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Abstract

The goal of this dissertation is to study the existence and stability of nonconstant
stationary solutions to certain models from mathematical biology. We analyse two
types of models of pattern formation: nonlocal differential equations and diffusion-
degenerate reaction-diffusion systems.

In the first part, we prove the existence of nonconstant stationary solutions to a
nonlocal and nonlinear model of pattern formation. This model was introduced by
the Japanese biologist S. Kondo to explain the mechanism of pattern formation on a
skin of Poeciliareticulata fish. We construct two types of stationary solutions by using
perturbation techniques and a fixed point argument. We supplement our results with
numerical simulations obtained for various model parameters.

Second part of this dissertation is devoted to the analysis of homogeneous diffusion-
degenerate reaction-diffusion systems, where single reaction-diffusion equation is cou-
pled with a system of ordinary differential equations. Systems of this type are used to
model processes deriving from biology, chemistry or ecology. We study an existence
and stability of two types of stationary solutions: regular and jump-discontinuous.

Regular solutions which exhibit continuous dependence between diffusing and non-
diffusing components, are shown to exist via perturbation methods. Main result con-
cerning those solutions state that all regular stationary solutions are unstable. Next,
we construct jump-discontinuous solutions as a perturbation of constant steady states.
Under certain circumstances, such solutions may be stable and we provide sufficient
conditions for their linear and nonlinear stability. Since we are working with diffusion-
degenerate reaction-diffusion systems, nonlinear stability is not a direct consequence
of linear stability and the proof requires additional assumptions.

In the last part of this dissertation, we illustrate our results in the case of diffusion-
degenerate reaction-diffusion systems with classical nonlinearities. We construct dif-
ferent types of stationary solutions and determine their stability.
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Streszczenie

W rozprawie przeanalizowano istnienie oraz stabilność niestałych rozwiązań stacjo-
narnych w modelach wywodzących się z biologii matematycznej. Zbadane zostały
dwa typy modeli: równania nielokalne oraz zdegenerowane układy reakcji-dyfuzji.

W pierwszej części rozprawy pokazano istnienie niestałych rozwiązań stacjonarnych
w nieliniowym i nielokalnym równaniu tworzenia się wzorów. Model ten został zapro-
ponowany przez japońskiego biologa S. Kondo do wyjaśnienia mechanizmu tworzenia
się wzorów na powierzchni ryby akwariowych Poeciliareticulata. Za pomocą technik
perturbacyjnych oraz punktu stałego udowodniono istnienie dwóch typów rozwiązań
stacjonarnych. Otrzymane wyniki poparte zostały symulacjami numerycznymi dla
różnych parametrów modelu.

Druga część rozprawy poświęcona jest zbadaniu jednorodnych zdegenerowanych
układów reakcji-dyfuzji. W takich systemach równanie reakcji-dyfuzji jest skojarzone
z układem równań zwyczajnych. Modele tego typu używane są do opisu procesów
wywodzących się z między innymi z biologii, chemii oraz ekologii. W pracy przeanal-
izowano istnienie oraz stabilność dwóch typów rozwiązań stacjonarnych: regularnych
oraz skokowo-nieciągłych.

Rozwiązania regularne, w których dyfundujące i niedyfundujące składowe zależą
od siebie w sposób ciągły, zostają skonstruowane za pomocą metod perturbacyjnych.
Głównym wynikiem dotyczących tej klasy rozwiązań jest pokazanie niestabilności
wszystkich rozwiązań regularnych. W kolejnej części skonstruowane zostają rozwiąza-
nia nieciągłe jako skokowe zaburzenie punktów stacjonarnych. W pewnych okolicznoś-
ciach rozwiązania te mogą być stabilne. W pracy podane zostają warunki wystar-
czające do otrzymania liniowej oraz nieliniowej stabilności. Ze względu na specyfikę
zdegenerowanych układów reakcji-dyfuzji, nieliniowa stabilność nie jest bezpośrednią
konsekwencją liniowej stabilności, lecz konieczne jest przyjęcie dodatkowych założeń.

W ostatniej część przedstawione są przykłady zdegenerowanych układów reakcji-
dyfuzji z klasycznymi nieliniowościami. Na podstawie rozwiniętej teorii skonstruowane
zostają różne typ rozwiązań stacjonarnych oraz rozstrzygnięta zostaje ich stabilność.
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Chapter 1

Introduction

1.1 Nonlocal model of pattern formation

The results in the first part of this dissertation are already published in the work [9].
The goal of the first part is to study, analytically and numerically, stationary solutions
to the following nonlocal problem for an unknown scalar function u = u(x, t)

ut = −au+ f(Tu), (1.1.1)

considered in an open bounded domain. Here we set a constant a > 0, a certain
function f and a nonlocal integral operator T .

The original model proposed by Kondo [37] is a nonlocal differential equation
with u = u(x, t) denoting the concentration of a specific substance in a fish skin. The
production of this substance is influenced by the substance distribution over the fish
surface. This phenomenon is a process of sophisticated cell interactions, dependent
on stimulation operator. Kondo claimed that cell influence on neighbours production
rate depends only on distance between cells. Thus, a cell synthesis is modelled as
a convolution with an appropriate radial kernel. In biological models considered by
Kondo, the convolution kernel is designed to have the both positive and negative part,
which means that cells can either increase or decrease neighbours production rate.
The positive impact is called activation and negative is called inhibition. Moreover,
it is expected for cell density to be bounded hence, we require for the model to have
a saturation property.

Models of this type have been introduced in the works [37, 38] and the corre-
sponding solutions have been studied numerically only. In Chapter 2 we show the
existence of stationary solutions to this nonlocal problem using two methods. First,
in Theorem 2.2.5, we apply the bifurcation theory to construct small nonconstant
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2 Chapter 1. Introduction

stationary solutions. Next, in Theorems 2.2.8 and 2.2.10, we construct large non-
constant stationary solutions in the one dimensional case using the Schauder fixed
point argument. We refer the reader to Remark 2.2.6 for the definitions of large and
small solutions. Proofs of those theorems are postponed to Section 2.4. Then, in
Section 2.3, we present numerical simulations of solutions to nonlocal model (1.1.1)
and we discuss those numericals results obtained for a various parameter range. Nu-
merical simulations indicate that under specific conditions we may obtain diversified
patterns, namely nonconstant stable stationary solutions.

Figure 1.1.1: Stationary solutions to the nonlocal model (1.1.1).
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1.2 Reaction-diffusion-ODE systems (RD-ODE)

The second part of this dissertation is devoted to analysis of pattern formation in sys-
tems coupling diffusing and non-diffusing components. We consider a generic system
of n ordinary differential equations

uuut = fff(uuu, v) with uuu = uuu(x, t) =

 u1(x, t)
...

un(x, t)

 ,

coupled with a reaction-diffusion equation

vt = γ∆v + g(uuu, v),

supplied with the Neumann boundary condition. We consider arbitrary C2-nonli-
nearities and a bounded open domain with C2-boundary. The constant γ > 0 denotes
a diffusion coefficient in the reaction-diffusion equation.

In Chapter 3, we gather our preliminary results concerning general reaction-
diffusion-ODE systems. We introduce the precise statement of the problem and prove
the existence of local-in-time solutions.

Our main goal is to identify a class of stationary solutions (UUU, V ) =
(
UUU(x), V (x)

)
and to examine their stability. Since the stability results are obtained via the usual
linearisation procedure, we study the properties of the linear reaction-diffusion-ODE
system with x-dependent coefficients. In order to characterise the spectrum of the
corresponding linearisation operator we recall and prove in Section 3.2 generic results
on the spectra of multiplication operators acting on Lp spaces and general matrix
properties. We conclude this chapter with Theorem 3.2.8 where the desired spectrum
is characterised.

Reaction-diffusion-ODE systems with specific nonlinearities have been studied,
e.g., in the works [21,27,28,30,40,43,44,47–51,53,76,77,82] where the following two
types of stationary solutions were identified:

1. Regular stationary solutions, where UUU(x) is obtained from V (x) using single
branch of solutions to equation fff(UUU, V ) = 0. .

2. Jump-discontinuous stationary solutions where UUU(x) is obtained from V (x) us-
ing multiple branches of solutions to equation fff(UUU, V ) = 0.



4 Chapter 1. Introduction

In Chapter 4, we deal with the first class of solutions to reaction-diffusion-ODE
systems and we show that all regular stationary solutions are unstable, regardless of
the particular structure assumption on nonlinearities. Our results imply, in particular,
that we cannot expect nonconstant stable regular stationary solutions in reaction-
diffusion-ODEs models in spatially homogeneous environments. This may change
when considering spatially heterogeneous environments as e.q., in the book [4] and in
the papers [23,24,29,54,76,77]. Moreover, such models cannot exhibit stable Turing
patterns and the only possible stable stationary solutions of such models have to be
somewhat singular or discontinuous, except a certain marginal class of degenerate
models discussed below in Remark 4.1.9.

In the first section of Chapter 4, we present and discuss main results concerning
regular stationary solutions. In Theorem 4.1.4, we construct a family of nonconstant
regular stationary solutions using the bifurcation theory. The proof of that proposi-
tion is postponed to Section 4.2. Instability results for regular stationary solutions are
stated in Theorem 4.1.6 and Theorem 4.1.7 whose proofs are contained in Section 4.3.

In Chapter 5, we consider a class of stationary solutions with jump-discontinuities
to problem and we provide sufficient conditions for their stability. Discontinuous sta-
tionary solutions have been investigated in specific models arising from applications,
see, e.g., [40,41,46], showing that hysteresis in the nullclines of the ODE-subsystem
may lead to emergence of such solutions in a one-dimensional domain. Weinberger [82]
constructed stable discontinuous stationary solutions to a system of one ODE cou-
pled with one reaction-diffusion equation in one dimensional case. The approach
established in this dissertation allows constructing a special type of discontinuous
stationary solutions to general reaction-diffusion-ODE systems in higher dimension.
These specific solutions are concentrated in the neighbourhood of the constant steady
state on a large set and jumps to another level on a small subset of the domain. We
prove their stability under less restrictive assumptions. Moreover, the established
approach may also be extended to reaction-diffusion-ODE models in heterogeneous
environments.

Main results of Chapter 5 concern the existence of jump-discontinuous station-
ary solutions (Theorem 5.1.4), their linear stability (Theorem 5.1.9) and nonlinear
stability (Theorem 5.1.11). In Section 5.2, we construct jump-discontinuous station-
ary solutions. Since stability of stationary solutions is obtained using the linearisa-
tion procedure, in Section 5.3, we study stability of zero solution to general linear
reaction-diffusion-ODE systems. In Section 5.4, we prove that the linear stability im-
plies the nonlinear stability where this classical approach has to be suitably adapted
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to reaction-diffusion-ODE systems. The proofs of stability Theorems 5.1.9 and 5.1.11
are contained in Section 5.5.

Our theory is illustrated in Chapter 6 by numerical simulations of a selected
reaction-diffusion-ODE system showing emergence of the constructed patterns. In
Section 6.3, we consider the diffusion-degenerated Gray-Scott model

ut = u2v − αu, vt = γ∆νv − u2v + β(1− v)

and the diffusion-degenerated Brusselator system

ut = α + u2v − (β + 1)u, vt = γ∆νv + βu− u2v.

These two problems considered in bounded and convex domains have nonconstant sta-
tionary solutions of both types: regular and discontinuous. By the theory developed
in Chapters 3–5 we prove, that all of them are unstable.

Figure 1.2.1: Two types of stable stationary solutions to the modified FitzHugh-
Nagumo model (1.2.1) obtained for π-shape initial condition and random initial con-
dition, see Section 6.4 for explanations.
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Next, in Section 6.4, we discuss three other models: the diffusion-degenerated
Oregonator

ut = u− u2 + αv
β − u
β + u

, vt = γ∆νv + u− v

modified FitzHugh-Nagumo model

ut = u(1− u)(u− β)− v, vt = γ∆νv + σu− δv − ρ (1.2.1)

and a certain kind of predator-prey system

ut = u

(
u2

u3 + 1
− v
)
, vt = γ∆νv + v(αu− v − β).

