural induction on M. |

Finally, we can show that the CPS translation preserves single-step reductions, possibly
without making a transition in A’g. Monotonicity of CPS follows as a simple corollary.

» Lemma 12 (Single-step reduction preservation by :, * and t). The following implications
hold:

M+ N — VK.M:Kx =" N:Ka,

M- N = M* =" N*,

VoW = Vi"Wwi

Proof. We prove the statements by mutual induction on the structure of the term, and invert
the reduction relation as necessary. Preservation in the second argument is used for some
congruences and (7n.let). Base cases (let.1), (let.2), (assoc) follow by definition. The existence
of a continuation is used for (5.S).

We show the case for the (8. S) reduction as an interesting example. We have the following
reduction:

(JIS W) = W (Ay (J[y])),

and need to prove that (J[S W) : Ka =" (W (Ay .(J[y]))) : Ka.
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We proceed as follows:

(JIS W) :

=def. Ka (J[SW]:(Az. 53))
=existence of cont. KA (SW:J,)
=def. Ka (S WTJ )
—s.5) Ea (WH(Ayk.k(Joy)) (Az.2))
=der. Ea(WHyk k(y: Jo) (Az.x))
=existence of cont. K (WT Ayk. k(Y : (A\z.2))) (Az.2))
=der. Ka (W Ay (Jy)) : (A= ))
Zdef. (W Ay .(Jly)) : K

As another examples, consider the sample congruence case, where we have:

V —-W
PV 5 PW’

and need to show that PV : Ka =’ PW : KA.
We proceed as follows:

VW
== ind. hyp. v wt
= congruence Aoz VIKA = Az a Wi Ka
= second arg. preservation P:(Az.aVIKA) = P:(Az.aWTKj)
=def. (PV):Kan — (PW): Ka <

» Corollary 13 (Monotonicity of *). For all My, My € Aes, Mo — My implies M§ — M.

Monotonicity of the direct-style transformation is simpler to prove: we show that all
component parts preserve single-step reductions in AJg (which themselves are possibly
multi-step reduction sequences in A.s), and obtain monotonicity as a simple corollary.

» Lemma 14 (Single-step reduction preservation by #, t, i and b). The following implications
hold:

Ry — R, — RY - R?,

My, — N, = M! — NI,

M, — Ny, = (M}) — (N},

VoW = Vi W,

Jan = Kan = YM . J3[M] — K%[M].

Proof. Mutual structural induction on the first term and then each case by inversion on
single-step reduction. |

» Corollary 15 (Monotonicity of #). For all Ry, R1 € Xig, Ry — Ry implies R# —» R’f.

5.2 Reflection theorem

Recall from Section 2 that in order to establish that * and # form a Galois connection, it
is enough to show that both compositions are extensive with respect to the appropriate
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reduction orderings, i.e., M — M*# and R — R#*, respectively. Since in Theorem 8 we
have shown that R = R7*, the latter ordering holds trivially. In this section we establish the
remaining property.

» Lemma 16 (Generalised associativity). The following reduction holds:
K’ [letz = Lin N] =7 letz = Lin K [N].

Proof. By cases on K. <

» Lemma 17 (Left near inverse of : and t). The following reductions hold:
K7[M] = (M : Ka),
V- Vit

Proof. By mutual structural induction. The generalised associativity is used in several cases,
it conveniently wraps potential uses of (let.assoc) rule, as presented in the following example
cases for let-binders and reset.

K [letz = Lin N]

—gen. assoc. letz = Lin K% [N]
~ind. hyp. letz = Lin(N : Ka)*
=def. (Az.(N: Ka))[L]
~*ind. hyp. ((letz = LinN) : Kp)®*
KA [(M)]
Zdet. KA[Ub[ D
~ind. hyp. KA[(M : 1)%)]
=det. (KA(M’ 1))
=def. (M) : Kp) <

» Theorem 18 (Left near inverse of *). For all M € A\.s, M — M*¥.
Proof. Follows from the left near inverse for the : transformation. <

» Corollary 19 (Reflection). Transformations x and # form a reflection.

5.3 Reflection decomposition

By Theorem 6, any reflection decomposes into an order isomorphism and an inclusion. In
our case, this means that the reflection (x,#) has a kernel that is isomorphic to A%g. This is
our calculus A5 — although we still need to establish that it is in fact isomorphic to A’g. To
this end, we first calculate the CPS translation as specialised to A%¢ (i.e., as a composition of
inclusion of Ag in A.s and *), which we dub *; this transformation is presented in Figure 6.
We can then establish that x and # compose to identity, which, together with one-to-one
matching of reductions established in Lemma 14 establishes the isomorphism.
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* )\ES — )\is

M* = Nk. M
(K[V])3 = KA V1
(K[VW))a =VIwi K}
(KM = K3 M
IIZ'T =T

Az M) =Az.M*
St =dwj.wAyk.k(Gy) Ax.x)
[} =k

[ =Az.x
(letz = [Jin N)\ =xz.N}

Figure 6 Order isomorphism from A5 to Alg.

MP =M :]]

V:K = K[VT]

(PQ): K =P:(letx =[]in(Q : (lety = []in K[z y])))
(PW): K =P: (letx = []in K[z WT])

(VQ): K =Q: (lety = [Jin K[VTy])

(VW): K = K[VTWT]

(letz =MinN): K =M:(letx=[]in(N : K))

)+ K — K[(M7)]

Az M) =\z. M”

St =38

Figure 7 Inclusion in A.s of \og.

> Lemma 20 (Left inverse of x). For all M € \>g we have M = M*#.

Proof. By mutual induction on the structure of terms, including analogous statements for
the auxiliary transformations. >

Having established that A is isomorphic to A}g, we obtain an inclusion between AJg and
the main calculus, A.s. Thus, to conclude this section we present the one-pass transformation
>: Aes = Aog, which is computed from the composition of * and #. This transformation,
presented in Figure 7, forms a final reflection for these calculi, together with identity: (>,id )‘Es)
is a reflection between A.s and A2g.

6 Isomorphism: )\,-Calculus with Shift and Reset

While the results we have obtained thus far provide some fundamental insight into the struc-
ture and reductions of computations in continuation composing style, the computational
calculus A.s we took as our source language differs somewhat from calculi with shift and
reset that are most commonly studied. Thus, in this section we study As, the call-by-value
lambda calculus extended with delimited control operators, and apply the results we have
obtained thus far to this restricted setting.
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terms M,N == V|P

values VW = z|Aax.M|S
nonvalues P,Q == MN|M)
pure contexts J, K = [|]|[KM|VK
(Bw) Az M)V — Mlz:=V]

(nv) Az.Vz —

(8.8) (JISN)) = (NQAy-(Jv]))
(B.R) (V) -V

Figure 8 Subcalculus A\s: A.s without let.

roots R n= Vo | M.

termss; M,N = (s—x,5n,) Kz, [Ps,]

valuesz ‘/7 w = (E=x)7 | (Z=e) T ‘ (L=¢) Ax. R| (2=¢) S
nonvaluesy, PQ = (z=x5,) Ve, Ws, | (5=0) (R)
pure contextsy, J, K = (n—.)[]|letz = []in Mz,

(Bwv) Kx[Az.R)V.] — R[z:=V,]:Ky Kx maximal
(nv) Ax.V.zx - W

(BS) <J5[S W€]> - <WE (/\y-<Ja;y>)>

(B.R) Ks[(V:)] — Kx»;V. Ks maximal

(Ve =V

(letz = []in Mx,); Ve = My, [z := V]

‘/E : KZ = KZ; ‘/6

PZZ . Kzl = Kgl [PZZ]

(letx = Py, in My,): Ky, =letz = Ps,in(Myx, : Ks5,)

Figure 9 Subcalculus \%: the image of \s via b.

The syntax and semantics of As are presented in Figure 8. It is clear that this calculus
embeds in A\.s. The reduction relation is defined via contraction relation and is a strict
subrelation of the induced reduction relation (e.g., (Az.2)M — M in A.s, but not in Ag).
The reduction relations for the CCS and kernel calculi, presented later on in this section, are
images of this restricted reduction relation. It is worth noting that it would also be sound to
use the induced relations instead: all transformations, including all-new «, are designed to
be monotone with respect to the original, wider reduction relations. However, we do not
pursue the task of characterising the induced relations in this work, and therefore stick to
the restricted relations.

We begin by considering the image of As under the reflection defined in previous section:
this is the calculus A%, defined in Figure 9. We establish that it contains the image of As
under >, while deferring the other inclusion till later.

» Lemma 21 (Restriction of ). For all M € \s, M> € \%.

With A5 defined, we need to define an inverse transformation, <. However, the reduction
relation on A.s — induced by its super-calculi — is cumbersome to work with. Thus, we
define this transformation for the entire calculus A.s, and establish its properties on its
particular sub-calculi post hoc. First, notice that the shape of A% is more constrained than
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< >\cS — )\Cs

(M N)*

(letz = Min N)<
(letx = M in N)<
(M)*

x<1
(Az. M)?
S

<

— M N<

= N9z := M (if N = K[z] for some K and =z ¢ FV(K))

=letx = M¥in N*
= (M~)

=x

=Ax.M"

=S

(otherwise)

Figure 10 Deletion of inessential let-expressions.

the general calculus \s, which is mostly due to lifting some subcomputations as pure, linear
let-expressions. Thus, the idea behind < is to inline these (and only these) let-expressions.
The transformation is presented in Figure 10.

Additionally, we lift < to pure contexts of A.s as an auxiliary construct in the following.
It is easy to check that this makes < distribute over plugging of terms into contexts:

Ko [M®] = (K[M])".
We can now show that the transformation is monotone with respect to the A.s reductions.
» Theorem 22 (Monotonicity of <). For all M,N € A\.s, M — N implies N* — N*<.

Proof. Induction on reflexive-transitive closure of contraction relation. To prove single-
step version, apply structural induction on the left-hand-side term and then inversion on
contraction relation. The only interesting case is the contraction of shift: given (J[S M]) —
(M(A\y .{(J[y]))), show (J[S M])? = (M(Ay.(J[y])))". Notice that we have (J[S M])? =
(JUS M) = (M (Ay (Jy]))) = (M (Ay .(J[y])))°. Crucially, transformation preserves
purity of contexts. |

Now we can ensure that inlining the administrative let-expressions in A% produces terms
of As, and thus that > restricted to As is a section.

» Lemma 23 (Restriction of <). For all R € N5, R € As.

» Theorem 24 (Left inverse of >). For all M € As, M = M. Also, the following identities
hold: V=V, (M : K)*= KM].

Proof. Mutual structural induction on M, V and M, respectively. |

To show that > is also a retraction, we need a tool that can apply a substitution of variables
for As terms to a A% term.

» Definition 25 (lterated flattened let-expressions). Let P, Q refer to the grammar of As, all
other names refer to the grammar of \s.

e> R =R
[x:= P>z, =P"
[x:=P,y:=Q]> Mz, =][z:=P|>(Q: (lety=1[]inMz,))

We can now establish that > is a retraction and, as a consequence, that As and A% are
isomorphic.
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roots R = ANk Ty

trunksA T n= IAVE |MA,5

termsA’g ]\47 N = (Z=212,%3) ng WEg KA721 |KA,E TE
valuesz ‘/, w n= (Z:z)z ‘ (Z=¢) X ‘ (Z=¢) Ax. R| (Z=¢) S
shift S w= dwj.wAyk.k(Gy) (Az.x)
trivial continuationsa I t= (a=k) k| (aze) AT T

continuationsa x J K i= (geoIa| X2 Ma s,

(B’U) ()\kak) V<S KA,Z — Tk[x = VE] : KA,E

(nv) Axk.Voxk - W

(8.8) SWeJ,. — W.(\yk.k(Joe;y) Az x)

(BR) Kax((Az.x)V) — Kax;V

In; Ve =IAV:

Az . Mase); Ve = Ma gz = V]

(kVe): Kax =Kas; Vo

My : Kax = My [k := Ka 5]

Figure 11 Subcalculus A\5: the CPS image of As.

» Theorem 26 (Right inverse of ). The following identities hold:
R® =R,
(VEz := P|)> = [z := P]»> Vg,
(MZ[x := P])” = [z := P|> M.

Proof. The proof proceeds by mutual structural induction on R, V and M, respectively. <

» Corollary 27 (Isomorphism of As and A\%). Transformations > : As — A and <: \g — As
form an isomorphism.

Although we have shown that As is isomorphic to its image under >, both these calculi
are in direct style. However, as any image of > (and thus of its latter component, #), A% is
a sub-calculus of AVg. Therefore, we investigate the final calculus: the image of As under
the CPS transformation, A§. The syntax of the calculus is presented in Figure 11.

Note that, as an image of a subcalculus of A.s under the CPS transformation, \% is
clearly a sub-calculus of A*s. Therefore, we are able to narrow down an isomorphism of A’g
and AJg to the appropriate subcalculi arising from As.

» Lemma 28 (Isomorphism of A% and A%). Transformations * : Ng — A5 and # : \5 — A%
form an isomorphism.

Proof. Isomorphism of wider A\g and A\’ calculi can be narrowed. To complete the proof,
check that #[A5] C A% and x[A%] C A%. <

By now we have established that A% is isomorphic to both As and A%. Therefore, by
composition of these isomorphisms, we obtain an isomorphism between As and \5. This
establishes a formal connection between a calculus for delimited control in the familiar style
and its counterpart in the continuation composing style. In order for the connection to be
made more explicit, we compute the composition of # and <, which forms the single-pass
direct-style transformation from A5 to As. This transformation is dubbed ¢ and presented
in Figure 12. We conclude with the following isomorphism theorem.



D. Biernacki, M. Pyzik, and F. Sieczkowski

O:Ag—))\s

(Ak.RVZ)° —v:

()\]{}.]\4']675)<> :ngﬁé‘

Ty Kastdo-V-W =Kasb(o,VW)
2, WeKasto-V =Kaxb (o,VWE)
Veyy Kasto- W =Kaxb (0, VEW)
%WEKA;ﬁO' —KAEb(O'VhWh)
Kaz((Az.x)Ve)to = Kaxb (0,(VE))
KA,ZMo,sﬁU —Kb( ( oeﬁ5>)
P =z

(Az.R)" =\z.R°
Awj.wAyk.k(y) Az.2)F =8

kb (e, M) =M

Az.z)b (e, M) =M

(/\SC NAzx)b(0'7M) —NAvgwﬁU'M

Figure 12 Back to Direct Style from \s. We assume |o| = |X| for the # and b translations. The f
translation only works on V. — the other value cases are handled explicitly, hence variables annotated
with themselves.

As oS As
k *

#
AS

Figure 13 Summary of the relationships between the calculi. Hooked arrows denote sub-calculi,
* denotes the CPS transformation and # the DS transformation; both can be retracted along some
of the inclusions.

» Theorem 29 (Isomorphism of As and \%). Transformations * : As — X§ and o : N\ = As
form an isomorphism.