We apply results from Chapter 5 to construct discontinuous stationary solutions and
show their stability, see Fig. 1.2.1.

The results in the second part of this dissertation are obtained together with Anna
Marciniak-Czochra from University of Heidelberg, Grzegorz Karch from University
of Wrocław and Kanako Suzuki from Ibaraki University and are contained in the
preliminary works [10,11].



Chapter 2

Nonlocal model of pattern formation

2.1 Nonlocal model of pattern formation

The goal of the first part of this dissertation is to study analytically and numerically
stationary solutions to the following initial value problem for an unknown scalar
function u = u(x, t)

ut = −au+ f(Tu), x ∈ Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω,
(2.1.1)

where Ω ⊆ RN is bounded, a > 0 and T is an integral operator. We assume f ∈ C2

in the neighbourhood of 0, f(0) = 0 and f ′(0) 6= 0. This is a minor generalisation of
a model introduced by Shigeru Kondo which we recall below.

2.1.1 Kondo model

The mathematical model proposed by Kondo [37] is a nonlocal differential equation of
the form (2.1.1) where u = u(x, t) describes the concentration of a specific substance
in a fish skin, where a fish surface is a bounded and connected subset of plane Ω ⊆ R2.
In that model, the substance production rate results from destruction law and cell
synthesis law. The degradation law states that production rate is negatively impacted
by the substance density. Cell synthesis law states that production rate is influenced
by the substance distribution over the surface. This phenomenon is described by the
differential equation

∂u

∂t
= S(u)− au,

where a > 0 is a constant cell degradation rate and S corresponds to a cell synthesis. A
cell synthesis is a process of sophisticated cell interactions, dependent on stimulation
operator. Kondo claimed that cell influence on neighbours production rate depends

7



8 Chapter 2. Nonlocal model of pattern formation

only on distance between cells. Thus, a cell synthesis is modelled as a convolution
with a radial kernel K

Stim(x, y) =

∫∫
u(x− ξ, y − η)K(

√
ξ2 + η2)dξdη.

To ensure that the cell density is bounded, the cell synthesis follows the saturation
law, which in the work by Kondo is given by the following formula

S =


0, Stim < 0,

Stim, 0 < Stim 6M,

M, Stim > M.

This saturation function states that the impact of cell density on a production rate is
smaller then M and cannot be negative. In biological models considered by Kondo,
the kernel K = K(r) is designed to have the both positive and negative part, which
means that cells can either increase or decrease neighbours production rate. The
positive impact is called activation and negative is called inhibition.

2.1.2 Other nonlocal models

The nonlocal models with convolution kernels are widely used in various fields such
as genetics, neurology and ecology. For example, Amari [1] modelled the dynamics of
neuron fields in the brain using the following equation

τut = −u+ w ∗H(u) + s, for x ∈ R,

where u(x, t) is the membrane potential of the neurons, w is the convolution kernel,
s describes the external stimuli and H is the Heaviside function. The convolution
operator represents the influence of cells in the neighbourhood on the membrane
potential.

The following equation in another model of a nonlocal spatial dispersal

ut = k ∗ u− bu+ f(u),

where u(x, t) denotes the population density, k is the convolution kernel, b is the
positive constant and f is the nonlinear function. The kernel k corresponds to the
transition possibility and b describes the degradation rate. This model was studied
by Hutson et al. [31] where, despite the behaviour of this model is similar to the
corresponding reaction-diffusion system, it is more suitable to describe a single species
dispersal.
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Berestycki et al. [2] analysed the nonlocal Fisher-KPP equation for a population
dynamics with nonlocal interactions

ut = ∆u+ µu(1− k ∗ u), x ∈ Rd

and showed that this model has travelling waves, similarly as is for the classical Fisher
equation.

Another important mathematical result comes from the work by Ninomiya et
al. [57] who studied an extension of a reaction-diffusion system to the nonlocal evo-
lution equation on the one dimensional torus

ut = ∆u+ g(u, J ∗ u), x ∈ T, t > 0,

u0(x) = u(x, 0), x ∈ T.

They proved that under particular conditions, this nonlocal model can be approxi-
mated by solutions to classical reaction-diffusion systems.

In comparison to the models described above, the Kondo equation contains the
truncation function applied to the convolution operator. This truncation plays the
crucial role in the process of pattern formation and this phenomenon was not studied
in the case of other models.

2.2 Results on pattern formation

We consider the following initial value problem

ut = −au+ f(Tu), x ∈ Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω,
(2.2.1)

with an unknown scalar function u = u(x, t). Here Ω ⊆ RN is a bounded open set,
a > 0 is a constant and function f : R → R is Lipschitz. Nonlocal effects in this
equation are described by a linear operator T : L2(Ω)→ L2(Ω) given by the formula

Tu(x) =

∫
Ω

K(x− y)u(y) dy (2.2.2)

with K ∈ L2(RN) satisfying K(z) = K(−z) for all z ∈ RN . We refer the reader to
Section 2.1 for the discussion of nonlocal models of patterns formation.

Remark 2.2.1. There exists a unique global-in-time solution u ∈ C([0,∞), L2(Ω))

of problem (2.2.1) for each initial condition u0 ∈ L2(Ω) because f is assumed to
be a globally Lipschitz function. This is a standard result involving the Banach
contraction principle. Moreover one can easily prove that if |f(x)| 6M for all x ∈ R,
then |u(x, t)| 6 max

{
‖u0‖L∞(Ω),

M
a

}
for all (x, t) ∈ Ω× [0, ∞).
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Remark 2.2.2. Since Ω ⊆ RN is bounded, the operator T : L2(Ω) → L2(Ω) given by
equation (2.2.2) is symmetric and compact. By the spectral theory for such opera-
tors, there exists a sequence of eigenvalues {λj}∞j=1 ⊆ R satisfying λj → 0 and an
orthonormal basis {ej}∞j=1 of L2(Ω) of eigenfunctions of the operator T , namely, we
have Tej = λjej for every j ∈ N.

First, we consider the linear counterpart of problem (2.2.1)

ut = −au+ b · Tu, x ∈ Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω,
(2.2.3)

with b ∈ R \ {0}. Notice that, if a
b

= λk for some k ∈ N, then the eigenfunction ek
corresponding to eigenvalue λk is a nonconstant stationary solution of the first equa-
tion in (2.2.3). In the following proposition we find a condition under which this
stationary solution is stable.

Proposition 2.2.3. Let u = ek be a nonzero stationary solution of linear prob-
lem (2.2.3) where ek is an eigenfunction of the operator T corresponding to the eigen-
value λk = a

b
. The solution u is stable if and only if bλj 6 a for each j ∈ N.

The proof of this proposition is postponed to Section 2.4. Now, we only notice that,
by Proposition 2.2.3 if b > 0 then u = ek is stable if and only if λk = a

b
is the biggest

eigenvalue of T . On the other hand, if b < 0 then u = ek is stable if and only if
λk = a

b
is the smallest eigenvalue of T .

Next, we study stationary solutions of the nonlinear problem (2.2.1), namely we
consider the nonlinear and nonlocal equation

0 = −au+ f(Tu), x ∈ Ω (2.2.4)

with an unknown function u = u(x) and Ω ⊆ RN .
First, we prove the existence of solutions to this equation in a neighbourhood

of zero solution by using the bifurcation theory. Since, we apply methods from the
theory of elliptic equations and variational methods we need to impose additional
assumptions for the eigenvalues of the operator T .

Assumption 2.2.4. Let {λj}∞j=1 be the set of eigenvalues from Remark 2.2.2. We
assume that λj 6= 0 for each j ∈ N and λj < 0 for a finite number of eigenvalues.

Theorem 2.2.5. Let Assumption 2.2.4 be satisfied and denote by d > 0 an arbitrary
constant such that d + aλj > 0 for each j ∈ N. Assume f ∈ C2

b satisfies f(0) = 0

and λk = a
f ′(0)

for some k ∈ N. There exists a sequence {cn}∞n=1 ⊆ R converging to 1
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and a sequence of nonconstant functions {un}∞n=1 ⊆ L2(Ω), such that (un) is a weak
solution of

0 =− acnun + f(Tun) + d(1− cn)Tun, (2.2.5)

for each n ∈ N.

We postpone the proof of this theorem to Section 2.4.2, where solutions are con-
structed by variational methods and the Rabinowitz bifurcation theorem [66]. Note
that nonzero solutions of equation (2.2.5) are obtained from the bifurcation of a
nonzero solution to the linear equation 0 = −au+ f ′(0)Tu.

Nontrivial solutions in Theorem 2.2.5 are constructed in a small neighbourhood of
zero solution. Now, we construct large solutions and for simplicity of the exposition,
we consider the one dimensional problem with an open set Ω ⊆ R and the function f
given explicitly by

f(x) =


1, x > 1,

x, x ∈ [−1, 1],

−1, x < −1.

(2.2.6)

Remark 2.2.6. In this work we deal with large and small solutions. Here, u is called
small if

∣∣T (u)
∣∣ < 1 and for the nonlinearity given by (2.2.6) we have f

(
T (u)

)
= T (u).

Otherwise the solution is called large and the nonlinearity truncates T (u) at the
levels ±1.

Assumption 2.2.7. We assume that the kernel K(x) = K(|x|) is even and compactly
supported. We decompose the kernel as follows

K = K+ +K− with K+ = max(K, 0) and K− = min(K, 0)

where

• supp(K+) ⊆ [−2, 2],

• supp(K−) ⊆ [−4, −2] ∪ [2, 4].

Examples of kernels with properties in Assumption 2.2.7 are presented in Fig. 2.3.1.
In the following theorem we construct large solutions to equation (2.2.4) under addi-
tional constraints imposed on the kernel K.

Theorem 2.2.8. Assume Ω = [−L, L] with L > 6. Let the function f be given
by formula (2.2.6). Let Assumption 2.2.7 holds true. Suppose, moreover, that the
kernel K satisfies one of the following conditions
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1. either K(x) > 0 for all x ∈ R and∫
R
K(x) dx > 2a,

2. or K+(x) is a nonincreasing function for x > 0 and∫
R
K(x) dx > 2a,

Then, there exists a nonconstant solution to equation (2.2.4).

Remark 2.2.9. The kernel K3 on Fig. 2.3.1 has the property (1) in Theorem 2.2.8 and
the kernel K1 – property (2).

For some nonpositive kernels, one can also construct periodic solutions for equa-
tion (2.2.4) on the whole line.

Theorem 2.2.10. Let Ω = R. Assume that function f is given by formula (2.2.6).
Let Assumption 2.2.7 holds true. If the kernel K satisfies

• K(x) 6 0 for all x ∈ R,

•
∫
RK(x) dx 6 −2a,

• K(x) = K(6− x) for all x ∈ [2, 4],

• K(x) = K(6 + x) for all x ∈ [−4, −2]

then there exists a nonconstant periodic solution to equation (2.2.4) considered on the
whole line Ω = R.

Remark 2.2.11. The kernelK4 on Fig. 2.3.1 satisfies all assumptions of Theorem 2.2.10.

Stationary solutions in Theorem 2.2.8 and Theorem 2.2.10 are obtained via the
Schauder fixed point theorem and we postpone the proofs to Section 2.4.3.

Remark 2.2.12. Equation (2.2.4) reduces to the Kondo model [37] in the case of the
cut-off function

f(x) =


1, x > 1,

x, x ∈ [0, 1],

0, x < 0.

Kernels considered in [37] are always sign changing functions because in the case of
either nonpositive or nonnegative kernels, no nonconstant stationary solutions have
been observed numerically. In our case of the function f(x) given by (2.2.6) we
observe patterns also for nonpositve and nonnegative kernels.
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Remark 2.2.13. Ideas from the proof of Theorem 2.2.8 and Theorem 2.2.10 in one
dimensional case can be used to obtain pattern in two dimensions, but this would
require more involved assumptions for convolution kernels. Numerical simulations
(Fig. 2.3.6 – 2.3.10) indicate that a type of a convolution kernel strongly influences a
shape of a transient gap, however this topic requires further investigation.

2.3 Numerical simulations to nonlocal model

2.3.1 Description of the problem

Here we illustrate theoretical results from the previous section by presenting numerical
simulations of solution to model (2.2.1) with a = 1 and with a suitable odd, monotone,
nondecreasing function f . More precisely, we consider the problem

ut = −u+ f(Tu) x ∈ Ω, t > 0,

u0 = u(0, x), x ∈ Ω,
(2.3.1)

with

f(x) =


−1, bx < −1,

bx, −1 6 bx 6 1,

1, bx > 1,

(2.3.2)

and with a parameter b > 0.
We consider the one dimensional and two dimensional version of this problem.

In one dimension, we choose Ω = [−50, 50] and the convolution kernel satisfying
supp(K) ⊆ [−4, 4]. An initial condition u0(x) is either random with values from the
interval [−1, 1] or it is given by

u0 =

{
−1, x > 0,

1, x < 0.
(2.3.3)

In the two dimensional case, we set Ω = [−50, 50]2 and we impose the assumption
supp(K) ⊆ [−4, 4]2. Initial condition u0(x) is either random from interval [−1, 1] or
it is given by

u0(x) =

{
1, x ∈ [2, 2]2,

−1, x /∈ [2, 2]2
(2.3.4)
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2.3.2 Numerical scheme

We approximate solution to problem (2.3.1) on a grid consisting 601 uniformly dis-
tributed points in one dimension and 601 × 601 points in the two dimensional case.
We use the explicit Euler method with a fixed time step dt > 0

un+1 = un + dt
(
− aun + f(T̃ un)

)
, (2.3.5)

where T̃ denotes the discrete version of the convolution operator T given by the
formula (2.2.2)

T̃ un(x) =
300∑

i∈−300

K(i)un(x− i)

in one dimension and with the radial extension in two dimensional case.
Let us summarise the most important properties of numerical stationary solutions

to problem (2.3.1) obtained via scheme (2.3.5) for large n. We claim that u = un

is a numerical stationary solution to problem (2.3.1) if ‖un − un−1‖∞ 6 η where
the constant η = 10−6 is our premised precision. We present numerical stationary
solutions obtained for different types of convolutions kernels, shown in Fig. 2.3.1 and
Fig. 2.3.5, two values of parameter b and various types of initial conditions, random
or step-like functions (2.3.3)-(2.3.4).

2.3.3 One dimensional simulations

We present numerical simulations of solution to problem (2.3.1) for kernels K1, K2,
K3 and K4 shown on Fig. 2.3.1. The kernel K1 has positive part concentrated near
zero which corresponds to a local activation. On the other hand, the negative part
of K1 describes long range inhibition. The kernel K2 has positive and negative part
as well, but its positive part is not supported in the neighbourhood of zero. Here,
our numerical simulations show that this property of the kernel modifies a shape
of obtained patterns. The kernel K3 has only a positive part, thus the inhibition
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Figure 2.3.1: The kernels K1, K2, K3 and K4 used in one dimensional numerical
simulations.
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process is absent. Finally the kernel K4 with only the negative part describes only
an inhibition process. Our numerical simulations shows that, even if the kernel K4

does not stimulate u to rise, we still obtain some patterns.
We obtain two types of stable stationary solutions. Small stationary solutions

are of the first type and their existence have been proved in Theorem 2.2.5. Since
these solutions do not touch the truncation level of the function f in (2.3.2), they
are solutions to the linear problem considered in Proposition 2.2.3. Fig. 2.3.2 shows
such solutions obtained for the kernels K1, K2, K3 and K4. In order to have such
solutions, we choose random initial condition in scheme (2.3.2) and we set b = 1

λk
,

where λk is the maximal eigenvalue of the convolution operator T , obtained through
numerical approximation.
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Figure 2.3.2: Stationary solutions to one dimensional problem (2.3.1) obtained via
scheme (2.3.2) with random initial conditions. Here we choose b = 0.04035 for K1,
b = 0.08982 for K2, b = 0.06266 for K3 and b = 0.063202 for K4. Since, these
solutions do not touch the truncation level in the function f , these are, in fact,
stationary solutions to linear problem (2.2.3) with a = 1.

Next, we obtain large stationary solutions considered in Theorem 2.2.8 and The-
orem 2.2.10. The existence of such solutions is strongly connected with the satura-
tion property of the function f , because these solutions hit the saturation level ±1.
Fig. 2.3.3 shows such solutions obtained for the kernels K1, K2, K3 and K4. Here, in
the numerical scheme, we take the step-like initial condition u0 given by (2.3.3). For
completeness of the exposition, we present also similar simulations for random initial
conditions in Fig. 2.3.4.
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Figure 2.3.3: Numerical stationary solutions to one dimensional problem (2.3.1) ob-
tained via scheme (2.3.2) with initial conditions given by (2.3.3). Here, b = 0.8 for
K1, b = 0.7 for K2, b = 0.1 for K3 and b = 1.0 for K4.
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Figure 2.3.4: Numerical stationary solutions to one dimensional problem (2.3.1) ob-
tained via scheme (2.3.2) with random initial conditions. Here, b = 0.8 for K1, b = 0.7
for K2, b = 0.1 for K3 and b = 1.0 for K4.
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Remark 2.3.1. In Section 2.4.3 we introduce particular family of sets B which are
invariant under operator f(T ). We claim that the width of the gap required to
jump from the level 1 to −1 is at least as big as the support of the positive part of
convolution kernel. According to our simulations, the width of gap is significantly
smaller then the value assumed during the construction of B. Since the shape of
function u in the gap vary for different types of kernels, precise construction of set B
would require much more technical details.

2.3.4 Two dimensional results

Here, we present two dimensional stable stationary solutions obtained via numerical
scheme (2.3.2) and we focus only on large stationary solutions. We present simulations
for five different kernels K5, K6, K7, K8 and K9 shown in Fig. 2.3.5. The kernels
K5 and K6 are positive near zero, and negative otherwise, what corresponds to the
local activation and the long range inhibition. Both kernel have the same positive
part, but the kernel K6 corresponds to the weaker inhibition effect. Kernel K7 is
zero near zero, positive at some distance from zero, and negative otherwise. We have
long range activation and long range inhibition. The support of the negative part
is set to to ensure that the integral over the kernel is relatively small. Kernel K8 is
negative in the neighbourhood of 0 and positive otherwise, which corresponds to the
local inhibition and long range activations. Kernel K9 has only negative part.
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Figure 2.3.5: The kernels K5, K6, K7, K8 and K9 used in two dimensional numerical
simulations.

For each kernel, we present four patterns which are obtained from either step-like
initial condition (2.3.4) or random initial condition and two different values of b, either
b slightly greater then bctirical (denoted b = bctirical + ε with sufficiently small ε > 0)
or b significantly greater then bcritical (denoted b� bcritical). There exists a particular
constant, namely bcritical = 1

λk
, where λk is the maximal eigenvalue of operator T ,

such that for each b < bcritical every solution of problem (2.3.1) with arbitrary initial
condition u0 converges to 0. When b = bcritical we have linear case and obtained
patterns are eigenfunctions of operator T . To obtain large nonconstant stationary
solutions we need to ensure that at least one eigenfunction becomes unstable, namely
b > bcritical.
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Figure 2.3.6: Numerical stationary solutions to problem (2.3.1) obtained via
scheme (2.3.2) for kernel K5. Here, b = 1 (upper row) and b = 0.0063 (lower row),
initial condition is random (left column) or step-like function (2.3.4) (right column).
We obtain symmetric patterns for symmetric initial condition (2.3.4). The width of
black and white paths is constant and it depends on the the size of the kernel support.
If b = bcritical +ε we have only a few unstable eigenfunctions, hence patterns are more
regular. However, if b � bcritical, then there are many unstable eigenfunctions and
patterns are more diversified and involved.
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Figure 2.3.7: Numerical stationary solutions to problem (2.3.1) obtained via
scheme (2.3.2) for kernel K6. Here, b = 1 (upper row) and b = 0.0070 (lower row), ini-
tial condition is random (left column) or step-like function (2.3.4) (right column). We
obtain symmetric patterns for symmetric initial condition (2.3.4). If b = bcritical + ε
we have only a few unstable eigenfunctions. For b � bcritical we have many unstable
eigenfunctions. Notice that for large b the width of white and black paths is no longer
constant. The negative part of kernel K6 is small and hence large constant areas are
invariant under operator T . In case of step-like initial condition (2.3.4), a large posi-
tive part of the kernel is insufficient to spread the positive solution across the domain
but it can preserve the existing one if the initial square is sufficiently large.
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Figure 2.3.8: Numerical stationary solutions to problem (2.3.1) obtained via
scheme (2.3.2) for kernel K7. Here, b = 1 (upper row) and b = 0.0127 (lower row), ini-
tial condition is random (left column) or step-like function (2.3.4) (right column). We
obtain symmetric patterns for symmetric initial condition (2.3.4). If b = bcritical + ε
we have only a few unstable eigenfunctions. The maximal eigenvalue corresponds to
high order eigenfunction and hence the white and black lines are thin. If b� bcritical
there are many unstable eigenfunctions. Notice that, locally the solution is distorted
with a set of small humps distributed across the white paths. The size of those humps
depends on the size of the gap in kernel K7.
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Figure 2.3.9: Numerical stationary solutions to problem (2.3.1) obtained via
scheme (2.3.2) for kernel K8. Here, b = 1 (upper row) and b = 0.0352 (lower row),
initial condition is random (left column) or step-like function (2.3.4) (right column).
We obtain symmetric patterns for symmetric initial condition (2.3.4). The width of
black and white paths is constant and it depends on the the size of the kernel support.
If b = bcritical + ε we have only a few unstable eigenfunctions. If b � bcritical there
are many unstable eigenfunctions, however solutions are similar to those obtained for
small b. There are no other eigenvalues in the neighbourhood of the maximal eigen-
value hence eigenfunction corresponding to maximal eigenvalue dominates the shape
of patterns.
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Figure 2.3.10: Numerical stationary solutions to problem (2.3.1) obtained via
scheme (2.3.2) for kernel K9. Here, b = 1 (upper row) and b = 0.0040 (lower row),
initial condition is random (left column) or step-like function (2.3.4) (right column).
We obtain symmetric patterns for symmetric initial condition (2.3.4). The width of
black and white paths is constant and it depends on the the size of the kernel support.
If b = bcritical +ε we have only a few unstable eigenfunctions, hence patterns are more
regular. However, if b � bcritical, then there are many unstable eigenfunctions and
patterns are more diversified and involved.
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2.4 Proofs of mathematical results to nonlocal model
of pattern formation

Proof of Proposition 2.2.3. Let u = ek be a stationary solution to the linear prob-
lem (2.2.3). We consider this problem with perturbed initial condition u0 = ek + uε

and expand the solution in the orthonormal basis {ej}∞j=1 of operator T from Re-
mark 2.2.2, namely u(t, x) =

∑∞
j=1 aj(t)ej(x) with unknown functions {aj(t)}∞j=1. We

substitute u in equation (2.2.3) and obtain

∞∑
j=1

a′j(t)ej(x) = −a
∞∑
j=1

aj(t)ej(x) + b ·
∞∑
j=1

aj(t)λjej(x)

which is satisfied if, and only if a′j(t) = aj(t) (b · λj − a) for each j ∈ N and hence

‖u(·, t)‖L2(Ω) =
∞∑
j=1

aj(0)2e2(bλj−a)t.

If b ·λj−a 6 0 for each j ∈ N then the stationary solution to problem (2.2.3) is stable
and satisfies ‖u(·, t)‖L2(Ω) 6 ‖u0‖L2(Ω). Since λj → 0 as j → ∞, then the solution
is stable if a

b
is equal to the maximal eigenvalue for b > 0 or minimal eigenvalue for

b < 0.

2.4.1 Weak solutions to the nonlinear problem

Under Assumption 2.2.4 we may define, formally the operator T−1

T−1ej =
1

λj
ej for each j ∈ N

and rewrite the equation (2.2.4) in the form

0 = −aT−1(v) + f(v).