7 Conclusion and Future Work

In this work we established a reflection of the image of the CPS translation for the compu-
tational lambda calculus A, extended with shift and reset. We also showed that when
restricted to an extension of the call-by-value lambda calculus A, the reflection actually
forms an isomorphism. To the best of our knowledge, this is the first study that formally
establishes such a tight relationship of the direct-style and CCS reduction theories. In partic-
ular, the direct-style translation from CCS to As that is an inverse of the CPS translation,
appears to be a first such translation for shift and reset in the literature. It can be seen
as a continuation of the works by Danvy [2], and by Danvy and Lawall [4]. The connections
between the various calculi we studied are summarised in Figure 13.
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A Reflection on Continuation-Composing Style

Besides the theoretical aspects of the presented results, one can view them as a source of
sound code optimisations that can be performed both at the level of the source and the target
of the CPS translation, which is a standard translation step in compilers. Moreover, in the
light of Filinski’s seminal result [7], our theory makes it possible to reason about any monadic
effect, since the direct-style monad operations reflect and reify are expressible in terms
of shift and reset.

Several possible directions for future work are on the horizon. First of all, the shift
operator as considered in this work is a combinator. It seems that if, instead, shift was
introduced as a special form or as a binder, characterising the image of the CPS translation
would require more machinery. Especially in the latter case, we would need to pay special
attention to the continuation identifiers bound by shift. Introducing a construct throw for
applying a captured continuation could turn out useful in that scenario.

A delimited-control operator that has been lately gaining currency is shift0, a seemingly
mild variation on shift [3]. This operator is intimately related to the mechanism of algebraic
effects and deep handlers [9], a fairly recent and much celebrated approach to computational
effects. Establishing a reflection for shift0, based on the existing CPS translations [14, 13]
would be interesting in its own right, but it could also pave a way to a similar theory for
algebraic effects.

Finally, it is quite plausible that following the lines of the present work, one could obtain
a similar set of reflections and isomorphisms for a calculus with call/cc.
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ABSTRACT

The delimited-control operator shift0 has been formally shown to
capture the operational semantics of deep handlers for algebraic
effects. Its CPS translation generates A-terms in which continuation
composition is not expressed in terms of nested function calls, as
is typical of other delimited-control operators, e.g. shift, but with
function applications consuming a sequence of continuations one
at a time, as if they formed a stack.

We present a novel reduction theory for Moggi’s computational
A-calculus extended with shift0 and a control delimiter dollar, which
models the capture of evaluation contexts in a fine-grained manner
as an interaction between the let-expressions and the delimiter.
We establish a connection between our reduction theory and the
existing theories of shif0 and dollar. Moreover, we develop a CPS
translation for our calculus along with a direct-style translation
that together form a reflection, i.e. the translations preserve reduc-
tions and the direct-style translation is a right inverse of the CPS
translation. This construction relies on the invariant that CPS root
terms are in n-head-normal form. The results of this work could
potentially be used for compiler optimisations and lead to a similar
development for algebraic effects.
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1 INTRODUCTION

Delimited control [2, 5] is a universal computational effect expres-
sive enough to represent arbitrary computational monads in direct
style [6, 7]. More recently, delimited continuations have started
to enjoy an upsurge of interest due to their role in the semantics
and implementation of algebraic effects and handlers [20, 21] — a
leading-edge approach to computational effects. Moreover, it has
been shown that algebraic operations and the so-called deep han-
dlers are macro expressible in terms of the delimited-control opera-
tor shift0 [2], in both untyped [8] and (polymorphically) typed [18]
setting. A converse simulation is also possible, which makes shift0
closely related to algebraic effects with deep handlers.

The control operator shift0 (Sp), along with a corresponding
control delimiter, be it reset0 ({-)o) or dollar ($), has been described
both operationally and type-theoretically [13, 15]. Interestingly, it
has also been given a CPS translation [14, 15] extending Plotkin’s
untyped call-by-value CPS translation for the A-calculus [19]. The
translation was shown to preserve the reduction semantics of the
source calculus, and, moreover, Materzok developed an equational
axiomatisation for shift0 that is sound and complete with respect
to the CPS translation [14]. However, so far no study has been
reported on a complete reduction theory for this control operator
(or algebraic effects).

In our previous work [1], following the programme of Sabry
and Wadler [23], we presented a reflection theory for the untyped
control operator shift (S) [2], a more widely known cousin of shift0.
More precisely, we exhibited a set of reduction rules both in the
source and target calculi, along with an inverse translation from
CPS to direct style (DS), such that reduction is preserved by the
two translations, i.e. the translations form a Galois connection, and
moreover the DS translation is a right inverse of the CPS translation
up to syntactic equality. This, in particular, implies that the source-
level reductions are complete with respect to the target-level ones.
Furthermore, when the CPS translation and DS translation are seen
as compilation and decompilation, respectively, and the reduction
rules as code optimisations, the Galois connection we established
ensures that optimising the source code is equivalent to compiling
it, optimising the target code, and decompiling the result — a much
desired property. The goal of this work is to obtain a similar result
for shift0, hopefully, also as a stepping stone towards a reflection
for algebraic effects.

The operational semantics of the two control operators, shift and
shift0, differs in a seamingly innocent way, and they are known to
be macro-expressible by each other [24]. However, the difference
is considerably more serious than it looks: in particular, macro ex-
pressing shift0 in terms of shift requires complex encodings that
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hinge on the use of recursive continuations. Hence, results estab-
lished for shift do not carry over directly to shift0.

More importantly, the structure of the image of the CPS transla-
tion for the two operators is strikingly different and requires differ-
ent reasoning principles. In the case of shift, the CPS translation
produces terms in a so-called Continuation-Composing Style (CCS),
where continuations are composed by nesting continuation invoca-
tions. Here are the translation rules for shift and reset [2], extending
Plotkin’s call-by-value CPS translation for the A-calculus [19]:

C[Sx.e€] Ak .(Cle][x :=Ayk’ .k (ky)]) (Az.2)
Cl(e)] Ak.k(Cle] (Az.2))

In contrast, the CPS translation for shift0 and reset0 layers the
continuations as if they formed a list or stack. Here are the relevant
translation rules [15]:

ClSox.e] = Ax.C[e]
Cl{eyo] = Cle](Azk.kz)
For example, CPS-transforming term

(a{(Sox.Soy.x(y2)blo)o

where a, b, x, y, z are variables, and f-reducing the redexes intro-
duced by the translation [3], yields

Ax.Ady. Ak.yz(Au.xuk)) (Av.ob]) (Aw.aw])

with J = Azk.kz. One immediate difference between shift and
shift0 is that when reasoning about the image of the translation
for shift, we are still in the call-by-value lambda calculus, due to
nested function calls, whereas with shift0 we obtain evaluation-
order independent terms that lend themselves to the standard Sy
reasoning principles. !

In order to develop a reflection for shift0, we follow our work
on shift [1], but with major changes in the technical details, nec-
essary to reflect continuation stacking in CPS, most notably, we
make a crucial use of 7-head-normal roots (see Section 5 for a de-
tailed comparison). In Section 2, we briefly recall the background
on Galois connections and reflections. In Section 3, we introduce
Moggi’s computational A-calculus [17] extended with shift0, rep-
resented as a combinator, and a dollar expression that generalises
the control delimiter reset0. We equip the calculus with novel re-
duction rules, which express the capture of continuations as a local
interaction between the delimiter and the computation former —
in particular, the let binder of the computational A-calculus. As
in Sabry and Wadler’s and in our previous work, we work in the
computational A-calculus with let expressions, which helps drive
the development of the reflection — as well as highlights our novel
approach to the operational semantics of shift0. The local-reduction
based calculus, which stands in contrast to capturing entire evalua-
tion contexts in [1], is not just interesting in itself: in fact, much
like the finer-grained syntax of the computational A-calculus, it
helped us construct the reflection. We close the section with an
invertible CPS translation tailored for reflection theorem. In Sec-
tion 4 we show that our CPS translation agrees with the preexisting
CPS translation to the lambda calculus with S reduction. We also

!Danvy and Filinski’s 2-layer CPS translation for shift and reset produces (different)
evaluation-order independent terms [2]. Such terms incorporate the assumption that
the rest of the computation is represented by a continuation, up to the nearest delimiter,
and a meta-continuation, beyond that delimiter.
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show that our reduction rules are sound with respect to Materzok’s
axioms and complete with respect to the original reduction rules
for Ag, the call-by-value lambda calculus with shift0 and dollar. This
ensures that the new semantics indeed expresses the shift0 control
operator. In Section 5, we characterise the image of our CPS and a
set of reduction rules in this image. We then define a direct style
translation from CPS that we show to be the right inverse to the
CPS translation. In Section 6, we prove that the two translations
indeed form a reflection. In Section 7, we conclude and discuss
related and future work.

2 GALOIS CONNECTIONS AND REFLECTIONS

Below, we recall the essential facts about Galois connections that
we use throughout the article. We refer the reader to Sabry and
Wadler’s work [23] for more detailed background. We treat each
set A (e.g. a syntactic category) as equipped with a preorder (i.e.
reflexive and transitive) relation - 4. In our development, we define
these in two ways: either by applying the reflexive-transitive closure
on a reduction relation — 4, or by truncating a preorder (multi-step
reduction) relation » x of a superset X 2 A (- 4 is then an induced
preorder). In the following, =4 denotes the syntactic identity on
a A (modulo renaming of bound variables), and =4 denotes the
reflexive-symmetric-transitive closure of reduction relation — 4.

In the following, it may be helpful to think about A and B as
a source and target calculi, respectively, whereas f and g can be
thought of as compiling and decompiling, respectively. We start
with the standard notion of monotonicity, i.e, preservation of re-
duction by the compiling map.

Definition 2.1 (Monotone function). A function f : A — B is
monotone if, and only if for all x1,x2 € A, x;1 »4 xp implies

f(x1) »B f(x2).

A Galois connection expresses a form of harmony of compiling
and decompiling with respect to reduction relations.

Definition 2.2 (Galois connection). Monotone functions f : A —
Band g : B — A form a Galois connection if, and only if a -4
g(b) < f(a) »pb.

There is an alternative characterisation of a Galois connection.

THEOREM 2.3 (EQUIVALENT DEFINITION OF GALOIS CONNECTION).
Monotone functions f : A — Bandg : B — A form a Galois
connection if, and only if

* a»49(f(a)) and
* f(g(b)) »Bb.

When decompiling is a right inverse to compiling, then we have

a reflection.

Definition 2.4 (Reflection). A Galois connection (f : A — B,g:
B — A) is a reflection if, and only if f(g(b)) =g b.

In case decompiling is also a left inverse to compiling, we have an
isomorphism.

Definition 2.5 (Order isomorphism). A reflection (f: A — B,g:
B — A) is an order isomorphism if, and only if a =4 g(f(a)).

Every reflection factors into an inclusion and an order isomor-

phism.
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terms LM\N == V|P

values V.w = x|Ax.M|Sy

nonvalues P,Q := MN|letx=MinN|M$N
nameless contexts J = [IM|VI]II[]$M

pure contexts K w= []|J[K]|letx =KinM
eval. contexts E == [Ilxz[)) K[E]|VS$E

red. contexts C == [1l(ez[)) E[C]1|PC|P$C]

Ax.Clletx =MinC

(Pov) Ax.M)V —pm M[x:=V]
(nov) Ax.Vx -y V

(B.let) letx =VinM —pm M[x:=V]

(n.let) letx =Minx -y M

(BS$) V$Sow —p WV

n$) So(Ax.xV) -pu V

($0) V$W —p VW

($.let) V$letx =MinN —p (Ax.V$N)$M

(assoc) letx =lety=LinMinN —p lety=Linletx =MinN
(name) J[P] —p letx = PinJ[x]

Figure 1: The direct style calculus A 4. A subscript on an arrow
indicates syntactic category preserved by the reduction.

THEOREM 2.6 (REFLECTION DECOMPOSITION). Consider an in-
duced preorder on g[B] C A. Every reflection (f : A— B,g: B —
A) decomposes into a reflection (called inclusion) (go f : A —
g[Bl,idy(p) : g[B] — A) and an order isomorphism (f : g[B] —
B,g: B — g[B]).

It follows from Theorem 2.6 that given a reflection (f : A —
B, g : B — A), the source calculus has a kernel g[B] (or equivalently,
g[f[A]]) that is isomorphic with B, or that reflects B.

3 DELIMITED-CONTROL OPERATORS SHIFTO
AND DOLLAR

We define the computational calculus A.¢ in Figure 1. It is a com-
putational calculus in the style of Moggi’s A¢ [17, 23]. Following
Sabry and Wadler [23] and our prior work [1] we split the calculus
into several distinct syntactic classes: both values, non-value com-
putations, and contexts were considered in prior work. To these we
add elementary, nameless contexts, written J, which allow us to
elegantly cover the various naming rules, encoding certain aspects
of evaluation order. Note that throughout the paper we omit the
usual side conditions of 5 rules: in essence, we require implicitly
that no bound variables are “freed” via the reductions.

The values comprise variables, lambda-abstractions and the com-
binator Sy. The non-value computations can be formed by let-
bindings, applications, and the $ operator, which serves as the
delimiter for our control operators — and the terms are a simple
sum of values and non-values: thus, the three syntactic categories
are mutually inductively defined. Finally, the contexts can either
be empty, extend a context with a let-binding, or with a nameless
context J. The form of these elementary contexts stems from the
remaining non-value terms, applications and delimiters. Note that,
even though we consider a reduction theory, the context forma-
tion strategy is enforced, in a manner reminiscent of a left-to-right

PPDP 2021, September 6-8, 2021, Tallinn, Estonia

call-by-value evaluation strategy. This ensures that our reductions
remain consistent with evaluation theory in the presence of control
operators.

The control operators presented above do not have the most
common form. However, the $ operator has been studied before [14,
16], and we could define the standard presentation of shift0, which
binds a variable, as an application of our combinator to a lambda-
abstraction by taking Sp x . M := Sy (1 x. M) — which we use as
syntactic sugar in the remainder of the paper.

The reduction relation consists of f and 5 rules for the three
components of our system — functions, let-bindings and control
operators. Furthermore, we have two rules, (assoc) and (name),
that deal with creation and propagation of let-bindings, and two
rules, ($.0) and ($.let), which govern the interaction between $
and, respectively, values and let-bindings. In Theorem 6.9 in the
following, we show that the latter four rules are administrative,
while f and 7 rules are serious, in the sense of Sabry and Wadler.
The serious rules for functions and let-binders are standard, as is
the administrative rules (assoc). The naming rule, which creates
let-bindings, is a natural refinement of previously studied rules
(let.1) and (let.2) of A. and A.g calculi, and the reason we intro-
duced the nameless elementary contexts: by grouping all the non-let
constructors of contexts together, we can exhibit their common
reduction behaviour in a single rule.