We are going to find a solution to the equivalent equation

aT−1(v) + dv = dv + f(v),

where a fixed parameter d satisfies d + aλj > 0 for each j ∈ N. First, we introduce
the bilinear form and weak solution to problem (2.2.4)
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Definition 2.4.1 (Bilinear form
(
Q,D(Q)

)
). Let Assumption 2.2.4 hold true. For

each u, v ∈ L2(Ω) such that u =
∑∞

j=1 ajej and v =
∑∞

j=1 bjej let

D(Q) =
{
u =

∞∑
j=1

ajej :
∞∑
j=1

a2
j

(
a

λj
+ d

)
<∞

}
and

Q(u, v) =
∞∑
j=1

ajbj

(
a

λj
+ d

)
, for u, v ∈ D(Q).

Definition 2.4.2 (Weak solution). Let Assumption 2.2.4 hold true. The function
v ∈ D(Q) is a weak solution of equation (2.2.4) if

〈v, ϕ〉Q = d

∫
Ω

v(x)ϕ(x) dx+

∫
Ω

f
(
v(x)

)
ϕ(x) dx for each ϕ ∈ D(Q). (2.4.1)

Remark 2.4.3. Note that,

〈ej, v〉Q = bj

( a
λj

+ d
)

=
( a
λj

+ d
)
〈ej, v〉 =

〈
(aT−1 + d)ej, v

〉
.

Remark 2.4.4. Since a
λj

+ d > 0 for each j ∈ N the bilinear form 〈·, ·〉Q is a scalar
product on D(Q). We denote by ‖ · ‖Q the corresponding norm.

Lemma 2.4.5. The image of operator T given by (2.2.2) is a subset of L∞(Ω).
Moreover Im(T ) is dense in D(Q) and D(Q) is dense in L2(Ω).

Proof. Let u ∈ L2(Ω). We have

‖Tu‖L∞(Ω) =
∥∥∥∫

Ω

K(x− y)u(y) dy
∥∥∥
L∞(Ω)

6
∥∥K(x− ·)

∥∥
L2(Ω)

∥∥u∥∥
L2(Ω)

.

To show the density, observe that finite sums uN =
∑N

j=1 ajej ∈ Im(T ), thus

‖u− uN‖Q =
∞∑

j=N+1

a2
j

(
a

λj
+ d

)
N→∞−−−→ 0 and ‖u− uN‖L2(Ω) =

∞∑
j=N+1

a2
j
N→∞−−−→ 0.

Remark 2.4.6. Notice that ‖·‖L2(Ω) 6 C‖·‖Q for all u ∈ D(Q) which is a consequence
of the relation λj → 0.

We study problem (2.4.1) with variational methods. For a function F ′(v) = f(v)

we define a functional J : D(Q)→ R, by the formula

J(v) =
d

2

∫
Ω

v(x)2 dx+

∫
Ω

F
(
v(x)

)
dx, for each v ∈ D(Q).

First, we prove basic properties of the functional J .
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Lemma 2.4.7. For every f ∈ C2(R) the functional

J(v) =
d

2

∫
Ω

v(x)2 dx+

∫
Ω

F
(
v(x)

)
dx

satisfies J ∈ C2(D(Q),R).

We skip a direct proof of this Lemma.

2.4.2 Existence of stationary solutions via bifurcation theorem

Let X be a real Hilbert space, Ω ⊆ X be a neighbourhood of 0. Let L : Ω → X

be a linear continuous operator and let H ∈ C(Ω, X). Set H(v) = o(‖v‖) as v → 0.
Consider the abstract equation

Lv +H(v) = λv. (2.4.2)

Obviously, there exists a trivial solution (λ, 0) ∈ R×X for each λ.

Definition 2.4.8. A point (µ, 0) ∈ R × X is called a bifurcation point for equa-
tion (2.4.2) if every neighbourhood of (µ, 0) contains a nontrivial solution of (2.4.2).

Remark 2.4.9. Notice that, if (µ, 0) is a bifurcation point then µ belongs to the
spectrum of operator L.

Proof. Let (µ, 0) be a bifurcation point for equation (2.4.2). Consider the family of
balls
Bn

(
(µ, 0), 1

n

)
⊆ R×X. For each n there exists (µn, vn) ∈ Bn satisfying

Lvn +H(vn) = µnvn.

Obviously, we have µn → µ. Divide both sides of this equation by the norm of vn
and consider the weak solution∫

Ω

L
Lvn
‖vn‖

ϕ+

∫
Ω

H(vn)

‖vn‖
ϕ =

∫
Ω

µn
vn
‖vn‖

ϕ.

By assumption for H, if n → ∞ we obtain
∫ H(vn)
‖vn‖ ϕ → 0. Put wn = vn

‖vn‖ . Sequence
{wn}∞n=1 is bounded, hence it is weakly compact. Hence, wnk ⇀ w and∫

Ω

L(w)ϕ =

∫
Ω

µwϕ.

The equality holds for each v ∈ X, hence µ belongs to the spectrum of the operator L.
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Now, we recall a classical result from the bifurcation theory.

Theorem 2.4.10 (Rabinowitz Bifurcation Theorem, [66]). Let X be a real Hilbert
space, U a neighbourhood of 0 in X and I ∈ C2(U,R) with I ′(v) = Lv + H(v), L
be linear and H(v) = o(‖v‖) at v = 0. If µ is an isolated eigenvalue of L of finite
multiplicity, then (µ, 0) is a bifurcation point for (2.4.2). Moreover, at least one of
the following occurs:

1. (µ, 0) is and isolated solution of (2.4.2) in {µ} ×X

2. There is one-sided neighbourhood, Λ of µ such that for all λ ∈ Λ\{µ}, equation
(2.4.2) possesses at least two distinct nontrivial solutions.

3. There is a neighbourhood I of µ such that for all λ ∈ I \ {µ}, equation (2.4.2)
possesses at least one nontrivial solution.

We are now ready to prove the existence of stationary nonconstant solutions of prob-
lem (2.4.1).

Proof of Theorem 2.2.5. We define operators L and H

L(v) =
( a
λj

+ d
)
v and H(v) = f(v)− a 1

λj
v.

The equation (2.4.1) can be rewritten as

〈v, ϕ〉Q =

∫
Ω

L(v)ϕ+H(v)ϕ for ϕ ∈ D(Q). (2.4.3)

Let us define the nonlinear functional I(v) : D(B)→ R

I(v) =
a
λk

+ d

2

∫
Ω

v2 +

∫
Ω

(
F (v)− a

2λk
· v2

)
. (2.4.4)

Let I(v) be as in (2.4.4) then DI(v) = Lv +H(v). From Lemma 2.4.7 we obtain
that functional I ∈ C2(D(Q),R). To prove that H(u) = o(‖v‖)D(Q), we need to check
that if ‖v‖D(Q) → 0, then

‖H(v)‖D(Q)

‖v‖D(Q)

→ 0.

Since f(0) = 0 we obtain

‖f(v)− a 1
λk
· v‖D(Q)

‖v‖D(Q)

=
‖f(v)− f(0)− a 1

λk
v‖D(Q)

‖v‖D(Q)

.
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The right hand side tends to the derivative of f if ‖v‖D(Q) → 0. It follows from the
assumption that the numerator tends to 0.

Now we apply Theorem 2.4.10 to obtain that (1, 0) is a bifurcation point for
system (2.4.3). It follows that there exist a sequence of {cn}∞n=1 convergent to 1 and
a sequence of nonconstant functions {vn}∞n=1 ⊆ D(Q) such that

cn〈vn, ϕ〉Q =

∫
Ω

(
a

λj
+ d

)
vnϕ+

∫
Ω

(
f(vn)− a

λj
vn

)
ϕ (2.4.5)

for each n ∈ N and each ϕ ∈ D(Q). The equation (2.4.5) is a weak solution of

0 =− adnun + f(Tun) + d(1− dn)Tun.

2.4.3 Existence of stationary solutions using the Schauder fixed
point theorem

There exists a solution to equation (2.2.4) if u is a fixed point of the compact operator

1

a
f
(
T (·)

)
: L2(Ω)→ L2(Ω) (2.4.6)

which we obtain from the Schauder fixed point theorem. Obviously u ≡ 0 is a fixed
point of this operator in the case of f given by formula (2.3.2). To ensure the existence
of nonconstant solutions, we construct particular invariant sets B for this mapping
which do not contain constant functions. We introduce appropriate sets for three
main classes of convolution kernels: nonnegative kernels and sign changing kernels in
Theorem 2.2.8 and nonpositive kernels in Theorem 2.2.10.

Proof of Theorem 2.2.8. Let the condition (1) in Theorem 2.2.8 hold true. We intro-
duce

B1 =

{
u ∈ L2(Ω) : u(x) =

{
− 1
a

for x > 2,
1
a

for x 6 −2,
u is odd and monotone

}
.

Let us show that 1
a
f(T ) : B1 → B1. Indeed, if x > 2 then

Tu(x) =

∫
Ω

K(x− y)u(y) dy 6
∫ L

2

K(x− y)u(y) dy = −1

a

∫ 2

0

K(y) dy 6 −1

and hence 1
a
f(Tu)(x) = − 1

a
. Analogously we obtain that for x 6 −2 we have

1
a
f(Tu)(x) = 1

a
. If |x| < 2 then the convolution of odd and monotone function
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with positive and even function is odd and monotone. Thus, mapping (2.4.6) has a
fixed point in the set B1.

Notice that, in the set B1 the width of the gap between levels 1
a
and − 1

a
is equal

to the support of the kernel. In the next step, we consider smaller gaps. Under the
condition (2) in Theorem 2.2.8 let

B2 =

{
u ∈ L2(Ω) : u(x) =

{
− 1
a

for x > 1,
1
a

for x 6 −1,
u is odd and monotone

}
.

We show that 1
a
f(T ) : B2 → B2. For 1 6 x 6 4 we have

Tu(x) =

∫ L

x

K(x− y)u(y) dy +

∫ x

x−4

K(x− y)u(y) dy 6 −1 +

∫ x

x−4

K(x− y)u(y) dy.

Notice that
∫ x
x−4

K(x− y)u(y) dy 6 0. Indeed, if 1 6 x 6 2 then u(x− 2) > 0. Since
K+ is nonincreasing for positive arguments and u is monotone we have∫ x

x−2

K+(x− y)u(y) dy 6 0 and
∫ x−2

x−4

K−(x− y)u(y) dy 6 u(x− 2)

∫ x−2

x−4

K−(x− y)dy 6 0.

Analogously, if 2 < x 6 4 then u(x− 2) 6 0 and∫ x

x−4

K(x− y)u(y)dy 6 u(x− 2)

∫ 0

−4

K(y) dy 6 0.

If 4 < x 6 L then
∫ L
x
K(x− y)u(y) dy 6 0 and hence

Tu(x) =

∫ x

x−4

K(x− y)u(y) dy +

∫ L

x

K(x− y)u(y) dy 6 −1.

Consequently we obtain 1
a
f(Tu)(x) = − 1

a
. The case x 6 −1 is proved analogously.

For |x| < 1 we have

Tu(x) =

∫
Ω

K+(x− y)u(y) dy − 1

a

∫ x+4

x+2

K−(x− y) dy +
1

a

∫ x−2

x−4

K−(x− y) dy

=

∫
Ω

K+(x− y)u(y) dy

and hence the negative part of the kernel can be omitted. The convolution of odd
and monotone function with positive function is odd and monotone. By the Schauder
fixed point theorem, there exists a fixed point of mapping (2.4.6) in the set B2.

Remark 2.4.11. The functions on Fig. 2.3.3 corresponding to kernels K1, K2, K3

belong to the sets B1 and B2 with a = 1.
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By the same reasoning we immediately obtain the family of nonconstant solutions.
Under the assumptions of Theorem 2.2.8, we can obtain, following more general result.

Remark 2.4.12. Let the assumptions of Theorem 2.2.8 holds true. Let {Ωj}Nj=1 be a
family of disjoint intervals satisfying Ωj ⊆ Ω and

• diam(Ωj) >M , for each j,

• dist(Ωj,Ωk) >M , for each k 6= j

whereM = 4 if condition (1) holds true andM = 2 if condition (2) is satisfied. There
exists a stationary solution u such that u|Ωj = ij for an arbitrary sequence {ij}Nj=1

satisfying ij = ± 1
a
.