This leaves us with the reduction rules that determine the ba-
haviour of shift0 and dollar delimited control operators, which is
where the novelty of our approach lies. Of these, (f.$) is a sim-
plified version of the traditional reduction rule, restricted to the
case when the operator is directly within the delimiter — i.e. when
the context which should be captured is empty. This allows us to
simply pass the left-hand side of the dollar (which can be thought
of as continuation) to the body of the operator. If the computation
found within the delimiter is a value, we use the standard reduction
rule ($.0). Due to the nature of computational calculus, this leaves
us with only one computation former we need to consider: the case
where the computation within the delimiter is a let-expression. In
this case, it needs to be “commuted out” by the ($.let) rule, which
reassociates a let-expression within a delimiter to a delimiter with
another delimiter in its continuation (i.e. on the left-hand side of
the dollar). Thus, the two rules describe how the delimiter behaves
with Moggi’s computation formers, values and let-expressions: the
interesting aspect here is that these local rules suffice to express
the continuation-capturing semantics of shift0. Finally, (1.$) is a
restricted and directed version of an equivalence axiom considered
by Materzok [14], which we discuss in more detail in the following
section.

In order to better observe how the fine-grained reduction rules
capture a context, consider a term V' $ K[Sy x . M], which in a mono-
lithic formulation reduces by capturing and reifying the context
V $ K and substituting it for x in M. For an empty context, it suf-
fices to reduce by (f.$) and then by (f.0). Otherwise, the context
is a composite, e.g. K = J[K’]. Reduction in 1.4 would proceed as
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from A¢

/N
NN,

cautious lemma cautious lemma

VAW

Newman’s lemma
i cautious lemma

)

Newman’s lemma

cautious lemma i

a a

Figure 2: The main lemma in the proof of confluence.

follows:

V$K[Syx.M]
= V$JIK'[Spx.M]]
—(name) V$lety = K'[Sox.M]in J[y]
= ($.let) W$K'[Spx.M]
= (name), ($.let) V'$Syx. M
(B9 Ax. M)V’
() M[x :=V’]

where W = A1y.V $ J[y] and V"’ is the reified context K’ delimited
by W, built iteratively, just like W reifies J delimited by V.

The reason to consider this fine-grained reduction behaviour of
$ is twofold. Firstly, the conventional, non-local reduction tends
to n-expand the left-hand side of $ when the context K is empty.
This is problematic in our application, since we want our CPS trans-
lation to be monotonic with respect to the reductions. Moreover,
this removes the non-local behaviour of the (f.$) rule, making
the resulting calculus significantly cleaner. Finally, we believe that
this presentation may shed new light on the nature of computa-
tional calculus with control operators, as an inspiration for a more
denotational study of their semantics or as a novel tool to study
algebraic effects and handlers. The concern, of course, is whether
this formulation is sound, and how it corresponds to those studied
before: we answer the latter part of the question in the following
section, while first we prove the confluence the calculus in this
form.

LEmMA 3.1 (CAauTIOUS LEMMA). Assume A and B are some sets of
rules. Let —° denote zero or one steps of reduction. If for every triple
of terms My «—a M —pg My exists M” such that My »g M’ <—2 M,
(i.e. set B is cautious with rules A), then for every triple of terms
My « 4 M »g My exists M’ such that My »g M’ « 4 M (i.e. set
B commutes with A and vice versa).

Biernacki, Pyzik, Sieczkowski

Proor. Assume that B is cautious with A. First, prove by induc-
tion on derivation of -»p an auxiliary fact: for every triple of terms
Mi <4 M —»pg M exists M’ such that M; »g M’ <—:74 M,. Then,
the conclusion of the lemma follows by induction on derivation of
»A. ]

LEMMA 3.2 (CONFLUENCE). Reduction in A is confluent.

Proor. Define three sets of rules (pure, impure, administrative):

p ={(B.v), (n.v), (B.let), (n.let), (assoc), (name)},
i={(89$), (n$)}L
a = {(assoc), (name), ($.0), ($.let)}.

Note that p overlaps with a. These three sets cover all rules of
Agg calculus: — Aes= (—puiua)™ (+ stands here for the reflexive-
transitive closure operator). We notice that ») (= (=, )" where
)= (=q) o (=») o (-»p) by properties of closure. This char-
acterisation implies that to show confluence of reduction in A.g
it suffices to show that = , is weakly confluent. The outline of
the remainder of the proof is presented in diagrammatic form in
Figure 2.

Confluence of —»,, is established by an observation that control
operators do not introduce new pure redexes and can be mapped
via ¢ : Acg — Ac using a set of reserved variables d, I, r, s:

H(MN) = (M) $(N),
d(letx = MinN) =let p(x) = (M) in p(N),
¢(P$N) =letl=¢(P)inletr =d (V) inr (Ar.¢p(N)),
¢(VSN) =letr =dp(V)inr (Ar.p(N)),

$(x) = p(x),
p(Ax. M) = Ap(x). (M),
$(So) =s.

Variables can be reserved by using a renaming p(x,) = x, 4 where
(xn)nen is a non-repeating enumeration of variables such that
(x1,%2,x3,%x4) = (d,l,r,s). Translation ¢ has the property that
for every pair of terms M,N € A, M —», N iff ¢(M) —»,
,p(N). Also, for all M € A, and N € A, if (M) >, N, then
there exists a term N’ € Ay such that N -, ¢(N’). This al-
lows us to prove confluence of —,: if M; «p M —», M, then
$(M1) «, $(M) -,  ¢(Mz), by confluence there is M’ € Ac
such that ¢(M;) »,, M’ «,_ ¢(Mz). By the second property,
there is M"" € Ayg such that ¢(My) -, ¢(M”) «,_ ¢(Mz). We
conclude that M; —» M’ “«p Mp.

By analysis of critical pairs, i is cautious with p and a is cautious
with p U i. By cautious lemma, these sets of rules commute.

Confluence lemmas of -; and =, are proven using Newman’s
lemma (well-founded weakly confluent preorder is confluent), find-
ing a suitable size function is an easy exercise while weak conflu-
ence follows from the analysis of critical pairs.

Below we present critical pairs for § and 7 rules for $ and all
nontrivial cases involving the ($.let) rule.

e Rule (S.$) versus (1.$).

Dy w

—($.0)

V$Sox.xW_)(’7'$) vew
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*3Ac$_’/1:$g)‘

M = g(Ak.(M:k))
v:Kk = kvt
(PN):K = P:(Ax.((xN):K))
(VQ):K = 0:(1y.((Vy) :K))
vw):k = viw'k
(letx=MinN): K = M:(Ax.(N:K))
(P$M):K = P:(Ax.(x$M):K)
(V$M):K = (M:VHK
XT = X
Ax. M = Ax.M*
SoT = Ax.x

Figure 3: Translation from 1 4 to continuation-passing style.
The 7(-) function applies -contraction if possible. )L:$ stands
for the image of the CPS translation.

e Rule ($.let) versus (f.let).
—(s.ler) (AX.VSM)$W
= (B.let)

V$letx = WinM

[x:=W]

o Rule ($.let) versus (n.let).
V$letx = Minx

—($det) Ax.VIX)SM =545 (Ax.VX)$SM =, o)
—(n.let)
V$M

e Rule ($.let) versus (assoc).

V$letx =lety =LinMin N

—(glery Ax.VEN)$lety=LinM
—(assoc) V$lety=Linletx =MinN
T ($.ler)
—sler)y (Ay.VSletx=MinN)$L —(g1er)

Ay.(Ax.V$SN)$SM)$L

]

Finally, in Figure 3 we introduce a CPS translation that embeds
Acg within the A-calculus. The translation is defined together with
two helper translations, — : — and —T, by mutual structural recur-
sion on terms and values. The former takes a term and a context
and translates these to avoid creating artificial redexes in the result-
ing term, while the latter is a simple translation on values, which
translates Sy as the identity function and calls the main translation
under lambdas. Finally, the * function uses the colon translation
and n-reduces the root of the resulting term if necessary. This en-
sures the image of the CPS translation is in #-head-normal form, a
property which we discuss in more detail in Section 5, where we
analyse the image of the translation. Note that while for all of the
serious rules of A 4 the image of both sides of the rules differs, for

PPDP 2021, September 6-8, 2021, Tallinn, Estonia

terms e == vlee'|Sox.e|le$e’
values v o= x|Ax.M
elementary contexts F == [Jelo[]]|[]$e
pure contexts E == []|F[E]
(Bo) (Ax.e)v —e e[x:=10]
($0) v$o’ —e v’
($/S0) o$E[Sox.el — elx=ay.v$E[y]]
(Bo) (Ax.e)o  =¢ e[x:=0]
(o) Ax.vx = U
($5) ov$o’ = 0o

($£) v$E[e] = (Ay.v$E[y])$e
(Bs) v$Sox.e = e[x:=0]
(ns) Sox.x$e =, e

Figure 4: The direct style calculus Ag and its semantics.

C[]:24 — A
Clx] = Ak.kx
ClAx.e] = Ak.k(Ax.C[e])
Clee’] = Ak.C[e] (Ax.C[e’] (Ay.xyk))
Cl[Sox.e] = Ax.C[e]
Clese’] = Ak.Cle](Ax.Cle'|xk)

Figure 5: Translation from /¢ to continuation-passing style.

the remaining four rules (including ($.v) and ($.let)) it remains the
same — hence the name administrative.

4 RELATION WITH /g4

In a line of work devoted to shift0 [14, 16], Materzok introduced the
calculus Ag, inspired by an earlier work of Kiselyov and Shan [13].
It is the call-by-value A-calculus extended with shift0 and dollar,
and often considered the reference calculus for shift0 [4]. In this
section we show in what sense the calculus 4.4 agrees with Ag.

The syntax, reduction rules, and axioms for Ag are shown in
Figure 4. In Ag, shift0 takes the form of a binder, and the reduction
rule ($/So) captures the entire delimited context E at once, which
is in contrast to A.4. The axioms as presented here were shown
sound and complete with respect to the CPS translation to A, the
A-calculus with full fy-equality [14]. The translation is presented
in Figure 5.

To relate the two calculi, we first define maps between them,
which are presented in Figure 6: the natural embedding : : g — Acg,
and a translation 7 : A, — Ag that expands the Sy combinator and
the let-bindings. These translations are mutual inverses up to the
equations in each calculus. The equations are only used to bridge
the syntactic differences between the calculi, namely, the different
format of the Sp operator and the need to recreate the let-bindings,
which are compiled away by 7.

LEMMA 4.1 (EMBEDDING ¢ AND 7 ARE MUTUAL INVERSES). The
following propositions hold:
e Foralle € Ag, Ag + m(1(e)) =e.
e ForallM € Agg, Acg + 1(m(M)) = M.
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L: ).5 — AC$
1(x) x
(Ax.e) Ax.1(e)
i(ee’) 1(e) 1(e’)
1(Sox.e) So (Ax.1(e))
i(e$e’) 1(e)$i(e’)
/. /105 — /1$
m(x) x
m(Ax. M) Ax.m(M)
T(MN) (M) m(N)
7'[(50) )Lm.Sok.mk
n(M$N) n(M)$n(N)

n(letx = MinN)

(Ax.7(N)) (M)

Figure 6: Embedding : and its inverse 7.

~C A X Acg

M~M
(VAR) — (1aM)

X ~x Ax.M~2Ax. M

(sHIFTO)

So ~ So

M~M N~N’
(app) ———— (DOLLAR)

M$N~M $N’

M~M N~N’
MN ~M' N’
M~M N~N’
letx =MinN ~letx =M’ in N

- (LET)

x#]J letx =Pin J[x] ~ P’
J[P] ~ P’

VW ~P
- (START-1) (sTEP-1)

V$W ~P
x#V V~V/

Tx vx~ v ST

(Ax.V$N)$M ~P’
V$letx=MinN ~P

> (STEP-2)

Figure 7: Similarity relation ~.

Proor. By structural induction on e and M, respectively. There

are only three nontrivial cases due to few syntactic discrepancies.

Note that reduction (name) : J[P] — letx = PinJ[x] can be
strengthened to an equality (name) : J[M] = (letx = Min J[x]),
because every value is equal to some nonvalue by the identity
Ax.x)V =(g0) V-

7(1(Spx.e)) = (Am.Sox.mx) (Ax.x(i(e)))
=m (Am.Sox.mx) (Ax.e) =p,) Sox.e
U7 (So)) =Am.So (Ak.mk) =) So
i(n(letx=MinN)) = (Ax.ix(N)) ir(M) =g (Ax.N)M
=(name) letx = Min(Ax.N)
=(p.v) letx=MinN

Biernacki, Pyzik, Sieczkowski

First, we establish that the reduction rules of 1.4 encompass at
least the reductions of Ag, i.e. that our reduction theory can sim-
ulate the evaluation behaviour of Materzok’s calculus. The only
non-trivial aspect of this is to formally account for the fact that Ag
captures contexts in a single step, while A.¢ uses the fine-grained
reduction rule ($.let). To this end, we introduce a syntactic similar-
ity relation, ~, shown in Figure 7, that makes it possible to relate
captured contexts in the two representations.

The simulation relation is defined, so that the following critical
lemma holds.

LEMMA 4.2 (SIMILARITY IS A REDUCTION). Consider a set of rules
s = {(n.v), ($.0), ($.let), (name)}, called the similarity rules. Then,
M ~ M’ if, and only if M »¢ M’.

Proor. The forward implication follows by induction on the sim-
ilarity jugdement. Cases (START-1),(START-2),(STEP-1) and (STEP-2)
invoke a single ($.v), (n.v), (name) and ($.let) reduction respec-
tively.

For the backward implication, first note that the similarity is re-
flexive by a simple, structural induction on a term. Second, applying
rules (START-1),(START-2),(STEP-1) and (STEP-2) to reflexivity gives
all reversed contractions of set s. Third, the remaining rules allow
to plug any instance of similarity into any context. Fourth, there is
a natural-valued measure m on terms that decreses with reduction
-»¢ and on subterms. Given these observations, it remains to show
that the similarity is transitive, which we prove by induction on m,
the measure of the first term of the statement of transitivity. For
start and step rules, we apply induction hypothesis immediately and
apply an appropriate start or step rule to the resulting derivation.
For other rules, we proceed by inspection of the derivation of the
second judgement: if the same rule is used there, we use induction
hypothesis to combine derivations and finally wrap these with the
same rule. There are only five possible cases where rules do not
match: (LAM) vs (START-2), (DOLLAR) Vs (STEP-1), (APP) Vs (STEP-1),
(DOLLAR) vs (STEP-2) and (DOLLAR) Vs (START-1).