Proof of Theorem 2.2.10 . We introduce set

B3 =

u ∈ L
2(R) :

u(x) =

{
1
a

for x ∈ [−1 + 8k, 1 + 8k],

− 1
a

for x ∈ [3 + 8k, 5 + 8k],

u is even, satisfies u(x) = −u(x+ 4) and
monotone on each interval [1 + 4k, 3 + 4k],

k ∈ Z


We show that 1

a
f(T ) : B3 → B3. If x ∈ [−1, 1] (similarly for x ∈ [−1 + 8k, 1 + 8k]),

we have

Tu(x) =

∫
Ω

K(x− y)u(y) dy =

∫ −3

x−4

K−(x− y)u(y) dy +

∫ x−2

−3

K−(x− y)u(y) dy

+

∫ 3

x+2

K−(x− y)u(y) dy +

∫ x+4

3

K−(x− y)u(y) dy.

(2.4.7)
Function u is constant on the intervals [x− 4, −3] and [3, x+ 4] hence∫ −3

x−4

K−(x− y)u(y) dy +

∫ x+4

3

K−(x− y)u(y) dy = 1.

Notice that the sum of second and third integral in equation (2.4.7) is nonnegative.
Indeed, from the symmetry of u and K we have

∫ 3

1
K(y + 1)u(y)dy = 0, hence∫ x−2

−3

K−(x− y)u(y) dy +

∫ 3

x+2

K−(x− y)u(y) dy

= −
∫ x+2

1

K−(x+ 4− y)u(y) dy +

∫ 3

x+2

K−(x− y)u(y) dy

=

∫ 3

1

(
K−(x− y)−K−(x− 2− y)

)
u(y) dy > 0.
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Consequently we obtain 1
a
f(Tu)(x) = 1

a
. The case x ∈ [3 + 8k, 5 + 8k] is proved

analogously. If x ∈ [1, 3] (similarly x ∈ [1 + 4k, 3 + 4k]) then

Tu(x) =

∫ x−2

x−4

K(x− y)u(y) dy +

∫ x+4

x+2

K(x− y)u(y) dy.

Notice that u(x) is nondecreasing for x ∈ [−3, 1] and x ∈ [3, 7]. Thus, the convolution
of monotone function with negative function is nonincreasing. Since u and K are even
functions, then Tu is even and satisfies

−Tu(x+ 4) = −
∫
R
K(x− y)u(y − 4) dy =

∫
R
K(x− y)u(y) dy = Tu(x).

By the Schauder fixed point theorem, there exists a fixed point of mapping (2.4.6) in
the set B3.



Chapter 3

Preliminary results on
reaction-diffusion-ODE systems

3.1 Statement of RD-ODE problem

The second part of this dissertation is devoted to analysis of pattern formation in sys-
tems coupling diffusing and non-diffusing components. We consider a generic system
of n ordinary differential equations coupled with a reaction-diffusion equation

uuut = fff(uuu, v), x ∈ Ω, t > 0,

vt = γ∆v + g(uuu, v), x ∈ Ω, t > 0,
(3.1.1)

with an unknown vector field (denoted using a bold-face font) and a scalar function:

uuu = uuu(x, t) =

 u1(x, t)
...

un(x, t)

 and v = v(x, t).

We consider arbitrary C2-nonlinearities

fff = fff(uuu, v) =

 f1(uuu, v)
...

fn(uuu, v)

 and g = g(uuu, v) (3.1.2)

and a bounded open domain Ω ⊆ RN for N > 1 with C2-boundary ∂Ω. Moreover, the
reaction-diffusion equation in (3.1.1) is supplemented by the homogeneous Neumann
boundary condition

∂νv = 0 for x ∈ ∂Ω, t > 0, (3.1.3)

32
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where ∂ν = ν · ∇ with ν denoting the unit outer normal vector to ∂Ω. The constant
γ > 0 denotes a diffusion coefficient. We also impose an initial condition

uuu(x, 0) = uuu0(x) =

 u0,1(x)
...

u0,n(x)

 , v(x, 0) = v0(x). (3.1.4)

In this dissertation, we consider mild solutions of problem (3.1.1)-(3.1.4), that is,
a solution to the corresponding system of integral equations

uuu = uuu0 +

∫ t

0

fff
(
uuu(s), v(s)

)
ds,

v = eγ∆νtv0 +

∫ t

0

eγ∆ν(t−s)g
(
uuu(s), v

)
ds.

(3.1.5)

First we show that problem (3.1.1)-(3.1.4) has a unique local-in-time solution
corresponding to a bounded initial condition.

Theorem 3.1.1. For every uuu0 ∈ L∞(Ω)n and v0 ∈ C(Ω) there exists T > 0 such that
system (3.1.5) has a unique solution uuu ∈ C

(
[0, T ], L∞(Ω)n

)
and v ∈ C

(
[0, T ], C(Ω)

)
.

Proof. Recall that the operator
(
∆ν , D(∆ν)

)
with the domain

D(∆ν) =

{
u ∈

⋂
p>1

W 2,p
loc (Ω) : u, ∆u ∈ C(Ω), ∂νu = 0 on ∂Ω

}
,

is a sectorial operator on the space C(Ω), see [45, Corollary 3.1.24]. Now, it is suffi-
cient to apply the Banach fixed point theorem to system (3.1.5) with the locally Lip-
schitz nonlinearities fff and g. In this approach the Bohner integrals on the right hand
side of equation (3.1.5) are convergent in the corresponding spaces. Indeed, for every
uuu ∈ C

(
[0, T ], L∞(Ω)n

)
and v ∈ C

(
[0, T ], C(Ω)

)
we have fff

(
uuu, v) ∈ C

(
[0, T ], L∞(Ω)n

)
and consequently the integral is convergent∫ t

0

fff
(
uuu(s), v(s)

)
ds ∈ C

(
[0, T ], L∞(Ω)n

)
.

Analogously, we have g
(
uuu, v) ∈ C

(
[0, T ], L∞(Ω)

)
and hence by the well-known prop-

erty of the Neumann semigroup we obtain

w(s) ≡ eγ∆ν(t−s)g(uuu, v) ∈ C(Ω)

for each t ∈ (0, T ) and s ∈ [0, t). Therefore

w ∈ C
(
[0, t); C(Ω)

)
∩ L∞

(
[0, t], L∞(Ω)

)
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and for every ε > 0∫ t−ε

0

eγ∆ν(t−s)g
(
uuu(s), v

)
ds ∈ C

(
[0, T − ε]; C(Ω)

)
.

Since g(uuu, v) ∈ L∞([0, T ];L∞(Ω)) we have∫ t−ε

0

eγ∆ν(t−s)g
(
uuu(s), v

)
ds ε→0−−→

∫ t

0

eγ∆ν(t−s)g
(
uuu(s), v

)
ds

locally uniformly on [0, T )× Ω.

3.1.1 Stationary solutions to RD-ODE system

The goal of the second part of this dissertation is to construct certain nonconstant
stationary solutions of problem (3.1.1)-(3.1.4) and to study their stability. Thus, we
deal with a solution (UUU, V ) =

(
UUU(x), V (x)

)
to the boundary value problem

fff(UUU, V ) = 0, x ∈ Ω,

∆νV + g(UUU, V ) = 0, x ∈ Ω,
(3.1.6)

with arbitrary C2-functions fff and g of the form (3.1.2) and in a bounded domain
Ω ⊆ RN with C2-boundary.

Definition 3.1.2. A pair
(
UUU(x), V (x)

)
is a weak solution of problem (3.1.6) if

• UUU is measurable,

• V ∈ W 1,2(Ω),

• g(UUU, V ) ∈
(
W 1,2(Ω)

)?
(the dual of the space W 1,2(Ω)),

• the equation fff
(
UUU(x), V (x)

)
= 0 is satisfied for almost all x ∈ Ω,

• the equality

−
∫

Ω

∇V (x) · ∇ϕ(x) dx+

∫
Ω

g
(
UUU(x), V (x)

)
ϕ(x) dx = 0

holds true for all test functions ϕ ∈ W 1,2(Ω).

Problem (3.1.6) may have different types of solutions. Particular versions of such a
system have been studied, e.g., in the works [21,27,28,30,40,43,44,47–51,53,76,77,82]
where the following two types of stationary solutions

(
UUU(x), V (x)

)
were identified:
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1. Regular stationary solutions, where UUU(x) = kkk
(
V (x)

)
for one C2-function

kkk = (k1, ..., kn) and all x ∈ Ω. In Chapter 4 we show one possible construction
of regular stationary solutions and prove that all regular solution are unstable.

2. Jump-discontinuous stationary solutions with UUU(x) obtained using different
branches of solutions with respect to UUU(x) to equation (3.1.6). In Chapter 5 we
construct discontinuous stationary solutions and provide sufficient conditions
for their stability.

The stability analysis of stationary solutions to problem (3.1.1)-(3.1.4) is based on
the linearisation procedure. We introduce the corresponding linearisation operator in
Section 3.2 and characterise its spectrum in Theorem 3.2.8.

3.1.2 Notation.

In the second part of this dissertation we use the following notation. By the bold font,
e.g. AAA,uuu, we denote either matrices or vector valued functions in order to distinguish
them from scalar quantities. For fff and g defined in (3.1.2) we set

fffuuu =


∂f1

∂u1
· · · ∂f1

∂un...
...

∂fn
∂u1

· · · ∂fn
∂un

 , fff v =


∂f1

∂v...
∂fn
∂v

 , guuu =
(
∂g
∂u1

· · · ∂g
∂un

)
, gv =

∂g

∂v
.

For a matrix M = (mi,j), we set |M | =
√∑

i,jm
2
i,j. The product Y n = Y × · · · × Y

(n-times) of a given space Y is supplemented with the norm denoted by ‖yyy‖Y (instead
of ‖yyy‖Y n). For Ω ⊆ RN , we denote by Ω its topological closure. The symbol σ(L)

means the spectrum of a linear operator
(
L,D(L)

)
and s(L) = sup{Reλ : λ ∈ σ(L)}

is the spectral bound of
(
L,D(L)

)
. The usual Sobolev spaces are denoted byW k,p(Ω).

We use the symbol ∆ν for the Laplace operator in a bounded domain Ω with the
Neumann boundary condition. It is defined in the usual way via a bilinear form on
W 1,2(Ω), and −∆ν has the eigenvalues µk satisfying 0 = µ0 < µ1 6 · · · 6 µn → ∞.
We recall the domain of −∆ν on Lp(Ω) with p ∈ [1,∞)

W 2,p
ν (Ω) = {v ∈ W 2,p(Ω) : ∂νv = 0 on ∂Ω},

which is the Sobolev space W 2,p(Ω) supplemented with the Neumann boundary con-
dition. Constants in the estimates below are denoted by the same letter C, even
if they vary from line to line. Sometimes we shall emphasize dependence of such
constants on parameters used in our calculations.
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3.2 Linear RD-ODE problem and spectral analysis

3.2.1 Linearised operator

We analyse the stability of stationary solution to problem (3.1.1)-(3.1.4) via the usual
linearisation procedure. In order to apply that approach in this section, we discuss
stability properties of the zero solution to the following linear reaction diffusion-ODE
system

ϕϕϕt = AAAϕϕϕ+BBBψ, x ∈ Ω, t > 0,

ψt = ∆νψ +CCCϕϕϕ+ dψ, x ∈ Ω, t > 0,

with general matrices

AAA = AAA(x) =

a11(x) . . . a1n(x)
... . . . ...

an1(x) . . . ann(x)

 , BBB = BBB(x) =

b1(x)
...

bn(x)

 ,

CCC = CCC(x) =
(
c1(x) . . . cn(x)

)
, d = d(x),

(3.2.1)

with arbitrary coefficients

aij, bi, ci, d ∈ L∞(Ω), for i, j ∈ {1, · · · , n}. (3.2.2)

In the following, we study properties of the operator
(
Lp, D(Lp)

)
defined by the

formula

Lp
(
ϕϕϕ
ψ

)
≡
(

AAAϕϕϕ+BBBψ
∆νψ +CCCϕϕϕ+ dψ

)
with D(Lp) = Lp(Ω)n ×W 2,p

ν (Ω) (3.2.3)

for each p ∈ (1, ∞), where

W 2,p
ν (Ω) = {v ∈ W 2,p(Ω) : ∂νv = 0 on ∂Ω}

is the Sobolev space W 2,p(Ω) supplemented with the Neumann boundary condition
(see e.g. [83, Ch. 2, sec 2.4]).