The first case: inspection of derivations reveals that the terms
look like Ax.V x Ax.V’x and V"’ where x is fresh in V and V’.
They are related by V. ~ V’ and V' ~ V”’. We apply induction
hypothesis to get V ~ V”” and then by rule (START-2) AV x. ~ V",

The second and the third case together: the terms look like Q,
J'[P’] and Q’. They are related by Q ~ J’[P’] (either by (DOLLAR)
or (app) rule) and letx = P’ inJ’[x] ~ Q’, where x is fresh in
J’. Further inspection of Q ~ J/[P’] by cases on J’ reveals that
Q=J[P],P ~P/,x#]and J[x] ~ J'[x] for some J and P. From
these we derive that letx = PinJ[x] ~ letx = P’ inJ’[x] and
by induction hypothesis we get letx = PinJ[x] ~ Q" (letx =
Pin J[x] is smaller than Q = J[P]). Finally, by rule (sTepP-1) J[P] ~
Q’ which is the same as Q ~ Q”. The last two cases proceed similarly.

]

Independently, if we straightforwardly define an extension of  to
pure contexts of Ag by structural recursion, we get the following
lemma.

LEMMA 4.3 (EMBEDDING OF CONTEXTS). t(E)[i(e)] = 1(E[e]).

Using the ingredients above, we prove the following theorem that
establishes the desired simulation and confirms that the calculus
Acg captures the evaluation semantics of shift0.
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LEMMA 4.4 (SIMULATION KICKSTART). Foralle e’ € Ag, ife — ),
e’, then there exists M € Acg such that 1(e) -, , M and i(e’) ~ M.

Proor. Induction on the deriviation of the reduction judgement.
The nontrivial case is

v$E[Sox.e] —e[x:=Ay.v$E[y]].
It suffices to show that there exists a term M that satisfies
1(0) $ UE)[So x . 1(e)] » M ~ 1(e)[x := Ay.1(v) $1(E)[y]],

which follows by induction on context E, using substitutivity of
similarity (transferred from reduction - via Lemma 4.2). o

THEOREM 4.5 (SIMULATION). For all e,e’ € Ay and M € A
such thate — ) e’ and 1(e) ~ M, there exists M’ € Acg such that
M >, M andi(e’) ~ M.

ProoF. By the lemma above, there exists M"" € A g such that
1(e) », M and i(e’) ~ M”'. By Lemma 4.2 similarity is equiva-
lent to the reduction —»g, which by the analysis of critical pairs and
the cautious lemma commutes with the reduction of A.¢ calculus.
Therefore, from 1(e) ~ M and 1(e) -, M"" we infer that there ex-
ists M’ such that M”” ~ M’ (hence t(e’) ~ M’) and M Pl M. o

Next, we need to establish whether the reduction theory of A g
is not too strong, i.e. that it only relates terms that are equal under
Materzok’s axioms. To this end, we relate the images of the two
calculi under their respective CPS translations.

The crucial observation is that the two CPS conversions, when
applied to terms related by 1, produce terms that are fr-equal.

LEMMA 4.6 (fn-EQUIVALENCE OF CPS TRANSFORMS). We define
Clix]o = x and C[Ax .e], = Ax.C[e]. For all terms e € Ag, values
v € Ag and terms M € A,

e A+ i(e)* =Cle],
e A+ 1(0)" = C[o], and
e Ari(e): M=C[e] M.

Proor. For purposes of this proof, metavariables p and g shall
be used for terms of Ag which are not values. We observe that for
all values v, C[[v] = Ak .k C[v],. The proof follows smoothly by
mutual structural induction on term e, some cases are presented
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below.

dx.e) = Ax.1(e)" = Ax.C[e]
=Clrx.€]o
(p9)* =10k .((p) : Ax (g - Ay xy k)

= 2k(u(p) : (Ax-(u(g) s (Ay - xyk)))
=m Ak.C[p] (Ax.Clq] (Ay.xyk))
=Clpdl

(Spx.e)"=Ay.y) (Ax.1(e)*) =Ax.1(e)"
=g Ax.Cle]
=C[Sox.€]

0$e): M= (1(e) : 1(0)") M =1 (C[e] Co]o) M
= (Ak.(Cle] Clelo) ) M
= (Ak.C[o] (Ax.Cle] xk)) M
=Clvo$e]M

[}

As a corollary, we obtain the correctness of the equational theory
in A.g with respect to Materzok’s axioms (the second item in the
following theorem).

THEOREM 4.7 (COMPLETENESS OF THE EMBEDDING). The following
propositions hold:

e Forallee’ € g, if g+ 1(e) =1(e’), thenAg - e=¢’.
o Forall MM’ € Agg, if Aeg v M = M’, then Ay + n(M) =
a(M’).

Proor. The first proposition follows by monotonicity of *, sub-
calculus relationship between /1: and A, and equivalence of CPS
transforms. The second proposition follows by the right inverse of
1 and the first one. O

Thus, we have established that A, is a sensible reduction theory
with respect to the established semantics of shift0: the reduction
rules are not too strong, as they are justified by Materzok’s equality
axioms, and they are not too weak, as they can simulate the standard
evaluation rules. One might wonder, however, if the equational
theory obtained from the reductions of 1.4 can justify the equality
axioms of Ag.

This turns out to be the case for all the axioms except (74), which
does not follow from our rules — recall that (7.$) is restricted to
the case of values and does not actually involve a $ operator under
the shift. 2 Of the remaining axioms, the most interesting is ($g),
which describes the behaviour of evaluation contexts under the
delimiter in the equational setting.

LEMMA 4.8 (SOUNDNESS OF ($g) IN Aog). Equality
V$K[M] = (Ax.V$K[x])$M
holds in Agg.

2For values we of course have Syx.x$V —.0) Sox.xV —s) V. For the
general case required by 7 this is not possible.
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Proor. By induction on M. Group into three cases: values, non-
values of the form lety = M in N and nonvalues of the form J[M].

V$K[W]
Ax.V$K[x])W

=(p.v)
=(5.0) (Ax.V$K[x])$W
V$K[lety = Min N]
=gen. assoc. V$lety = MinK[N]
=($.let) (Ay.V$K[N]) $M

=14 Ay.(Ax.V$K[x])$N)$ M

=($.let) (Ax.V$K[x]) $lety=MinN

We use the strengthened version of (name) : J[M] = letx =
M in J[x], like in Lemma 4.1.

V$K[J[M]]
=(name) V$K[lety = MinJ[y]]
= (Ax.V$K[x]) $lety = Min J[y]
=(name) (Ax.V$K[x])$ J[M]

]
The remaining axioms are more straightforward to see valid.

THEOREM 4.9. Materzok’s axioms are valid in Mg, with the excep-
tion of (ng).

Proor. Equality ($g) is proven by the previous lemma. Equali-
ties (fy), (170) and ($,) match rules of A.¢. Equality () is derived
in two steps.

V$Sy (Ax. M)
=(B.%) (AX.M)V
=(p.0) M[x = V]

O

In principle, it could be possible to extend the set of reduction
rules in ¢ with a directed version of (775) and validate all of Mater-
zok’s axioms by the symmetric closure of reduction rules. However,
it does not seem to be a question of a simple extension of A g, par-
ticularly since we want to obtain the direct-style translation and
reflection theorem — the questions to which we now turn.

5 BACKTO DIRECT STYLE

In this section we detail the first part of the reflection programme:
the classification of the image of the CPS translation, the existence
of its right inverse, i.e. the Direct Style translation, and the classi-
fication of its kernel, i.e. the part of A.¢ for which the CPS and DS
translations are both left- and right-inverses.

5.1 The Stacked CPS calculus

We present the calculus /1:$ that characterises the image of the CPS
translation in Figure 8. For convenience of presentation, we include
the reduction relation, which will be the focus of the following
section: here, we simply note that the presented reduction rules
are various compositions of standard f and 5 reductions of the
A-calculus, and thus Ac*$ is a subcalculus of A. For now, however, we
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roots R w= Ak.M; | M.

terms Mp, Ny = KAV |MeJp
expanded terms Ly = M |Mek

values V,.W = x|Ax.R|Ax.x
serious continuations  J = (A=e) Vl(azk) Ax.Lg
continuations K 5= (a=k) k1A

(p.v.R) Axk.M)V —r  Ak.Mi[x:=V]
(B.o.M) Axk. M)V Ja My Milx = V][k = Ja]
(Bv.L) (Ayj.Mj)Vk = Mjly=V][j:=k]
(n.v) Ax.Vx -y Vv

(B.let.R) Ak.(Ax.Mek)V SR Me[x:=V]
(Blet.M) (Ax.Mp)V My, Malx:=V]
(Blet.L) (Ax.Mek)V -1, Mx=V]k
(n.let) Ak.Me (Ax.kx) —R M,

(B-9) Ax.x)VW A

(n.$.R) Ax.x) (Ak.kV) —r  Ak.kV

m$.M)  (Ax.x)(Aj.jV)Jk —m IV
(n.$.L) Ax.x)(Aj.jV)k -1, kV

Figure 8: Continuation-passing style calculus /16$.

focus on its syntax. In the grammar, the nonterminals for terms,
expanded terms and both kinds of continuations are parameterised,
following the midly context-sensitive format of literal movement
grammars [9]. This parameter tracks which variable is to be con-
sidered the current continuation.

There is no globally fixed continuation variable, we track them
independently inside each root term. Thanks to that, the grammar
fully respects alpha-conversion. However, this comes with a price:
an essential contextual dependency in the language which necces-
sitates a formalism slightly stronger than context-free grammars.

Analysing the image of the CPS, we identified a parallel category
of terms where the current continuation is not availaible and we
describe both categories uniformly — in this case we use o as the
annotation. Conceptually, this can arise in two ways: either by the
use of the $ operator in the source program, or the -reduction
performed by the translation. Also note that the identity value
Ax . x, which is the image of Sy under the CPS translation, has to
be handled explicitly, as a variable x is not a valid root term.

The main distinctions between our prior work that tackled the
shift and reset control operators and the current work stem from
the treatment of continuations. The continuations in shift/reset are
composed: thus, the combinator to which we translate shift needs to
perform some work and is necessarily more complex than the iden-
tity combinator. On the other hand, the CPS image of the shift/reset
calculus distinguishes between functions and continuations, while
(due to the stacking behaviour of continuations in the current work)
the two are virtually identical.

This also leads to the crucial role of the eta-head-normal form
of root terms: since we use the colon translation to avoid creating
administrative redexes (in Plotkin’s sense), our continuations can be
eta-reduced. However, since they can be also used in the place of a
function, we need to allow for eta-head-normal functions. Since we
aim for obtaining a reflection, however, we need the representations
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of functions in CPS to be unique, and thus we eta-reduce the roots,
so the unique form is the eta-reduced one.

In the statement of Lemmas 5.1 and 5.3 regarding characteri-
sation of the CPS and DS kernel we use an explicit notation for
membership to a syntactic category which is slightly incompatible
with the default convention that, e.g., L is a metavariable from the
syntactic category Ly (expanded terms with the current continua-
tion k). For example, we state that Ax . x y kisa term in the syntactic
category Kj. of the grammar )L* as follows: k I— A x.xyk (which

is incidentally true).

LEMMA 5.1 (CHARACTERISATION OF CPS). For all M € A g, we
have M* € /1:$.

Proor. We prove the following propositions by mutual induc-
tion:
o if ! M, then forall k -, K, k+k, (M:K);
$ c$ c$

o if I—M M, then for all ,_V* V,e I—% (M:V);
c$ $

o if l—V V then l—}{, v
The first two propositions decrease structurally on term M while
the last one decreases structurally on value V. In mutual induction

case I—X Ax. M = l—}{* A x . M* one needs to show a fact about *
while none of inductive hypotheses mention it. However, by using
the first proposition we can show that l—ﬁ': M implies l—f* M* by a

c c$
reasoning given below.

M

Assume l-/m M. From the first proposition we get k l-ﬁz$ (M : k),

consider two cases:

o if M: k = N where k H3! N then M* = n(Ak.N) = Ak.N
c$
is a root,
o if M: k= Nkwhereﬂ—ﬁ’f N then M* =p(Ak.Nk)=N
is a root.

Once we have proven mutually inductive propositions, we con-
clude by reusing the reasoning given above. O

Note that the colon translation produces an expanded term when
applied to an open continuation. Expanded terms of the form M, k
can only appear in continuations. This is because roots of the form
Ak . M, k, which could appear through the colon translation, would
get n-reduced to M, by the CPS.

The reasons for keeping the roots in the results of our CPS
translation in 5-head-normal form are quite technical. Since the
colon translation of a dollar is defined as (V$ M) : K = (M : VK,
it is apparent that the second argument of a colon transformation
can be either a context or a value — and since the translation does
not inspect its second argument, we have to pay attention to ensure
that these syntactic categories do not get mixed up. Likewise, due
to our treatment of shift0, we can actually substitute a value for
a continuation variable. It turns out that y-reduction of roots is
sufficient to ensure that the result is coherent in this sense, i.e. even
though values and contexts can appear in similar places, they are
cleanly separated.

However, this similarity of uses between values and open con-
tinuations allows us to define a common category of serious contin-
uations: either form can appear as an argument to a term (second
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B0 > A5 C e

(Ak.M)t = M
VW)t = Vhwh
M V) = VhsME
(Ke V) = KP[VA]
(MoK# = KP[M]
xlq = X
Ax.R)F = Ax.R*
Ax.0)f = S
o= ]
(/lx.Mk)b = letx:[]inMg
(Ax.Mok)? = letx=[]inM

Figure 9: Conversion from AZ$ back to direct style. AZ&B stands
for the image of the DS translation.

production of terms) or as a continuation — but at the same time
they are clearly separated by the annotation in the grammar: a J,
can only ever be a value, while a Ji can only ever be a non-trivial
continuation. This reinforces the notion that, while the contexts
and values are used similarly in the colon translation, in its im-
age their separation is respected — which enables the Direct-Style
translation, to which we now turn.

5.2 Direct-Style Translation

In the previous section we have shown that our grammar defines
a language broad enough to fit the image of the CPS translation.
To prove that the language /1:$ is precise, we define a translation,
written —*, from its terms back to Acg- The translation is defined
together with three helper translations, —ﬂ, —fand —b, by mutual
structural recursion on roots (this includes terms without a current
continuation), expanded terms (this includes terms with the current
continuation), values and continuations, respectively. This Direct-
Style translation is defined in Figure 9. Regarding the precision of
A:$ grammar to describe the image of the CPS translation, if this
DS translation is the right-inverse of the CPS, then for each root
Re A:$ we have R* € 1. Since by the CPS translation we obtain
R*™ = R, this justifies the presence of R in the image of the CPS
translation. As advertised, the translation is indeed the right inverse
of the CPS translation, as stated in the following theorem.

THEOREM 5.2 (RIGHT INVERSE OF *). For allR € AC*$, R*™ = R.
Also, the following identities hold: M¥ : Kp = Me K, Mz k=M,
VB =V, K [M] i k= M : Ky

Proor. We prove these identities by mutual structural induction
on R, M, My, V and Kg, respectively. Some case are presented
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terms M,N == K]JL]
simple terms L x= V|P
values V,W == x|Ax.R|Sp
nonvalues P,Q == VW|VS$P
pure contexts J,K == []|letx=[]inM
(poM) K[(Ax.M)V] —y  Mx:=V]:K K maximal
(pou.P) W$UAx.M)V —p W;M[x:=V]
(n.v) Ax.Vx -y V
(p.let) letx=VinM -y Mlx:=V]
(n.let) letx=[]inK[x] —-g K
(B-%) V$Sy W —p WV
(n.%) Sox.xV - Vv
L:K =K[L]
(letx=LinM) : K =letx=Lin(M : K)
w;v =WV
wW;P =W$P

W;letx =LinM =Ax.(W;M));L

Figure 10: The direct style kernel calculus AZ$.

below.
(Ak.M)™ = n(Ak. M} : k)
= n(Ak. My)
= Ak. My
(Mo V) = n(Ak (VES$ME) < k)
= n(Ak.(ME VB k)
= Mt VAT
= Me V
(K V¥ k=K [V 1k
= V9 Ky
= K, VAT
=l KV
(Ax.0)f = 8T
=Ax.x
(Ax.Nek)?[M] : k = (letx = MinN}) : k
= (letx = MinN¥) : k
=M:(Ax.N¥:k)
=g M: (Ax.Nek)
]
Having introduced the DS translation, we can attempt to char-
acterise its image, the kernel direct-style calculus A:$. The CPS
translation restricted to this calculus would then be, by construc-
tion, both left and right inverse of the DS translation: thus, it would
serve to characterise within the direct-style calculus the adminis-

trative reductions that are performed within the CPS translation.
The grammar of such a sub-calculus of .4 is presented in Figure 10.
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Note that the appropriate syntactic classes of )L:$ are indeed sub-
classes of A4 and moreover that they only contain terms that are
in administrative-normal form, i.e. no administrative rule of A.¢
applies. This has a bearing on the reduction rules, which are par-
ticular compositions of the rules of A.g: intuitively, each rule of
A:$ corresponds to an instance of a serious rule of A4 followed,
if necessary, by administrative renormalisation. Note that for this
procedure to work correctly, the (f.0.M) rule must capture the let-
expression within which the beta-redex is found, if one is present:
this is expressed by the side condition that K is maximal. Finally,
we prove that the calculus contains the image of the DS translation;
we will return to the issue of its precision in the following section.

LEMMA 5.3 (CHARACTERISATION OF THE DS KERNEL). For all
Re X R € Xy

Proor. We prove the following propositions by mutual struc-
tural induction on the term R, M, L, V and K, respectively:

o if R R, then +M R*;

A* A%
c$ c$
o ife l—% M, then l—f{, M*;
c$ c$
o ifk+k L thent¥ Lf;
c$ c$
o if I—}{* V, then I—)‘L/> Vh;
c$ c$
o ifk tK K, then K KP.
c$ c$

6 MONOTONICITY, SOUNDNESS,
COMPLETENESS AND REFLECTION

With both the CPS and DS translations defined, in this section we
tackle the remaining aspect of the reflection programme, i.e. mono-
tonicity of the translations, which results in the reflection between
the calculi, and the precision of the definition of the kernel calcu-
lus )L"$, To state the lemmas of this section precisely, we annotate
reductions like -, to mark which syntactic category is preserved
by these reductions — in the example given, these are expanded
terms with a continuation variable k.

6.1 Monotonicity of the translations

To establish monotonicity of our translations, we first introduce
technical lemmas about the CPS translation. These establish how a
single reduction step maps through 7, :, * and . In the following,
by —’ we mean zero or one steps of reduction.

LEMMA 6.1 (SINGLE-STEP REDUCTION PRESERVATION BY 7). If
Ly —Li Ll’c’ thenn(Ak.Ly) -»r n(Ak L;()

Proor. By cases on reduction Ly —p, L;. |

LEMMA 6.2 (SINGLE-STEP REDUCTION PRESERVATION BY : IN THE
SECOND ARGUMENT). The following implications hold:
o ifKp =K, KI;, then for all M, M : K. =, M: KIQ;
o if V. —y V', then forall M, M :V —p;, M:V’.

ProoF. By structural induction on M, using congruence. O

LEMMA 6.3 (SINGLE-STEP REDUCTION PRESERVATION BY :, * AND
t). The following implications hold:
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o if M —p M, then for all J, M : Ji _)?Lk M : Ji;
o if M —p M, then forallV M :V = M :V;
o ifV—y V/, then VT —>€/ v

o if M —y M’, then M* —" M’*.

Proor. The first three propositions by mutual induction on M,
M and V, respectively; case reasoning on the reduction relation,
using Lemma 6.2 when needed. The fourth proposition is proven
by applying the first proposition and Lemma 6.1.

We show the case for the ($.let) reduction as an example. We
have the reduction V $letx = MinN — (Ax.V$N)$ M and we
need to prove that (V $letx = MinN) : J S ((Ax.V$N)$M) :
Ji- We proceed as follows:

(V$letx = MinN): o = (M: (Ax.N:VH) J
=((Ax. VSN)SM) : Ji

As an another example, consider the sample congruence case,
where we have %, and we need to show that (PV) : Kp —°
(PW) : Kp. We proceed as follows:

VoW = IHVT - wt
= Ax.xV*KA — Ax.xWTKA

= Lemmac2P:Ax.xVIK\) > P:(Ax.x W Kp)
e (PV):Kj — (PW):Knp

In some cases we use simple to prove substitution lemmas like
Mx := V]*I‘ = M x =V, M[x =V]: Ka[x :==VT] = M :
K)[x=VlorWx=V]T = wi[x =VT].

A sample use of these is a serious case of ($.v) where we have
(Ax.M)V — M][x := V] and need to show that (Ax.M)V) :
W — M[x := V] : W. There are two subcases, depending on the
shape of M*. The first case: M* = A k.M : k.

(Ax.M)V):W=Axk.M:k)Viw
> pom M:R)[x:=V[k=W]
= (M[x:=V]:k)[k:=W]
=M[x:=V]:W)
The second case: M* is in syntactic category M,. Note that this
category in invariant under substitution.
(Ax.MV):W=Ax.M)VIw
= (plermn M [x =VIw
=M[x=V]*W
=M[x=V]:W

O

From this last lemma, we obtain monotonicity as a simple corollary.

THEOREM 6.4 (MONOTONICITY OF *). Forall M,M’ € A.g, M >
M’ implies M* - M.

While the CPS translation collapses administrative reductions
to identity in A:$, this is not the case for the DS translation and its
auxiliary maps. Here, each step of AC*$ maps to precisely one step
in /1;3;.

PPDP 2021, September 6-8, 2021, Tallinn, Estonia

LEMMA 6.5 (SINGLE-STEP REDUCTION PRESERVATION BY #, §f, | AND
b). The following implications hold:
e ifR — R/, then R* — R"*;
e if My — M/, then Mg - M]:u;
e ifMy — M}, then M¥ — NZJ¥;
e ifV— V', then Vi vy,
o ifKi — K{, then for all N, K?[N] — K[N].

Proor. Mutual structural induction on R, My, M., V and K,
respectively; case reasoning on single-step reduction. There is a
myriad of cases here but they all fall into two categories: contrac-
tions and congruences. An example of a contraction: assume that
Ak.(Ax.Me k) V — M e [x := V]. Using one of substitution lem-
mas we get:

(Ak.Ax.Mok)V)* =letx = Viin M
— Mi[x = Vu]
= (Ma[x := V]*

An example of a congruence: assuming Mo — M, show that
(M, V)* — (M, V)*. By induction hypothesis, M — M.*. Even-
tually

(Mo V)* = Vg M?
— Vi$ M
= (M V)"

]

Since the reductions in )L';S are sequences of reductions in A g, mono-
tonicity follows.

THEOREM 6.6 (MONOTONICITY OF #). ForallR,R’ € /1:$, ifR >
R’, then R* —» R'*.

These monotonicity results encode, in essence, that the direct-
style calculus A g is sound and complete with respect to the CPS
theory /1:$. Moreover, we can use them to derive the confluence of
reduction in the image of the CPS translation.

COROLLARY 6.7 (CONFLUENCE IN /1:$). Reduction is confluent in
*
)LC$.

PROOF. Assume R; «- R - Ry. Map the diagram to DS: Rf “«
Rf —» Rg. Apply confluence in A.4: R? » M « Rg. Map this
diagram to CPS: R?* - M* « R}*. Rewrite with right inverse
theorem: Ry - M™ « Ro. O

6.2 The reflection theorem and the kernel
calculus

In Section 5 we have established that the composition of the DS
and CPS translations in that order amounts to identity. However, if
we begin with the CPS translation and apply the DS translation to
its result, the final term may be in a more reduced form — although
only administrative reductions may be performed in the process.
This is expressed by the following lemmas.
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LEMMA 6.8 (GENERALISED ASSOCIATIVITY). The following reduc-
tion holds:

o K>[letx = MinN] =7 letx = Min K} [N].
ProoF. By cases on K. O

THEOREM 6.9 (LEFT POST-INVERSE OF #). For allM € A.g, M —»
M**. Also, the following reductions hold and all reductions are ad-
ministrative:

e VASM » (M : V),
o KP[M] » (M: Kp)¥,
oV »VTh
ProoF. By mutual structural induction on M (V in the last propo-

sition). Example cases for abstraction, application, let-expression
and $ below.

Ax.M

ind. hyp. Ax. M

Zdef. (/1x.M)Jrh
vispw
— (name) VBgletx = Pinx W
= ($.let) (Ax.Vi$xW)$P
ind. hyp. (Ax.Vigxwit)gp
Sdef. Ax.xwivbsgp
~?ind. hyp. (P: (Ax.xwWiv)*
Zdef. (PW):V)*

K?[letx = Min N

”
—gen. assoc.

letx = MinK,IZ [N]
letx = Min(N : K

ind. hyp.
=def. (Ax.(N : K))" [M]
~ind. hyp. ((letx = MinN) : K;)*
K2 [V $M]
ind. hyp. K[V $ M|
ind. hyp. K2 [(M: V¥
=def, (M : V) K
=def, ((V$M) : Kp)¥

O

We call # a left post-inverse to highlight the fact that, while not
identical, the result is related to the source term by the reduction
ordering.

With both monotonicity and inverse behaviour of the transla-
tions characterised, we can conclude that the CPS and DS transla-
tions, * and #, form a Galois connection and in fact a reflection.

THEOREM 6.10 (GALOIS CONNECTION BETWEEN A 4 AND AC*$).
Translations (x, #) form a Galois connection.
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Aes - Ao

e

/

)'655

[14]

[4]

Aty

Figure 11: Summary of the relationships between the calculi
- a commutative diagram. Hooked arrows denote subcalculus
relationship, single arrows are monotone functions, double
arrows preserve equality, double edge for equational corre-
spondence.

Proor. Directly by characterisation of Galois connection of The-
orem 2.3. O

COROLLARY 6.11 (REFLECTION). Since # is a right inverse of *, the
Galois connection (x,#) is indeed a reflection.

Since the reductions performed by the composition of CPS and
DS translations are only administrative, terms in administrative-
normal form are invariant under it. Thus, the characterisation of the
kernel calculus AZ?B is in fact precise. This means that the reflection
decomposes into another reflection (> := # 0% : A,y — /1:$, id,y;s :

*
c$’
A:$). In particular, the isomorphism guarantees confluence of the

AZEB — Acg) and a preorder isomorphism ( : AZ&B — AL H# AZB —

reduction theory of AZ$.

7 CONCLUSION AND FUTURE WORK

In this work we established a reflection of the image of the CPS
translation for the computational lambda calculus A, extended with
8o and $ in the source calculus, with a novel form of operational
semantics for these control operators. This result, in particular, pro-
vides a sound and complete reduction theory for Sp—a result that
complements Materzok’s sound and complete equational axioma-
tisation of this operator [14], while at the same time providing a
semantics of delimited control operators where the continuation
capture is realised through interaction of the delimiter with com-
putation formers rather than through explicit handling of contexts.

Previous work on axiomatising control operators with respect
to CPS include also Sabry and Felleisen’s equational theory for
callcc [22] and Kameyama and Hasegawa'’s characterisation of shift
and reset [12]. The latter result provides a set of equations that are
sound and complete with respect to the 2-layered CPS translation
for shift and reset. A generalisation of this result to the CPS hier-
archy was obtained by Kameyama [11]. Finally, in our previous
work, the operators shift and reset have then been equipped with
a sound and complete reduction theory, where the CPS transla-
tion is single-layer and generates terms in continuation-composing
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style [1]. This and the present work follow the ideas introduced by
Sabry and Wadler in their seminal paper on reflections for the call
by value A-calculus [23].

The canonical calculus Ag for 8o, which we show to be closely
related to A.g, the object of our study, has been shown to be in a
compositional equational correspondence with other control calculi,
namely Apjfi, and Ay, [4]. As defined by Sabry and Felleisen [22],
such a correspondence between two calculi equipped with equa-
tional theories holds when there exist translations between the
calculi that (1) are inverses up to the equations, and (2) preserve
the equations. It is a natural question to ask whether the equational
theory for A4 induced by the reduction rules is in an equational
correspondence with Ag.

The answer is: no. The reason for that is that a generalisation
of the reduction rule (7.$) to nonvalues by directing Materzok’s
equational axiom seems incompatible with the required properties,
namely: confluence, monotonicity of * : 1.4 — A and treatment of
So as a combinator. While the last of these is hardly essential, it is
not clear whether it would help in itself, as complications regarding
serious/administrative status of certain reduction would arise. Of
course, due to fn-equivalence of the images of the CPS, Materzok’s
(ng) can still be added to the equational theory of A.g. The question
of whether a set of reduction rules whose symmetric closure forms
an equational correspondence with Ag — and is thus, in some sense,
maximal — remains an interesting direction of future work.

Two further directions of future research emerge from this work.
First, it seems to us that it may be interesting and useful to draw a
similar landscape of control calculi as the one presented by Ariola
and Downen [4], but taking reduction, rather than equality, as
a notion to be preserved by translations between calculi. This is
a general goal that can lead to shedding new light not only on
delimited-control operators, but also on abortive ones, related to
classical logic when considered in a typed setting.