Proposition 3.2.1. For each p ∈ (1,∞) the operator
(
Lp, D(Lp)

)
generates an an-

alytic semigroup of linear operators on Lp(Ω)n+1.

Proof. This fact is well-known in the case of the Laplace operator with the Neu-
mann boundary condition, see e.g. [15, Ch. II, Sec. 5]. Here, we consider bounded
perturbations of this operator.
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In order to study a nonlinear stability, we need a counterpart of the semigroup
from Proposition 3.2.1 acting on a space of bounded continuous functions. First, we
recall that the operator

(
∆ν , D(∆ν)

)
with the domain

D(∆ν) =

{
u ∈

⋂
p>1

W 2,p
loc (Ω) : u, ∆u ∈ C(Ω), ∂νu = 0 on ∂Ω

}

is a sectorial operator on the space C(Ω), see [45, Corollary 3.1.24].

Proposition 3.2.2. If aij, bi, ci, d ∈ C(Ω) for i, j ∈ {1, · · · , n} then the operator
given by the formula

L∞
(
ϕϕϕ
ψ

)
≡
(

AAAϕϕϕ+BBBψ
∆νψ +CCCϕϕϕ+ dψ

)
with D(L∞) = C(Ω)n ×D(∆ν) (3.2.4)

generates an analytic semigroup of linear operators on C(Ω)n+1.

One proves this proposition in the same way as Proposition 3.2.1.

3.2.2 Spectra of multiplication operators

Now, we discuss spectra of matrix multiplication operators induced by matrices with
x-dependent and bounded coefficients. The following results can be found either in
the work [14] or in the PhD dissertation [42] and we recall them together with the
proofs in slightly less general versions.

First we show that the spectrum of the multiplication operator consist only of
approximative eigenvalues.

Lemma 3.2.3. For AAA(x) =
(
mi,j(x)

)n
i,j=1

with mi,j ∈ L∞(Ω), we define the multi-
plication operator on Lp(Ω)n with p ∈ [1,∞) by the formula

(
AAA(·)ξξξ

)
(x) = AAA(x)ξξξ(x).

Then its spectrum has the form

σ
(
AAA(·)

)
=

{
λ ∈ C :

∀ε > 0 ∃Ωε ⊆ Ω open set ∃ξξξε ∈ Rn

such that ‖AAA(·)ξξξε − λξξξε‖L∞(Ωε) 6 ε|ξξξε|

}
. (3.2.5)

Proof. Denote by AAAess the set on the right-hand side of equality (3.2.5) and take
λ ∈ AAAess. Suppose that λ /∈ σ(AAA(·)). Hence, there a exists a constant C > 0 such
that

‖ξξξ‖p 6 C‖(AAA(·)− λIII)ξξξ‖Lp(Ω) for all ξξξ ∈ Lp(Ω)n. (3.2.6)

Now by the definition of AAAess, for each ε > 0 there exist open set Ωε ⊆ Ω and ξξξε such
that ‖AAA(·)ξξξε − λξξξε‖L∞(Ωε) 6 ε|ξξξε|. Let ξξξ = 1

|Ωε|1Ωεξξξε in inequality (3.2.6). Then,

‖ξξξ‖Lp(Ω) 6 C‖
(
AAA(·)− λIII

)
ξξξ‖Lp(Ω)

6 C‖
(
AAA(·)− λIII

)
‖L∞(Ωε)‖ξξξ‖Lp(Ωε) 6 Cε‖ξξξ‖Lp(Ω).
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For sufficiently small ε > 0, we have ‖ξξξ‖Lp(Ω) = 0 which is contradiction.
Conversely, let λ /∈ AAAess. By the definition ofAAAess, there exists ε > 0 such that, for

all Ωε ⊆ Ω and for all vectors ξξξε ∈ Rn with |ξξξε| = 1 we have ‖AAA(·)ξξξε−λξξξε‖L∞(Ωε) > ε.
It implies that the inequality |AAA(x)ξξξε − λξξξε| > ε|ξξξε| holds true for almost all x ∈ Ω.
Thus,

‖
(
AAA(·)− λIII

)
ξξξ‖Lp(Ω) =

(∫
Ω

∣∣(AAA(x)− λIII
)
ξξξ(x)

∣∣p dx) 1
p

> ε‖ξξξ‖Lp(Ω)

and the operator AAA(·)− λIII is invertible, hence λ /∈ σ
(
AAA(·)

)
.

The following lemma explains a relation between σ
(
AAA(·)

)
and the eigenvalues of

the matrices AAA(x) for each x ∈ Ω.

Lemma 3.2.4. Assume that AAA(x) =
(
ai,j(x)

)n
i,j=1

with mi,j ∈ L∞(Ω). Assume that
there exists a closed set Ω′ ⊆ Ω such that |Ω′| = 0 and mi,j

∣∣
Ω\Ω′ is continuous. Then

σ
(
AAA(·)

)
=

⋃
x∈Ω\Ω′

σ
(
AAA(x)

)
.

Proof. Let λ ∈
⋃
x∈Ω\Ω′ σ

(
AAA(x)

)
. Hence, there exists a sequence {xn}∞n=1 ⊆ Ω \ Ω′

such that the matrices AAA(xn) have eigenvalues satisfying λn → λ. Denote by ξξξλn
the corresponding eigenvector, i.e. (AAA(x) − λn)ξξξλn = 0. By the assumption, matrix
elements mi,j(x) are continuous functions on Ω \ Ω′. Since eigenvalues of the matrix
AAA(x) are also continues functions of x (see Remark 3.2.5, below), for each ε > 0 there
exists a ball Bδ(xn) such that for all y ∈ Bδ(xn)

|(AAA(y)− λn)ξξξλn| 6 ε|ξξξλn|.

We take n sufficiently large and apply the triangle inequality to obtain

|(AAA(y)− λ)ξξξλn| 6 |(AAA(y)− λn)ξξξλn|+ |(λn − λ)ξξξλn| 6 2ε|ξξξλn |.

Thus, by Lemma 3.2.3, we have λ ∈ σ(AAA(·)).
Conversely, assume that λ /∈

⋃
x∈Ω\Ω′ σ

(
AAA(x)

)
. Thus, for each x ∈ Ω \ Ω′, the

matrix
(
AAA(x) − λIII

)
is invertible and there exists εx > 0 such that for all vectors

ξξξε ∈ Rn we have ∣∣(AAA(x)− λIII)ξξξε
∣∣ > εx|ξξξε|.

We show that there exists ε > 0 such that εx > ε > 0 uniformly for all x ∈ Ω \ Ω′.
Indeed, suppose a contrario that there exists a sequence xn ∈ Ω\Ω′ satisfying εxn → 0.
We take the sequence of vectors {ξξξεxn}∞n=1 ⊆ Rn, with |ξξξεxn | = 1 satisfying∣∣(AAA(xn)− λIII)ξξξεxn

∣∣ = εxn → 0.
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Letting n → ∞ we have that λ is arbitrary close to an eigenvalue of matrix AAA(xn),
hence λ ∈

⋃
x∈Ω\Ω′ σ

(
AAA(x)

)
. Therefore, there exists ε > 0 such that for all ξξξε ∈ Rn

we have ∣∣(AAA(x)− λIII)ξξξε
∣∣ > ε|ξξξε|, for all x ∈ Ω \ Ω′.

Lemma 3.2.3 implies again that λ /∈ σ(AAA(·)).

Remark 3.2.5. Notice that eigenvalues of a matrix depend continuously on the matrix
elements, see eg. [26]. Such a continuous dependence on a matrix elements may be
false for eigenvectors, see eg. [33, Example 5.3 on p. 111].

Remark 3.2.6. By Lemma 3.2.4 the following equality holds true

s
(
AAA(·)

)
= ess sup

x∈Ω

(
s(AAA(x))

)
. (3.2.7)

In particular, if matrix coefficients ai,j are continuous functions we have

s
(
AAA(·)

)
= sup

{
Reλ(x) : where λ(x) is an eigenvalue of AAA(x) for some x ∈ Ω

}
.

Remark 3.2.7. We recall properties of matrices which we use in this dissertation.

• For arbitrary matrices AAA,BBB,CCC, d as in (3.2.1)-(3.2.2), an arbitrary λ ∈ C satis-
fying λ /∈ σ(AAA(·)

)
and every x ∈ Ω we have

d− λ−CCC(AAA− λIII)−1BBB

= det

(
III 000
000 d− λ−CCC(AAA− λIII)−1BBB

)
=

1

detAAA− λIII
det

(
AAA− λIII 000
CCC d− λ−CCC(AAA− λIII)−1BBB

)
=

1

detAAA− λIII
det

((
AAA− λIII BBB
CCC d

)(
III −(AAA− λIII)−1BBB
0 1

))
=

1

det (AAA− λIII)
det

(
AAA− λIII BBB
CCC d− λ

)
.

(3.2.8)

• For an arbitrary matrix AAA0 with constant coefficients and satisfying s(AAA0) < 0,
the resolvent |(AAA0 − λIII)−1| is uniformly bounded for all λ ∈ C with Reλ > 0.
Indeed, the spectral radius r(AAA0) = sup{|λ| : λ ∈ σ(AAA0)} satisfies

r(AAA0) 6 |A0| =

(
n∑

i,j=1

a2
i,j

) 1
2

and since the determinant is a product of all eigenvalues we have

| det(AAA0 − λIII)| >
(

max (|s(AAA0)|, |λ| − |AAA0|)
)n
.
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Therefore, denoting by adj the adjugate matrix we obtain∣∣(AAA0 − λIII)−1
∣∣ =
|adj(AAA0 − λIII)|
| det(AAA0 − λIII)|

6
C(λn + 1)

max
(
|s(AAA0)|, |λ| − |AAA0|

)n 6 C. (3.2.9)

Analogously, for every matrix AAA(x) with essentially bounded coefficients, equa-
tion (3.2.7) provides the inequality s

(
AAA(x)

)
6 s

(
AAA(·)

)
for almost all x ∈ Ω.

Thus, if s
(
AAA(·)

)
< 0, then

∣∣(AAA(x)− λIII)−1
∣∣ 6 C(λn + 1)

max
(
|s(AAA(x))|, |λ| − |AAA(x)|

)n
6

C(λn + 1)

max
( ∣∣s(AAA(·)

)∣∣ , |λ| − ‖AAA‖L∞(Ω)

)n 6 C,

(3.2.10)

for almost all x ∈ Ω and all λ ∈ C with Reλ > 0.

• It follows from equation (3.2.7), that if s
(
AAA(·)

)
< 0 then for every k ∈

(
0,−s(AAA(·))

)
there exist constants C > 0 such that∣∣eAAA(x)t

∣∣ 6 Ce−kt for almost all x ∈ Ω. (3.2.11)

3.2.3 Spectrum of reaction-diffusion-ODE operator

Theorem 3.2.8. Let
(
Lp, D(Lp)

)
, with p ∈ (1,∞), be the operator given by for-

mula (3.2.3) with matrices (3.2.1)-(3.2.2). Denote by σ
(
AAA(·)

)
be the spectrum of

multiplication operator AAA(·) on Lp(Ω)n. Then, the spectrum of
(
Lp, D(Lp)

)
can be

characterized as
σ(Lp) = σ

(
AAA(·)

)
∪ {eigenvalues of Lp}.

In particular, the spectrum σ(Lp) is independent of p.