Second, we are planning to take advantage of the present work,
including our fine-grained approach to semantics of delimited con-
trol, and of the formal relationship of shift0 and algebraic effects
with deep handlers [8, 18]. Algebraic effects provide a user-friendly
way of interpreting computational effects in a compositional way
and are being actively studied from the theoretical and practical
perspective. It is our goal to develop a reduction theory along with
a suitable CPS translation for algebraic effects that will form a basis
for a reflection, as done for shift and shift0. That a result for shifto
can play a role in developing a similar result for algebraic effects has
been demonstrated before, e.g., by Hillerstrom et al. who derived
their CPS translation for algebraic effects from the preexisting one
for shifto [10].
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Abstract

Delimited control operator shiftO exhibits versatile capabilities: it can express layered monadic effects, or equivalently,
algebraic effects. Little did we know it can express lambda calculus too! We present Ag, a call-by-value lambda calculus
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Moreover, delimited continuations are closely related to algebraic effects [15,16], as it has been shown that
delimited control, in the form of shift0 and $, are mutually macro expressible with algebraic effects with
deep handlers [8,14]. It is as strong as an infinite hierarchy of shifts [13]. Finally, shift0 can recursively
express control0 in direct style [19].
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there exists a relation (i.e. CPS translation % : Ag — \) between call-by-value lambda terms extended
with delimited control operators and vanilla, call-by-name lambda terms that admits a simulation in both
ways, hence a bisimulation. We do not prove the bisimulation directly. Instead, we show that a stronger
relationship between these calculi exists, namely a reflection.
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In our previous, related works we followed the programme of Sabry and Wadler [18]: to seek a Galois
connection (or even better, a reflection or isomophism) between reduction theories instead of equational
correspondences whenever possible, as a Galois connection is a stronger relationship between calculi that
already implies an equational correspondence. In [1] we developed such relationship between shift and
its CPS, while in [2] we have done that for shift0. This paper improves upon the latter of these and
upon undirected axiomatisation of [11], as we prove a reflection where the image of CPS is closed under
61 reduction, hence a ”directed axiomatisation”. However, in the particular case of CPS translation for
shift0-style delimited control it turns out that the reduction-closed image is not a proper subcalculus
but the entire A\, hence every A-term is, in fact, in continuation-composing style. A translation back (aka.
direct style translation) from A to Ag exists which allows to perfectly embed lambda calculus: image of
the direct style translation is a subcalculus of Ag isomorphic with A-calculus.

This paper has two goals.

(i) to bring about the definitive, fine-grained operational semantics for shift0 that can provide, a ”di-
rected axiomatisation” of delimited control.

(ii) to show that call-by-value with delimited control in the form of shift0 is the same thing as call-by-
name purely functional programming on the level of operational semantics.

The second point cannot be stressed enough. Call-by-name reduction is exactly like call-by-value with
shift0-style delimited control. It is not the case with abortive control nor shift of Danvy and Filinski [3],
which can be deduced from previous axiomatisation efforts [17,9], whose CPS translations reach proper
subsets of A-terms. This puts shift0 control operator in a unique spot and as far as we know, it has not
been acknowledged yet.

1.1  Owutline

In Section 2 a new calculus of control is presented, named Ag, with its syntax and semantics. In Section 3
we show mutual macro-expressibility (and equational correspondence) of Ag and Ag, an established calculus
with shift0 and $, to support our claim that Ag is a call-by-value calculus with shiftO-style delimited
control. In Section 4 we prove theorems that justify the title of this paper: A can be reflected into Ag. As
a corollary, calculi Ay, [4], Ag [11], Ag and A all correspond equationally. We conclude and discuss related
and future work in Section 5.

1.2  Conventions

In this paper, = means syntactic equality modulo renaming of bound variables, while = means term
equivalence up to rewrite rules in a calculus; calculus is either implied by the usage or specified directly
in the subscript. Given relation r, r’ is (=) Ur, ie. reflexive closure of r. Rewrites may occur in
arbitrary contexts, including variable-binding contexts; these contexts may capture variables of a term
that is plugged into. Terms are not required to be closed; it is perflectly fine for them to be open. Some
classes of contexts (i.e. bindable and pure contexts) that we define may look a lot like evaluation contexts
but that is not their purpose here. We are not concerned with standard reduction nor evaluation strategy,
only with general reduction on open terms that may and will often be nondeterministic.

Atomic terms include variables z, parenthesised terms (M), unary shift0 So(M) (we call it thaw)
and unary $ $(M) (we call it freeze). Parentheses in these unary operators are mandatory and there is
no space between operator and parenthesis. Plugging term in a context C[M] and postfix translations
M*, MT, M# M?"5 are left-associative and have the highest precedence. Application M N has the next
precedence and is left-associative, followed by right-associative binary $ (known as plug [10] or dollar [13]°)
M $ N. We disambiguate M $(N) as M ($(N)), and M $(N) as M $ N by different spacing. Syntaxes

> We follow the translation naming convention of Sabry and Wadler [18].
6 The word plug is somewhat justified, but we feel like it is already taken (to plug a term in a context), so we tend
to pronouce this operator dollar. It’s arguably a bad name but there is a precedent of its use.
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letx = Min N, Ax. N and Sgz. N are right-associative, bind variable x in term N and have the lowest
precedence.

1.3 Theory of preorders — Galois connections and reflections

A calculus equipped with a reduction relation can be seen as a preordered set (proset, a set with a reflexive
and transitive relation).

Definition 1.1 Assume (A, —4) and (B,—p) are prosets. A function f : A — B is monotone iff for all
z1,29 € A, x1 —4 x2 implies f(z1) »p f(z2).

Definition 1.2 Monotone functions f : A — B and g : B — A form a Galois connection if, and only if
foralla € Aand b€ B, a -4 g(b) <= f(a) »p b.

It may be helpful to think about a Galois connection as a compiler * from source language S to
target language T' coupled with a decompiler #. Laws of Galois connection guarantee that compiling and
decompiling are harmonised: it does not matter whether simplification is performed on source or target,
or on both ends. As an equivalence, a Galois connection allows two modes of reasoning;:

o Soundness. Every multi-step reduction in the source is valid in the target: if M —g N7 then M* —p N.

e Completeness. Every multi-step reduction in the target is valid in the source: if M* —p N, then
M —g N#.

A reader familiar with (bi)simulations may notice that if a function f is monotone, then f is a similarity
relation. When (f, g) is a Galois connection, then f is a bisimilarity relation. A reader somewhat familiar
with category theory may recognise that preordered set is the same thing as a thin category. Monotone
functions are functors between those categories. Galois connection is a pair of adjoint functors. A Galois
connection between symmetric preorders (better known as equivalence relations) is simply an equational
correspondence.

There is an alternative characterisation of a Galois connection.

Theorem 1.3 (Equivalent definition of Galois connection) Monotone functions f : A — B and
g: B — A form a Galois connection if, and only if

* a—a9(f(a) and
* fg(b)) = b.

A reflection is a bit tighter kind of a Galois connection.

Definition 1.4 A Galois connection (f : A — B,g : B — A) is a reflection if, and only if for all b € B,
flg(b)) = b.

When (f : A — B,g: B — A) is a reflection we say that B can be reflected into A. A subcalculus
(9]B], (—4) N (g[B] x g[B])) is then isomorphic to B.

Definition 1.5 A reflection (f : A — B,g : B — A) is an isomorphism if, and only if for all a € A,
a=g(f(a)).

1.4 Background: Materzok’s Ag

In this introductory subsection, we present syntax, reductions, axioms (Figure 1.4) and CPS translation
(Figure 2) of \g, as defined by Materzok [11]. It features a variable-binding control operator shift0 and
binary operator $ that delimits continuation captured by shiftO in the right hand side. CPS translation
to lambda calculus provides denotational semantics. The axioms were proven by Materzok to be sound
and complete with respect to CPS translation. Ag also has small-step operational semantics, which are
sound (but not complete) with respect to axioms and CPS. These semantics allow shift0 to capture an
arbitrarily long context in a single reduction step.
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term e n=wvlee |Syx.e|le$e
value v n=x|Ar. M
pure context E ::= []|Ee|vE|E$e

(Az.e)v —g, efv/z]
v$ —g, vt
vSE[Sox.e] —g/s, e[Ay.v$ Ely]/z] ifyis fresh wrt.v, E

(Az.e)v =g, e[v/z]

Ax.vx =p, U ifxis fresh wrt. v
v$v =g, v

v$ Ele] =5, (Ay.v$E[y])Se

v8Spx.e =g, e[v/x]

Soz.x8e = e if zis fresh wrt. e

Fig. 1. Syntax, reductions and axioms of Ag [11].

C[[ﬂ : )\3 — A
Cv] =Nk kCyv]
Cle€] =Nk .Cle] Az .Cle'] Ay.xzyk))

Cl[Sox.€] :=Ax.C[e]
Cle$e'] =Xk.Cle] Ax.Cle'] xk)
Colz] =z
Co[Az.e] ==Xz .C[e]
So(e) == (Ax.Sok.xk)e
$(e) = Ax.x$e

Fig. 2. Semantics of \g, described by CPS translation [11] and macro-definitions of unary variants of control operators.
Example 1.6 Here’s an evaluation example. Let I = Az . x.

ISI(Sof.-f(f2)—s/s, (f(f2)Ax. I8Tz/f]= N . 1$1x)((Az.[$1x)z)
—g, ANx. I$Tx)(I$Iz2) =, ANz . I$Tx)(I$2) =g, ANz .I1$1x)(Iz)
—g, Az . I8Ix)z —p 1812 —p, I$2—¢ [2—p, 2

Example 1.7 Terms in CPS get lengthy even for very small examples: C[I] = Ak . k1 (Az. Ako . ko x).

2 Syntax and semantics of Ag

Reductions in Materzok’s Ag were clearly lacking. What we wanted was a set of reductions that would
also stand as a complete axiomatisation of shift0. Our goal was to improve upon a sound but incomplete
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reduction theory of A4 [2]. To reach completeness, we took the range of that previous CPS translation
and closed this set under Srn-reduction (in a similar vein to Sabry and Felleisen [17]). To our surprise, all
quirks of the grammar disappeared and the entire A showed up. To double check, we also closed CPS of Ag
under reduction: entire A\ again. It was now a matter of time to find an improved calculus, CPS and DS
(direct style) translation. Our choice to use unary operators may be considered arbitrary by some but this
choice provided us with a beautiful duality of values and terms mediated by freeze and thaw and an actual,
working reflection. Old semantics had to be modified anyway and syntax could use some refreshment too.
Our method was to have only one binding construct and use only local reductions to keep things as simple
as possible.

We define syntax and small-step operational semantics of Ag in Figure 3. Figure also includes some
syntactic sugar to make some idioms (like let-expressions) easier on the eye.

Indeed, let-expressions with both 8 and n rule are macro-definable. It is easy to check that letx =
Vin M —pg M[V/z], letx = Minz —zg M and also (Ax. N)M —,g letz = Min N. Associativity of
let-expressions holds, but it is undirected: if yis fresh wrt. N, then

letx =lety = Lin Min N =)4lety = Linletz = M in N.

Initially we aimed for a calculus with a separate let construct whose CPS is diffrent than that of a
B-redex, like in A, [18], Acs [1] and A.g [2]. However, associativity kept derailing our theorems. We were
stuck, so we got rid of the let construct and replaced its uses with a pattern Sok.(Az.k$N)$ M that
behaves just like let-expressions. Due to its ubiquity in the proofs, we needed a shorthand notation; a
let-expression syntax was an obvious choice.

One can think of unary $ as reifying or freezing a computation as a value. Such a value can be then
reflected or thawed by unary shiftO (if given a nonvalue, it waits until its argument becomes a value).
These operations are invertible using $ Sy and Sy $ reductions. Reductions $, and pure tell us that a value
V freezes to Ax .z V and can be recovered from it by thawing. The job of bind rule is to gives names to
subcomputations and make sure contexts are managed properly. Notice that due to syntactic restriction
that requires bind-redex to be of the form J[P], there is at most one legal way to bind-contract:

e S)(P)bindletx = PinSp(z) is a legal bind-contraction,

e So(V)bindletz = VinSy(x), V Whbind letz = WinV x and V W bind letx = Vinaz W are illegal,
e V Pbind let x = PinV z is legal while V Pbind letz = Vinx P is not,

e PMbind letx = Pinx M is legal while P @ bind letz = @ in P x is not,

To enable further developments, Figure 2 introduces continuation-passing style translation * : Ag — A,
which provides alternative, denotational semantics of Ag. However, one does not need to worry about a
mismatch of semantics — theorems of Section 4 are more than enough to ensure that * is a sound and
complete translation (M =p, N iff M* =5 N*). A-calculus that we target has both  and n reductions
(Figure 6).

To lift the spirit even higher, confluence of Ag is proven below using definitions (translation # : A — Ag)
and theorems of Section 4 but the proof is straightforward enough that it may be understandable right here.
It gives us a taste of usefullness of reflections and Galois connections in general: one can transfer confluence

from one calculus to another. Confluence is provided here as a sanity check of a newly introduced calculus;
to avoid circular reasoning, we do not use it in proofs.

Theorem 2.1 (Confluence) Reduction in Ag is confluent.

Proof. For concise presentation, we chain relations and flip arguments: M « N iff N — M.
(i) Assume My « M — M.
(i)
(iii) Apply confluence in A (Church-Rosser theorem): there is N € A such that M — N « M.
) #

Apply monotonicity of translation *: M{ « M* — M.

(iv) Apply monotonicity of translation #: Ml* # s N# «
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term L,M,N :=V|P

value VW  c=x|Ax.M|$(M)

nonvalue P,Q = MN|Sy(M)

bindable context J =MV ]| So(]])

pure context K =[] J[K]

reduction context C' s= ]| Az, C|CM|MC|S(C)|$(C)
Sox. M = So(Ax. M)
MS$N =8(N)M

letx =MinN := Sok.Ax.kSN)S M
=0, Un, US, U$ Sy USy$ U pure U bind
Az. M)V B, M[V/z]
Ae Ve n, V ifxis fresh wrt. V
$(V) $, Az.aV ifzis fresh wrt. V
$(So(V)) $So V
So($(M)) So$ M

Soz.xV pureV ifzis fresh wrt. V'

J[P] bind let z = Pin J[z] ifzis fresh wrt. J
C[M] = O[N] i M s N

M - N if M =" N,n >0

M - N i M(— U <)"N,n >0

Fig. 3. Direct style calculus Ag.

1 Ag — A
v =Nk VT ot =
JP]* :=Ak.P*(\x. Jx]* k) Az. M) =z M*
(VW) .=viwt $(M)t =M

So(V)* =V
Fig. 4. Translation from Ag to continuation-passing style.

v eft post-inverse theorem twice: M; —» — “« « Ms.
(v) Apply left post-i th twice: My — M;# — N# « M;# « M
(vi) Apply transitivity of — 4, twice: M; — N# « M.

The following lemma is quite handy in equational reasoning about Ag terms.

Lemma 2.2 (Generalised =pina) If zis fresh wrt. J, then J[M] =54 let x = M in J[x].
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Fig. 5. Embedding ¢ and its inverse 7, with macros unfolded.

Proof. By a chain of rewrites.

J[M]
<508 J[So($(M))]
—bind let x = Sp($(M)) in J|x]
—50$ let z = M in J[x]

3 Equational correspondence with \g

In this section, we defend the thesis that Ag is a calculus of delimited control and its control primitives
behave like control operator shiftO and delimiter $. To meet these ends, we show that there exists an
equational correspondence with Ag of Materzok [11] expressed with macro-translations. As we mentioned
already, \g has small-step operational semantics, which are sound (but not complete) with respect to
axioms and CPS. These semantics allow shift0 to capture an arbitrarily long context in a single reduction
step. Equational correspondence that we prove in this section shows that this traditional approach can
also be used in equational reasoning about Ag terms.