Proof. We improve the reasoning form [50, Thm 4.5], where one ODE coupled with
one PDE were considered. First, we prove that σ

(
AAA(·)

)
⊆ σ(Lp) by showing that for

each λ ∈ σ
(
AAA(·)

)
the operator

Lp − λIII : Lp(Ω)n ×W 2,p
ν (Ω)→ Lp(Ω)n × Lp(Ω)

defined by formula

(Lp − λIII)

(
ϕϕϕ
ψ

)
=

(
(AAA− λ)ϕϕϕ+BBBψ

∆νψ +CCCϕϕϕ+ (d− λ)ψ

)
cannot have a bounded inverse. Indeed, suppose a contrario that (Lp − λIII)−1 exists
and is a bounded operator from (Lp(Ω))n+1 intoD(Lp) equipped with the graph norm.
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The graph norm of Lp is equivalent to the norm on the product space (Lp(Ω))n ×
(W 2,p

ν (Ω)) by [83, Section 2.4]. Thus, there exists a number K > 0 such that

‖ϕϕϕ‖Lp(Ω) + ‖ψ‖W 2,p(Ω) 6 K
(
‖(AAA− λIII)ϕϕϕ+BBBψ‖Lp(Ω)

+‖∆νψ +CCCϕϕϕ+ (d− λ)ψ‖Lp(Ω)

) (3.2.12)

for all (ϕϕϕ, ψ) ∈ Lp(Ω)n×W 2,p
ν (Ω). Let ε > 0 be arbitrary (to be chosen later on). By

Lemma 3.2.3 there exists ξξξ ∈ Rn with |ξξξ| = 1 and a ball Bε such that

‖(AAA(·)− λIII)ξξξ‖L∞(Bε) 6 ε.

Let us show that, for arbitrary ψ ∈ C∞c (Ω) with supp ψ ⊆ Bε, we may findϕϕϕ ∈ Lp(Ω)n

with the following properties

• ϕϕϕ = ρξξξ for some ρ ∈ Lp(Ω) with supp ρ ⊆ Bε,

• ζ = ∆νψ +CCCϕϕϕ+ (d− λ)ψ satisfies ‖ζ‖Lp(Ω) 6 ε‖ϕϕϕ‖Lp(Ω).

Indeed, we cut the function CCC at the level ε in the following way

CCCε = CCCε(x) ≡

{
CCC(x) if

∣∣CCC(x)ξξξ
∣∣ > ε,

(ε, · · · , ε) if
∣∣CCC(x)ξξξ

∣∣ 6 ε.

Thus we obtain

ζ = ∆νψ +CCCϕϕϕ+ (d− λ)ψ = ∆νψ +CCCεϕϕϕ+ (d− λ)ψ + (CCC −CCCε)ϕϕϕ

for

ϕϕϕ =
−(∆νψ + (d− λ)ψ)

CCCεξξξ
ξξξ = ρξξξ ∈ Lp(Ω)n and ζ = (CCC −CCCε)ϕϕϕ ∈ Lp(Ω)

with ‖(CCC −CCCε)ξξξ‖L∞(Ω) 6 nε.
Now, noting that supp ϕϕϕ ⊆ Bε and ϕϕϕ(x) = ρ(x)ξξξ, we obtain the inequality

‖(AAA− λIII)ϕϕϕ‖Lp(Ω) 6 ‖(AAA− λIII)ξξξ‖L∞(Bε)‖ρ‖Lp(Ω) 6 ε‖ϕϕϕ‖Lp(Ω).

Thus, substituting the functionsϕϕϕ, ψ,ξξξ into inequality (3.2.12), we obtain the estimate

‖ϕϕϕ‖Lp(Ω) + ‖ψ‖W 2,p(Ω)

6 K
(
‖(AAA− λIII)ϕϕϕ‖Lp(Ω) + ‖BBBψ‖Lp(Ω) + ‖ζ‖Lp(Ω)

)
6 K

(
(n+ 1)ε‖ϕϕϕ‖Lp(Ω) + ‖BBB‖L∞(Ω)‖ψ‖Lp(Ω)

)
.

(3.2.13)
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Hence, choosing ε > 0 small enough we compensate the term Kε(n + 1)‖ϕϕϕ‖Lp(Ω) by
its counterpart on the left-hand side of inequality (3.2.13) and obtain estimates

‖ψ‖W 2,p(Ω) 6
(
1−K(n+ 1)ε

)
‖ϕϕϕ‖Lp(Ω) + ‖ψ‖W 2,p

ν (Ω) 6 K‖BBB‖L∞(Ω)‖ψ‖Lp(Ω)

which obviously can not hold for all ψ ∈ C∞c (Ω) such that supp ψ ⊆ Bε. This
completes the proof that σ

(
AAA(·)

)
⊆ σ(Lp). Moreover, by Lemma 3.2.4, the spectrum

σ
(
AAA(·)

)
is independent of p.

Next, we prove that the remainder of the spectrum
(
Lp, D(Lp)

)
consists of a

discrete set of eigenvalues by analysing the corresponding resolvent equations

(AAA− λIII)ϕϕϕ+BBBψ = FFF , x ∈ Ω,

∆νψ +CCCϕϕϕ+ (d− λ)ψ = G, x ∈ Ω

with arbitrary (FFF ,G) ∈ Lp(Ω)n × Lp(Ω). Since, λ /∈ σ(AAA(·)) we can solve the first
equation with respect to ϕϕϕ and substitute into the second equation to obtain the
boundary value problem

∆νψ + q(λ)ψ = r(λ) (3.2.14)

where
q(λ) = q(x, λ) = −CCC(x)

(
AAA(x)− λIII

)−1
BBB(x) + d(x)− λ,

r(λ) = r(x, λ) = −CCC(x)
(
AAA(x)− λIII

)−1
FFF (x) +G(x).

By the Analytic Fredholm Theorem for Banach spaces from [75], used in the same
way as in [50, proof of Thm 4.5] we conclude that the boundary value problem (3.2.14)
has no unique solution only for a countable set of λ ∈ C. Eigenfunctions correspond-
ing to those eigenvalues satisfy elliptic equation (3.2.14), hence, by standard elliptic
regularity, they belong to W 2,p

ν (Ω) for each p ∈ (1,∞). This means that the set of
eigenvalues of Lp is independent of p.

Remark 3.2.9. By Theorem 3.2.8, the spectrum of the operator
(
L∞, D(L∞)

)
given

by formula (3.2.4) with the matrix coefficients

aij, bi, ci, d ∈ C(Ω), for i, j ∈ {1, · · · , n}

satisfies
σ (Lp) = σ

(
AAA(·)

)
∪ {eigenvalues of Lp} ⊆ σ(L∞).

Indeed, by the elliptic regularity, eigenfunctions of −∆ν belong to W 2,p
ν (Ω) for each

p ∈ (1,∞), thus they are continuous up to the boundary. Using analogous estimates
as those in the proof of Theorem 3.2.8 with Lp-norm replaced by the L∞-norm on
C(Ω), we obtain that σ

(
AAA(·)

)
⊆ σ(L∞).

Remark 3.2.10. It follows immediately from Theorem 3.2.8 and Lemma 3.2.4 that
eigenvalues of matrix AAA(x) belongs to the spectrum of Lp for almost every x ∈ Ω.



Chapter 4

Regular stationary solutions to
reaction-diffusion-ODE systems

4.1 Results on regular stationary solutions

The goal of this chapter is to construct certain nonconstant weak stationary solutions
of problem (3.1.1)-(3.1.4) in the sense of Definition 3.1.2 and to study their stability.
Thus, we deal with a solution (UUU, V ) =

(
UUU(x), V (x)

)
to the boundary value problem

fff(UUU, V ) = 0, x ∈ Ω,

∆νV + g(UUU, V ) = 0, x ∈ Ω,
(4.1.1)

with arbitrary C2-functions fff and g of the form (3.1.2) and in a bounded domain
Ω ⊆ RN with C2-boundary. We set the diffusion coefficient γ = 1 because it does not
play any important role in this chapter.

It is known that a single autonomous reaction diffusion equation vt = ∆v + h(v)

in a bounded convex domain and with the Neumann boundary condition does not
support interesting patterns and only constant solutions can be stable, see Casten-
Holland [5] and Matano [52]. This result has been recently extended by Nordmann
[58, 59] who showed that the assumptions of convexity of the domain and stability
of the pattern can be relaxed in several directions (see [58, 59] for other references).
Similarly, it was shown by Kishimoto and Weinberger [34] that there is no stable
nonconstant equilibrium solutions of homogeneous cooperative-diffusion systems in
convex domains with no-flux boundary conditions. Result from [34] were recently
extended by Wang [80] on reaction-diffusion-ODE cooperative systems.

In this chapter, we contribute to the theory by showing that all close-to-equilibrium
(regular) patterns of a general reaction-diffusion-ODE problem (3.1.1)-(3.1.4) are un-
stable, regardless of the particular structure assumption on nonlinearities. In par-
ticular, it implies that such models cannot exhibit stable Turing patterns and the

43
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only possible stable stationary solutions of such models have to be somewhat singu-
lar or discontinuous, except a certain marginal class of degenerate models discussed
below in Remark 4.1.9. In this way, we generalize a series of previous works where
either an existence or stability of either regular or discontinuous stationary solutions
have been analysed in the case of specific reaction-diffusion-ODEs from mathemat-
ical biology [28, 41, 44, 49, 50]. Related results on stationary solutions of reaction-
diffusion-ODE systems can be also found in [8,30,53,63,71,82]. Our results imply, in
particular, that we cannot expect nonconstant stable regular stationary solutions in
reaction-diffusion-ODEs models (such as in (3.1.1)-(3.1.4)) in spatially homogeneous
environments.

Definition 4.1.1. A weak solution in the sense of Definition 3.1.2 to problem (4.1.1)
is called regular if UUU, V ∈ L∞(Ω) and, moreover, there exists a C2-function

kkk : R→ Rn such that UUU(x) = kkk(V (x)) for all x ∈ Ω.

Remark 4.1.2. Notice that every regular solution of problem (4.1.1) satisfies the equa-
tion

fff
(
UUU(x), V (x)

)
= fff

(
kkk(V (x)), V (x)

)
= 0 for all x ∈ Ω,

where V = V (x) is a solution of the elliptic Neumann problem

∆νV + h(V ) = 0 for x ∈ Ω (4.1.2)

with h(V ) = g
(
kkk(V ), V

)
. Since we require V ∈ L∞(Ω) and since ∂Ω is C2, by a stan-

dard elliptic regularity, we have V ∈ W 2,p(Ω) for each p ∈ (1, ∞) and consequently
UUU ∈ W 2,p(Ω)n for every p ∈ (1,∞). In particular, every regular stationary solution
satisfies (UUU, V ) ∈ C(Ω)n+1.

Remark 4.1.3. Assume that
(
UUU(x), V (x)

)
is a nonconstant regular solution to prob-

lem (4.1.1). Then, there exists x0 ∈ Ω such that a vector (UUU, V ) =
(
UUU(x0), V (x0)

)
is a constant solution to this problem. To prove this fact, it suffices to integrate
the second equation in (3.1.2) over Ω and to use Neumann boundary condition
to obtain

∫
Ω
g
(
UUU(x), V (x)

)
dx = 0. Since UUU and V are continuous there exists

x0 such that g
(
UUU(x0), V (x0)

)
= 0 and by the first equation in (4.1.1) we obtain

fff
(
UUU(x0), V (x0)

)
= 0.

Solutions to the general Neumann elliptic problem (4.1.2) have been constructed
in several works. For example, classical bifurcation methods has been used in the
works [43, 44, 72, 73] and the phase portrait method in [49]. We refer the reader also
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to the review by Ni [56] and to the references therein. Here, we recall one possible
construction of solutions to problem (4.1.2) using a variational approach to bifurcation
methods.

Theorem 4.1.4. Let N 6 6. Consider a constant solution of problem (4.1.1),
namely, the constant vector

(
UUU, V

)
∈ Rn+1 such that

fff(UUU, V ) = 0 and g(UUU, V ) = 0.

Define the following matrices

AAA0 = fffuuu(UUU, V ), BBB0 = fff v(UUU, V ), CCC0 = guuu(UUU, V ), d0 = gv(UUU, V ) (4.1.3)

and assume that

detAAA0 6= 0 and
1

detAAA0

det

(
AAA0 BBB0

CCC0 d0

)
= µk > 0,

where µk is one of the eigenvalues of −∆ν. Then, there exists a sequence of real
numbers d` → 1 such that the following “perturbed” problem

fff(UUU, V ) = 0, x ∈ Ω,

d`∆νV + (1− d`)(V − V ) + g(UUU, V ) = 0, x ∈ Ω
(4.1.4)

has a nonconstant regular solution.