One might wonder, why we only prove equational correspondence and not a Galois connection? We
clearly cannot connect directed —» 54 with =), because such a connection would transfer symmetry property
from =)4 to — 4, a contradiction: I I — I /~I1. We cannot connect — 5, with — ), using macros: every
macro-translation would necessarily transfer Ay .xy — x verbatim which is provably true in Ag and false
in Ag. Our equational correspondence crucially uses Materzok’s $z axiom in both directions, so it is unclear
how these axioms could be turned into directed reduction rules that would admit a Galois connection. We
did not investigate translations that are not based on macros: such translation would weaken our claim
that Ag is a calculus with shift0-style delimited control.

Basic reductions of Ag can be seen as set of axioms. It is later shown in Section 4 as corollary that for
such axioms CPS translation * is sound and complete (M =pg N iff M* =) N*), which is an improvement
upon \g, whose reductions induce an equivalence relation on Ag that is a proper subset of =), hence
incomplete. These stronger properties make Ag a contender for the title of the definitive calculus of
shift0-style delimited control.

To mediate the correspondence, we need translations to (¢) and from (7) Ag. Translations (with
unfolded macros) are presented in Figure 5. With folded macro-definitions they would look like an identity
function. To translate from g to Ag, we use macros from Figure 3. To translate from Ag to Ag, we use
macros from Figure 2.

Lemma 3.1 (Embedding ¢ is invertible) The following equalities hold:

 Left inverse property. For all e € Ag, m(i(e)) = e.
e Right inverse property. For all M € Ag, o(n(M)) = M.
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Proof. Both propositions are separately proven by structural induction.

Case e=z. m(1(z)) =7(x) = x.

Casee=Az.ep. m(t(Ax.er)) =m(Ax. (e
m(e(er) u(ez))

Case e = ej eg. m(1(ere)) =

Casee =Spx.e;g.

I
=y
<

Case e =e; $es.

=

=
&

|
% %
& & &

=
&

1))

Case M =z. v(n(z)) = 1(z) = .
Case M = Xx. My. «(n(Ax.My)) = t(Az.7(

Case M = $(My).
Ax.x$u(m(My))

Case M = MlMQ. L(?T(Ml Mg)) =

Case M = Sy(My).

$(M).

=Az.7m((er))
(1)) m(v(e2))

=g Ax.eq.

=IH €1 €2.

T((Sok.e

m(So k. (e

Az .Sok.xk)m(Nk. (e
ANx.Sok.xk) Nk.m(u(er)
Az .Sok.zk) Ak.e
Sgk.(kk.el)k

Sok.el

)
)
)
)

1
1
1
1

(L
e

ANT.x

(
Az ZE$7T(LE€2)
S(]k‘ k‘$()\l’ l’$€2)€1

Sok. Az . ES(Ax.x$er)x)Fe;

My)) =

m($(M))) = Az .x$m(M
=m Az.x$ M =,

u(m(My) m(Ma)) = o(m(My)) o(m(Ma)) =1 My Ma.

u(m(So(M1)))

(()\.%' S()k a:k)ﬂ(Ml))
Nz .Sok.xk))u(m(My))
Az 1(Sok.xk))u(m(My))
Az . Sok.u(xk))u(n(My))
Az Sok.v(z) u(k)) o(m(My))
ANz .Sok.xk)u(m(My))

Sok.(/\x.k$x$eg)$el
Sok‘.k‘$€1$€2
61$62
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=IH Az.Sok.xk)M
Ny ()\ZCS[)( )) 1
=bind letz = Myin(Az.Sp(x))x

=5, let x = My in Sp(x)
=bind So (M)

Lemma 3.2 Equality V$J[M]| = (Ax.V $J[x])$ M holds in Ag.

Proof. By a chain of rewrites.

V$J[M]
—bind V$Sok. Oy kSJI[y])$ M
=55, (N .(Ay. kS ) SM)V
=5, (\y.V$Jy))$ M

Lemma 3.3 Equality VS K[M] = Ag(Ax.V $ K[z])$ M holds if xis fresh wrt. Vand K.
Proof. By induction on K. In the context of this proof, we use the rules of Ag (Fig. 3).

* Base case. VSM =, Az . Va)$SM =5, (Ax.Ay.yz)V)SM =g, (Az.Vx)$M.
¢ Inductive case. Use of an inductive hypothesis is marked by "IH”.

V$J[K[M]]
—Lemma 3.2 ()\ x.V$ J[IL‘]) $K [M]
=IH Ay. Az . V$Jz))$Ky])$ M
—Lemma 3.2 ()‘y V$J[K{y“)

Theorem 3.4 (Soundness of ) The following propositions hold:
* Foralle,e € )g, if e =y €, then 1(e) =aq 1(e').
e For all M, M e A$, Zf’iT(M) =g W(M/), then M =Ag M.

14-9

Proof. To prove the first proposition it suffices to show that all axioms of \g are also valid equalities in

e Axiom (3, follows immediately by rule 5,.

e Axiom 7, follows immediately by rule 7,.

o Axiom $,. VW —g (Ak.EW)V =5 V.

e Axiom $z follows by Lemma 3.3.

* Axiom fBg. V8Sox. M —gs, (Ax. M)V =g, M[V/x].
o Axiom ng. Sox.x$M —,, So($(M)) —s,5 M.

To prove the second proposition, apply the first proposition on assumption 7(M) = 7(M’) to get o(7(M)) =

t(m(M'")) and rewrite by the right inverse property of ¢ to infer M = M’.

|

Having the soundness of + secured, we move on to completeness. In order to prove it, we show that CPS
translation of Materzok is equivalent to ours. Syntax and small-step operational semantics of A-calculus

are provided for reference in Figure 6.
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term M,N :=z|Xx.M|MN
reduction context C' s=]|Az.C|CM|MC
(Ax.M)N g M[N/zx]

Ae. Mz n M if xis fresh wrt. M

M — N if MBN or MnN

C[M] — C[N] M~ N

M - N iftM =" N,n>0

M = N if M(— U «)"N,n >0

Fig. 6. Lambda calculus A, the image of CPS translation.

Lemma 3.5 Equality (M N)* =AXk.M*(Ax.N*(Ay.xyk)) holds in .
Proof. In the appendix.
Lemma 3.6 (n-equivalence of CPS transforms) For all e € \g, 1(e)* =) C[e].

Proof. By structural induction.
e Casee=x. t(x)*=a* = k. kal = Nk . kx = C[z].

e Casee=A\x.e3.

z.e)) =0z le)) = k. kOz.ule) =Xk .k Az ey
= Ak.kXz.Cler] = k. EC [ x.e1] =C[Az.eq]

e Case e = ey e3.

t(erea)” = (ler) t(€2))” =Lemma 35 Ak .t(er)" Az .ule2)" Ny.xyk))
= Ak.Cler] Az .Clea] ANy.zyk)) = Cley ea]

e Casee=Spx.e1.

(Spx.er)”
= Az.i(er)”
—m Az .Cle1]
= C[[Soﬂj.el]]
e Casee=ej $es.

( $62)*
= (c(e1)$e(en))”
= (8(c(e2)) e(er))”
—Lemma 3.5 Ak $(l’(62))* ()‘x'l'(el) ()‘y xyk:))
=3 Az u(er)” Ny 2y k) S(e(ez)!
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#H A= Ag
7 =8p(z) ! =z
(Az.z N)# :=N°* ifzis fresh wrt. vV Az M)F .= a. M#
(Az. M)# :=8yx.M?# otherwise (MN)?  :=$(M? N
(M N)# .= M N?
Fig. 7. Conversion from A back to direct style Ag.

=5 Ao i(er)” (Ay.$(u(e2)) yk)

= Ak.wler)" (Ny.ile2)  yk)

= Cle1 $e2]

We strike the final nail in the coffin of doubt with the completeness theorem.

Theorem 3.7 (Completeness of 1) The following propositions hold:

* Foralle e € )g, if t(e) =pq t(e)), then e =y, €.

o Forall M,M' € Ag, if M =pg M, then w(M) =5, w(M').

Proof. To prove the first proposition, apply monotonicity of * (Theorem 4.8) on assumption ¢(e) = ¢(¢)
to get t(e)* = 1(¢/)*. Rewrite using equivalence of CPS translations to get C[e] = C[€¢'] and finally apply
completeness of C[-] to conclude that e = €’. To prove the second proposition, rewrite assumption M = M’
with left inverse property of ¢ to get «(w(M)) = «(n(M)). Apply the first proposition to finally arrive at
w(M) =rn(M"). O

It follows that calculi Ag and Ag correspond equationally via macro-definitions, hence our Ag is truly a
calculus of shiftO-style delimited control.

4 Reflection of lambda calculus into Ag

We move on to the main result of this paper: the relationship between Ag and A. It will be shown that
A reflects into Ag. Syntax and small-step operational semantics of A-calculus are provided for reference in
Figure 6. Following in the footsteps of Sabry and Wadler [18] we intended to define a backwards, direct
style translation # from the range of %, just like in [1] and [2]. We took the range of the old CPS and closed
it under reduction, following the recipe by Sabry and Felleisen [17]. What we’ve got was the entire set of
lambda terms. A question arised: was there a better CPS that would explicitly hit every possible lambda
term? The answer is positive. In other words, for every term M € ), there exists a term M7 € Ag, such
that M#* = M. Every lambda term is in Continuation-Passing Style, it seems!

Translation # has one oddity: special treatment of Ax.x N when xis fresh wrt. N. One may notice
that it is the shape of a value translated to CPS. This is not essential for the right inverse theorem to hold
but it is a necessary adjustment for the left post-inverse theorem.

When it comes to discovery of those translations, it was mostly trial and error, working within confines
of a reflection, fine-tuning simultaneously the translations and the calculus. Just as CPS translations come
in a pair: one on value, one on general terms, both had to be inverted and therefore we have in fact two
different embeddings of lambda terms: one embeds into values of Ag and the other into general terms of

Ag. They need each other to compute DS translation just like the two CPS translations interleave to bring
a CPS term.
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Example 4.1 Let’s take the CPS term from the previous example and reflect it into Ag.

Nki by Naky kox)? = Naky . kox) = Aa.(Vko ko) =2 2 =Nz . a.
Theorem 4.2 (Right inverse of %) For all M € A, M#* = M and M* = M.

Proof. Structural induction on M.

o Case M = z. 2#* = Sy(z)* =zt =z and 2 = 2T = 2.

e Case M = Ax.M;. First identity has two subcases.
- Case M7 = x My and zis fresh wrt. Ms. ()\a:.mMg)#* = MQ* = )\a:.a:]\/IQth =g Ax .z M>.
- Opposite case. (Ax. M)#* = (Soz. M) = Az M) = . M = A M.
Second identity: (Az. M) = Az MY = o M =g Az M.

e Case M = My My. (M My)#* = (M?M2)* = MFME =iy My My, (M My)*
(M ME)* = M MET =g My M.

$(M7 M)t

4.1 Monotonicity of CPS and DS translation

In this subsection we establish that both * and # are monotone. A few lemmas are needed for these to
work, notably substitution lemmas. Some lemmas could be proven by structural induction, but it is more
concise and natural for them to follow recursion pattern of the definition of *. For this reason, we prove
these lemmas by induction on the size of M. Since we have a grammar of valid terms, we simply define
the size of a term as the number of nodes in a parse tree of that term. Crucially, variables are smaller in
this sense than nonvalues, hence J[z] is always smaller than J[P].

Lemma 4.3 (Values reduce to values) IfV —x, N, then for some W, N =W.

Proof. By definition of —, there exist M’, N" and C, such that, M’ — N', V = C[M'] and N = C[N'].
We proceed by cases on V' and C.

e Case V = x. Necessarily C' = []|. There is no possible reduction, proposition holds vacuously.
e Case V = \x. M.
- Subcase C' = []. Necessarily V(n,)N. By definition of n,, V.= Az.2 W and N = W for some W.

- Subcase C =\ z.C'. N=C[N'| = z.C'[N'].

e Case V = $(M).

- Subcase C' =[] and V($,)N. By definition of $,, V =$(W) and N = Ax.z W for some W.

- Subcase C' =[] and V($Sp)N. By definition of $Sy, V = $(So(W)) and N = W for some W.
- Subcase C' = $(C"). N = C[N'] = $(C'[N')).

Lemma 4.4 ¢ IfV* —) W*, then VI —, WT.

Proof. Assume V* — W*. Unfolding the definition of * gives A\k.k V1 — Ak .k WT. By definition of —
(in \), there exist M, N and C, such that, M(3Un)N, \k.kVT = C[M] and \k. kW' = C[N]. We

proceed by cases on C.
e Case C =[] or C = \k.[]. There is no possible reduction, proposition holds vacuously.
e Case C = \k.kC'. Given that M(BUn)N, VI = C'[M] and WT = C'[N], we infer VI — WT.

Lemma 4.5 (Substitution lemma for x and 1) For every M and V,

o M*[V1/z] = M[V/x]* and



Pyzik 14-13

o if M is a value, then MT[VT/x] = M[V/z].

Proof. By induction on the size of M. We prove the second conjunct below.

e Case M =z. o'V /z] = 2[VT /2] = VI = 2[V /]

e Case M =vy. yl[Vl/z]| = y[VT/z] =y =y = y[V/x|'.

e Case M = \y.M;. \y. M) [Vi/z] = y. Mj[VT/z] = Ay Mi[V/x]* = \y. Mp)[V/2]'.
o Case M = $(My). $(M)'[VT/a] = M [V /2] = My [V/x])* = $(My)[V/2)t.

We now prove the first conjunct.

e Case M = J[P|.

TPV 2] = Ak PV /2] Ay Ty VI /2] k) = Ak PIV/a]" Ny T[]V /2]* k) = J[P][V/a]*

e Case M =V, V. (Vi Vo)*[VT/z] = VlT[VT/a:] VQT[VT/x] =m Vi[V/z]T Va[V/z]t = (Vi Vo)[V/z]*
o Case M = Sy(V1). So(V1)*[V1/a] = Vi VT /2] =i Vi[V/a]t = So(Vi)[V/a)*

e Case M = W. For brevity, we consider all values at once and reuse the proofs of the second conjunct.
WV /2] = Xe .k WHVT /2] =phe second conjunct M. kW [V/a]t = W[V/x]*.

O
Lemma 4.6 If My —xg Mo, then My —% M;.
Proof.
e Case By. (Az.M)V) ' =Naz. M) VT — M*[V /2] =Lemma 4.5 M[V/z]*.
e Caseny. Nz.Va) = k.k(\x.Viz) =, k. kVIi=V",
e Case $,. S(V) =Xk . kS =Xk bV =Xk kNz.2V) =Xk . kQz.2V) =Nz 2 V)"
e Case $So. $(So(V))* = Ak .k $(So(V) = Ak.k So(V)* = k. kVI=V*,
s Case Sp$. So($(M))* =$(M)T = M.
e Case pure. (Spz.zV)*=Az.(aV)* = z.aVIi=V*,
e Case bind.
JIPT* = Xk. P* Oz Jz* k) = k. $(P)T \z.$(J[z]) k) = \k.$(P)T Az k$ J[z])T
=(\k.Az. k$J[z)$P) = (Sok.(\z. kS J[z])$ P)* = (letz = PinJ[z])*
O

Lemma 4.7 (Single-step reduction preservation by x) If M — g N, then M* —>?>\ N*.

Proof. By structural induction on M. We unfold the definition of — (in Ag): there exist M’, N and C,

such that, M’ — N’', M = C[M'] and N = C[N']. If M is a variable, then there is no possible reduction

and the proposition holds vacuously. If C' =[], then apply Lemma 4.6. Otherwise, we proceed by cases on

M and (nonempty) C. In each case below we consider some proper subcontext C’ of C. Because C'[M’] is

a proper subterm of M, then from inductive hypothesis and C'[M'] — C'[N’] we infer C'[M']* —" C'[N']*.

When C'[M’] is a value, it reduces to a value C'[N’], so C'[N'] is well-defined and Lemma 4.4 gives us

C'[M']T =" C'[N']T.

e Case M = Az.M; and C = Az.C". (Ax.M)* = Ak k(Az. M) = Mk .k(Az.C'[M']*) =
Ao kE(Ax.C'[N'T*) = (Ax.C'[N'])* = N*.

e Case M = $(M;) and C = $(C"). $(My)* = Ak.kM}) = \k.kC'[M']" =I5 ANk .kC'[N']* =
(S(C'IV]) = N
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e Case M = 8y(V) and C = Sp(C"). So(V)* = VT = C'[M']T =1 C'[N']T = So(C'[N'])* = N*.

e Case M = J[P] and C = J[C']. J[P]* = Mk.P*(\z. Jz|*k) = \k.C'[M']* \w. J[2]* k) —iy
ANk .C'IN'T* Nz J[z]* k) = J[C'[N']]* = N*.

« Case M = Vi Vo and C = C' V. (Vi Va)* = Vi Vi = C'[M')T V) =Ty C'IN'T VY = (C'[N'] Vo)* = N*.

« Case M =Vi Vo and C =V . (Vi Vo)* = Vi Vi = V] C'[M')T =1y Vi C'[N')T = (Vi C'[N'])* = N*.

e Case M = ViPyand C = C'Py. (Vi P)* = Ak.Py(\z. V] zk) = Xk.P; Oz C'[M')T 2 k) =14
Mk. Py (\x.C'[N'xk) = (C'[N'] P,)* = N*.

e Case M = PiVo and C = P C'. (P, Vg)
MNe.Pf(\x.zC'[N']Tk)=(PLC'[N'])*=N

e Case M =P, P,and C =P, C".

Ak Pr(Ax.aVik) = Mk Pr(Za.aC'[M')T k) =Ty

(PP = k. Py Az Nk.Py (Ay.xyk)k) = k. Pf Az \k.C'[M']* \y.zyk)k)
=y Ak Pf Az ANE.C'[N']* \y.zyk)k) = (PLC'[N'])* = N*

Theorem 4.8 (Monotonicity of x) For all M, N € Ag, M —, N implies M* —, N*.
Proof. By induction on the number n of reduction steps in M — N.

e Casen=0, M =N. M* — N* in 0 steps.

e Casen >0, M "1 L - N for some L. M* —»y L* —)Eemma a7 N

Lemma 4.9 For all M € )\, Sy(M?) —>R$ M?#.

Proof. By cases on M.

e Case M = . So(z%) = So(z) = 2.

e Case M = \xz. M.
- Case M; = x My and xis fresh wrt. Ms. 80(()\m.xM2)h) = Sga:.:cJWQu —pure ]\/[2u = (\z.x M7,
- Opposite case. So((Az. M;)?) = gS'()ac.Mféﬁ = (\x.M)".

e Case M = My My. So((My My)?) = Sp($(MF M2)) =g, MP M = (M, My)#.

Lemma 4.10 For all M € X\, $(M7) —>3\$ M.

Proof. By cases on M.

e Case M =z. $(27) = $(So(v)) —gs, = 2P

e Case M = \xz. M.
- Case My = x My and xis fresh wrt. My. $((A\z.2 My)#) = $(M2u) —g, )\x.ng =(\z.z M)
- Opposite case. $((\z. M;)#) = $(S()CL‘.M1#) —$., )\x.Ml# = (A\z. M)~

o Case M = My My. $((My My)#) = $(M? M3) = (M My)".

Lemma 4.11 M#[N%/z] -, M[N/x]# and M*[N®/z] -, M[N/z]* hold.
Proof. In the appendix.

Lemma 4.12 If MSN or MnN, then
o« M# = Ag N# and
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o M%), NO.
Proof.
e Case .
(Az. M)N)#* = (\z. M#)N® =5 M#[N%/2] —Lemma 411 M[N/z]#
(A . M)N) =$((Az. M#)N%) =5, $(M#[N?/2]) SLemma 411 S(M[N/z]#) =] )10 MIN/z]%
e Case 7.

. (A.’L’Mx)# ESO()\$-Z\4u '7:) _>T]v ’SO(MH) _>Eemma 4.9 M#
- (Az. Mz =Xz Mz —,, M-

Lemma 4.13 (Single-step reduction preservation by # and ) If M —) N, then
o M# —Ag N# and
L] Mh _>.>A$ Nh.

Proof. By structural induction on M. We unfold the definition of — (in A): there exist M', N" and C,
such that, M’ +— N', M = C[M'] and N = C[N']. If M is a variable, then there is no possible reduction
and the proposition holds vacuously. If C' = [], then apply Lemma 4.12. Otherwise, we proceed by cases on
M and (nonempty) C. In each case below we consider some proper subcontext C’ of C. Because C'[M’] is
a proper subterm of M, then from inductive hypothesis and C'[M'] — C'[N’] we infer C'[M']# — C'[N']#
and C'[M']" — C'[N']\.
e Case M = M; Mg and C = C' Ms.
- (My My)# = MY ME = C'[M')? ME —1 C'[N"]f M3 = (C'[N
- (M M) = (M M) = S(CTAT M) o S(C'IN A1)
e Case M = M| My and C = M, C".
- (My Mo)# = M ME = MY C'[M')f —m M2 C'[NJ? = (M, C'[N'))# = N#.
- (M M) = $(ME M) = $(ME C'[ME) iy S(ME C'IN') = (My C/[NY)E = N
e Case M = Az.M; and C = Az.C’, second conjunct. (Az.M;)? = )\x.Ml# = \x.C'[M']* -
Az .C'[N'[# = (Az.C'[N'])* = N*.
e Case M = Ax .M, first conjunct.
- Case My = & My, xis fresh wrt. My and C = Ax.xC'. (Ax.x My)" = Mh C'[M')f - C'[N']F =
(Az.z C'[N'])# = N#.
- Opposite case, C = Az .C".

| My)# = N#.
= (C'[N'] My)? = N°.

(Al’ . Ml)# = Sol‘Ml# = Sox . C,[M/]# —I1H S().%' . C,[N/]#
= 80((/\'7; : C/[N’])U) _>Eemma 4.9 ()\IE : C/[N/])#

Theorem 4.14 (Monotonicity of #) For all M, N € \, if M — N, then M# — N7,
Proof. By induction on the number n of reduction steps in M — N.

e Casen=0,M =N. M* - N* in 0 steps.

e Casen >0, M ="' L — N for some L. M* -5 L* = Lemma 4.13 N*.
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4.2 The reflection theorem and the kernel calculus

The last missing ingredient of reflection is the left post-inverse theorem. Inspection of the proof reveals
that neither g, nor 7, is used while every other rule is used in some instance.

Theorem 4.15 (Left post-inverse of *) For all M € Ag,

o M — M*#* and

o if M is a value, then M — M.

Proof. By induction on the size of M. We prove the second conjunct below.
e Case M =x. z = 2! =2t

e Case M =Xx.M;. \xz.M; —m )\x.Ml*# =\z. M) = (\x. M)t

o« Case M = $(M). $(My) - $S(MF) =7 1o Mt = $(My)ie.

We now prove the first conjunct.

e Case M = J[P].

J[P] =bind letz = Pin J[z] —g let 2 = P*# in J[z]** = Sy k. $(P*) (A . $(J[z]*) k)
= oma a0 So k. PPNz Iz k) = Ak P*(\a. J[z] k))* = J[P]**

* Case M = ViVa. ViVa = ViV = (VI V)# = (Vi Vo) %
* Case M =S(V1). So(V1) —m 80(V1Th) ~ emma 4.9 VlT# = So(V1)*#.

e Case M = W. For brevity, we consider all values at once and reuse the proofs of the second conjunct.
W —the second conjunct Wit = (Ak.k WT)# = W*#.
O

Example 4.16 The CPS translation of S-combinator Az yz.z 2z (y 2) is
S*=MNky. k1 (Awky ko Ayks . ks(Nzkg.xy(Nf.(MNks.yz(Na. faks))ky)))).

Reflection of this CPS term back to Ag is S** = Azyz.Soks . (A f.(Nks.(Na.ks$ fa)$y2)ks)$2y. One
can see that S —ping Azyz.let f =xyinleta=yzin fa —gg, S*# . in accordance with Theorem 4.15.

Theorem 4.17 ((x,#) form a Galois connection) For any M € Ag and N € X\ we have M —x, N#
if and only if M* —, N.

Proof. The left-to-right implication follows from the monotonicity of % (Theorem 4.8) and the right inverse
property (Theorem 4.2). The right-to-left implication follows from the monotonicity of # (Theorem 4.14).
and the left post-inverse property (Theorem 4.15). O

Corollary 4.18 (Reflection) Since # is a right inverse of x, the Galois connection is indeed a reflection.

The range of # translation (from now on, the kernel, or )\#) has an induced preorder
= {(M,N) € A x )\#‘M —y N}.

The kernel can be considered a calculus in its own right and it turns out we know this calculus very well:
it is preorder-isomorphic to A\ via * restricted to kernel and its inverse #. What that means is that the
kernel is a fragment of Ag which behaves exactly like A-calculus (M —,4 N iff M* —) N*) except that
terms look different and * allows to decode these to familiar A\-terms. We believe that reductions in kernel
calculus could be fully characterized, in similar fashion to [18,1,2], but we did not investigate that yet.
Experience suggest that these reductions would be quite verbose.
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Corollary 4.19 Calculi Ay, [4], Ng [11], Ag and X\ are in equational correspondence.

Proof. Calculus Ap, is a calculus created by relaxing some syntactic restrictions of Au,. A, was defined
and proven to correspond equationally with Ag in [4]. Calculus A\g was defined by Materzok in [11]. We
proved its correspondence with Ag in Section 3. In this section we proved that A can be reflected into Ag.
This fact can be weakened to equational correspondence. All of Au,, Ag, Ag and A correspond equationally
because equational correspondences are composable. O

5 Conclusion

We developed a novel calculus of delimited control Ag whose confluent reduction theory induces an ax-
iomatisation that is both sound and complete with respect to denotational semantics provided by CPS
translation. We have shown a close relationship (i.e. reflection) between reduction theories of pure lambda
calculus and calculus Ag, which justifies the assertion that shift0-style delimited control and call-by-name
are diffent means of expressing the same computation.

Sabry and Felleisen [17] found an undirected axiomatisation of pure call-by-value lambda calculus and
also of call/cc-style abortive control. Due to lack of interest in directedness, they amalgamated some rules
of opposite direction into g axiom. Kameyama and Hasegawa [9] found an undirected axiomatisation of
shift-style delimited control, while Materzok [11] axiomatised shift0. Our paper spells out the directed
axiomatisation for the latter. Our rules are not only directed but also local (or fine-grained) which means
that no recursive family of contexts is needed to express them.

Developments in this paper are untyped. We conjecture that it should be possible to adapt existing
type systems for shift0 [12,11,14]. We are advancing in the process of axiomatising algebraic effects with
deep handlers, which are a related [8,14] approach to computational effects.
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A Extra proofs
Lemma A.1 (3.5) FEquality (M N)* =Xk.M*(Ax.N*(Ay.xyk)) holds in \.
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Proof. By cases (value/nonvalue) on M and N.
e Case M=V, N=W.

VWY =VIWl =, M. VIWTk =5 \k.OAz.aWT k) VI =5 Xk.V* (\z.2 WTk)
=5 Ak V Az Ay .xyk) W) =g Xk V* Az W* \y.xyk))

e Case M =V, N =Q.
V= k. Q" \y. Viyk) =5 \e.Az.Q* Ny.xzyk) VI =5 XNk V*(Az.Q* \y.zyk))
e Case M =P, N=W.
(PW) = k. P*OAx.aWlk) =5 \k. P* O\ z.Ay.ayk) W) =g Xk.P* Az W* (A\y.zyk))
e Case M =P, N =Q.

(PR =Ak.Pr(Ax.(zQ) k)= k. P"Ae.(ANk.Q"(ANy.zyk))k) =3 A\k.P"(Az.Q" (\y.xzyk))
a
Lemma A.2 (4.11) M#[N%/z] »x, M[N/z]# and M*[N*®/x] =ng M[N/z]* hold.
Proof. By structural induction on M. We prove the first conjunct below.
o Case M = . 2#[N¥/x] = So(2)[N?/2] = So(N?) =] e a9 N7 = z[N/z]#.
* Case M =y. y#[N?/a] = So(y)[N*/2] = So(y) = y* = y[N/a]".
e Case M = M M.

(My Mp)#[N* /] = M{[N* /2] MY[N® /] 11 Mi[N/x]* My[N/z]* = (My My)[N/x]*
e Case M = Ay.M;. If My =y M> and yis fresh wrt. M5, then
(Ay.y My)#[N?/a] = M3[N?/x] - My[N/z)" = (A\y.y My)[N/z]*.

Otherwise, (\y. My)#[N¥/z] = Soy. M [N*/z] —m Soy. Mi[N/z]f = ma a9 (A\y. Mi[N/z])# =
(A\y. My)[N/z]#.

We now prove the second conjunct.

e Case M = x. 2%[N¥/z] = z[N®/z] = N* = z[N/z]".

e Case M =y. y![N?/z] = y[N /x| =y = o = y[N/z]".
e Case M = My M>.

(M Mo)*[N*/2] = $(M{[N*/2] M[N*/a]) —m1 $(Mi[N/a] Mp[N/a]") = (My Mo)[N/a]*

o Case M = \y.M;. (\y. M) [N?/z] = )\y.Mfé[Nh/x] — Ay . M [N/z]# = (\y. M) [N/z]?.
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