Remark 4.1.5. Let us illustrate Theorem 4.1.4 in the case of the linear problem

AAA0UUU +BBB0V = 0, x ∈ Ω,

∆νV +CCC0UUU + d0V = 0, x ∈ Ω,
(4.1.5)

with arbitrary constant coefficient matrices (not necessary as those in (4.1.3))

AAA0 =

a11 . . . a1n
... . . . ...
an1 . . . ann

 , BBB0 =

b1
...
bn

 ,

CCC0 =
(
c1 . . . cn

)
, d0 = d.

Under the assumption

detAAA0 6= 0 and −CCC0AAA
−1
0 BBB0 + d0 = µk > 0 (4.1.6)

problem (4.1.5) has nonconstant regular stationary solutions of the form(
UUU
V

)
=

(
−AAA−1

0 BBB0Φk

Φk

)
, (4.1.7)
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where Φk is an eigenfunction of −∆ν corresponding to the eigenvalue µk. By rela-
tion (3.2.8) with λ = 0, assumptions (4.1.6) take the form

detAAA0 6= 0 and
1

detAAA0

det

(
AAA0 BBB0

CCC0 d0

)
= µk > 0. (4.1.8)

Theorem 4.1.4 shows how to extend this construction to nonlinear systems by using
a bifurcation argument.

We are in a position to state main results of this chapter. We prove in Theo-
rems 4.1.6 and 4.1.7 below that all (i.e. not only those from Theorem 4.1.4) regular
stationary solutions to problem (3.1.1)-(3.1.4) are unstable except one degenerate case
(see assumption (4.1.11)) which we discuss below in Remark 4.1.9.

Theorem 4.1.6. Let Ω ⊆ RN be open, bounded, with a smooth boundary. Let (UUU, V )

be a weak regular stationary solution to problem (3.1.1)-(3.1.4). If

s
(
fuuu(UUU(·), V (·))

)
> 0 (4.1.9)

then (UUU, V ) is unstable in C(Ω)n+1.

Theorem 4.1.7. Let Ω ⊆ RN be open, bounded, convex with a smooth boundary.
Assume that a nonconstant regular stationary solution (UUU, V ) =

(
UUU(x), V (x)

)
of

problem (3.1.1)-(3.1.4) satisfies

s
(
fuuu(UUU(·), V (·))

)
6 0 (4.1.10)

and
det fuuu

(
UUU(x), V (x)

)
6= 0 for all x ∈ Ω. (4.1.11)

Then (UUU, V ) is unstable in C(Ω)n+1.

Remark 4.1.8. Let us illustrate both instability Theorems 4.1.6 and 4.1.7 by applying
them to the constant coefficients linear problem

uuut = AAA0uuu+BBB0v, x ∈ Ω, t > 0,

vt = ∆νv +CCC0uuu+ d0v, x ∈ Ω, t > 0,

which under condition (4.1.8) has a nonconstant stationary solution (4.1.7). This
solution is unstable. Indeed, the second expression in (4.1.8) is the quotient of n+ 1

eigenvalues of the matrix
(
AAA0 BBB0
CCC0 d0

)
and of n eigenvalues of the matrix AAA0. Obviously,

all these eigenvalues are either real or pairwise conjugate. Thus, the second inequal-
ity in (4.1.8) implies that there exists at least one real eigenvalue λ > 0. If λ is an
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eigenvalue of matrix AAA0 then solution (4.1.7) is unstable by Theorem 4.1.6. Other-
wise, λ has to be an eigenvalue of matrix

(
AAA0 BBB0
CCC0 d0

)
and solution (4.1.7) is unstable by

Theorem 4.1.7, provided Ω is convex. In fact, this second instability result can be
also obtained directly from the fact that zero is an unstable solution of system (4.1.5)
without the diffusion and the convexity of the domain is not needed.

Remark 4.1.9. Condition (4.1.11) has been imposed because some particular versions
of problem (3.1.1)-(3.1.4) may have smooth stationary solutions which are either
stable or unstable if det fuuu

(
UUU(x), V (x)

)
= 0 for some x ∈ Ω. As the simplest example,

for fff ≡ 0, g ≡ 0, this problem has a solution of the form (UUU, V ) = (UUU,C) where
UUU = UUU(x) is an arbitrary smooth vector field and C ∈ R is a constant. Obviously
this is a stable solution, but not regular in the sense of Definition 4.1.1. As another
example, we consider the problem

ut = 0, x ∈ Ω, t > 0,

vt = ∆νv + (µ1 + 1)u− v, x ∈ Ω, t > 0,

which has the regular stationary solution u = v = Φ1 (recall that µ1 > 0 is the eigen-
value of −∆ν with the eigenfunction Φ1) which is stable but not not asymptotically
stable. On the other hand, the following modified problem

ut = 0, x ∈ Ω, t > 0,

vt = ∆νv + (µ1 − 1)u+ v, x ∈ Ω, t > 0,

has the same regular stationary solution u = v = Φ1 which is now unstable.

Remark 4.1.10. For one ODE coupled with one PDE, assumption (4.1.9) reduces to
the following inequality fuuu

(
UUU(x0), V (x0)

)
> 0, for some x0 ∈ Ω, which is called as

an autocatalysis condition in the work [50]. In this case, an instability of all regular
stationary solutions has been shown in [50, Thm. 2.1].

4.2 Existence of regular stationary solutions

First, we prove a general result on the existence of nonconstant solutions to Neumann
boundary value problem (4.1.2). This is rather standard result obtained for example
in [73, Sec. 3] or [72, Sec. 2] in the case of simple eigenvalues. We recall one possible
construction of such solutions using variational methods in the following lemma which
is a generalization of [67, Theorem 11.32].



48 Chapter 4. Regular solutions to RD-ODE systems

Lemma 4.2.1. Let N ≤ 6. Assume that r ∈ C2
b (R) satisfies r(0) = r′(0) = 0.

There exists a sequence of numbers d` → 1 and a sequence of nonconstant functions
v` ∈ W 1,2(Ω) such that ‖v`‖W 1,2 → 0 and which satisfy the boundary value problem

d`∆νv` + (µk + 1− d`)v` + r(v`) = 0 for x ∈ Ω. (4.2.1)

Proof. We prove this lemma by using the Rabinowitz Bifurcation Theorem [66, Thm. 0.2]
for equations with a variational formulation. It is assumed in that approach that

• E is a real Hilbert space,

• I ∈ C2(E,R) with I ′(u) = Lu+H(u),

• L is linear and H(u) = o(‖u‖) at u = 0,

• µ is an isolated eigenvalue of L of a finite multiplicity.

Under these assumptions, by [66, Thm. 0.2], the couple (µ, 0) ∈ R×E is a bifurcation
point of the equation

G(λ, v) ≡ Lv +H(v)− λv = 0 (4.2.2)

which means that each neighborhood of (µ, 0) contains a solution (λ, v) with ‖v‖ 6= 0

of equation (4.2.2). In our case, we use the the usual Sobolev space E = W 1,2(Ω)

with the equivalent scalar product

〈u, v〉W 1,2(Ω) =

∫
Ω

∇u · ∇v dx+

∫
Ω

uv dx

as well as the functional

I(v) =
µk + 1

2

∫
Ω

v2 dx+

∫
Ω

R(v) dx

with R(v) =
∫ v

0
r(s) ds. It is an elementary calculation to show that

• I ∈ C
(
W 1,2(Ω),R

)
,

• it is differentiable in the Fréchet sense and for each v ∈ W 1,2(Ω)

DI(v)ϕ = (µk + 1)

∫
Ω

vϕ dx+

∫
Ω

r(v)ϕ dx,

• DI ∈ C
(
W 1,2(Ω), Lin

(
W 1,2(Ω),R

))
.
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The second Fréchet derivative at the point v ∈ W 1,2(Ω) is represented by the bilinear
form 〈

D2I(v)ϕ, ψ
〉

= (µk + 1)

∫
Ω

ϕψ dx+

∫
Ω

r′(v)ϕψ dx.

Let us show that D2I ∈ C
(
W 1,2(Ω), Lin

(
W 1,2(Ω), Lin(W 1,2(Ω),R)

))
. For vn → v in

W 1,2(Ω) and ψ, ϕ ∈ W 1,2(Ω) we estimate∣∣〈(D2I(vn)−D2I(v)
)
ϕ, ψ

〉∣∣ 6 ∫
Ω

|r′(vn)− r′(v)||ϕ||ψ| dx

6 ‖r′′‖L∞(R)

∫
Ω

|vn − v||ϕ||ψ| dx

6 ‖r′′‖L∞(R)‖vn − v‖L3(Ω)‖ϕ‖L3(Ω)‖ψ||L3(Ω)

6 ‖r′′‖L∞(R)‖vn − v‖W 1,2(Ω)‖ϕ‖W 1,2(Ω)‖ψ‖W 1,2(Ω).

The last inequality follows from the Sobolev embeddings with the assumption N 6 6.
In particular, for each test function ϕ ∈ W 1,2(Ω), we obtain

I ′(v)(ϕ) = (µk + 1)

∫
Ω

vϕ dx+

∫
Ω

r(v)ϕ dx ≡ Lv(ϕ) +H(v)(ϕ),

where, by the assumption on r = r(v), we obtain immediately thatH(v) = o
(
‖v‖W 1,2

)
as ‖v‖W 1,2 → 0.

Notice now that λ = 1 is an isolated eigenvalue of finite multiplicity of the oper-
ator L. Indeed, this claim is equivalent to the equality

Lv(ϕ) = 〈v, ϕ〉W 1,2(Ω) for all ϕ ∈ W 1,2(Ω),

that is, to the equation

(µk + 1)

∫
Ω

vϕ dx =

∫
Ω

∇v · ∇ϕ dx+

∫
Ω

vϕ dx for all ϕ ∈ W 1,2(Ω),

which obviously reduces to the eigenvalue problem for ∆ν . Now, we apply the fact
that µk is an isolated eigenvalue of finite multiplicity.

Thus, by the Rabinowitz Theorem [66, Thm. 0.2], the couple (1, 0) is a bifurcation
point of equation (4.2.2) which means that there exists a sequence of numbers d` → 1

and nonzero {v`} ⊆ W 1,2(Ω) such that ‖v`‖W 1,2 → 0, satisfying the following equation

Lv`(ϕ) +H(v`)(ϕ)− d`〈v, ϕ〉1,2 = 0 for all ϕ ∈ W 1,2(Ω)

which, in our setting, is equivalent to the equation satisfied by the weak solutions
v` ∈ W 1,2(Ω) to problem (4.2.1):

−d`
∫

Ω

∇v` · ∇ϕ dx+ (µk + 1− d`)
∫

Ω

v`ϕ dx+

∫
Ω

r(v`)ϕ dx = 0

for all ϕ ∈ W 1,2(Ω).
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Proof of Theorem 4.1.4. We apply Lemma 4.2.1 to construct nonconstant solutions
to the reaction-diffusion-ODE system. In the following, we denote by Bε(V ) an open
ball of radius ε > 0 centred at V . First let us prove that, in Lemma 4.2.1, only a finite
number of v` can be constant. Indeed, if there exists a subsequence of constants {v`n}
satisfying equation (4.2.1) such that v`n → 0 then passing to the limit we obtain that
r′(0) = −µk which is a contradiction.

Next, since detDuuufff(UUU, V ) 6= 0, by Implicit Function Theorem, there exists ε > 0

and a function kkk ∈ C2
(
Bε(V )

)
such that kkk(V ) = UUU and fff(kkk(v), v) = 0 for all

v ∈
(
Bε(V )

)
. First, we show that the function h(v) ≡ g

(
kkk(v), v

)
, defined for all

v ∈
(
Bε(V )

)
, satisfies the relations

h(V ) = 0 and h′(V ) = γµk > 0.

Indeed, the first one results from the equations h(V ) = g(kkk(V ), V ) = g(UUU, V ) = 0.
For the second one, differentiating the function h(v) = g

(
kkk(v), v

)
yields

h′(v) = Duuug(kkk(v), v)kkk′(v) +Dvg(kkk(v), v). (4.2.3)

On the other hand, we differentiate both sides of the equation fff
(
kkk(v), v

)
= 0 with

respect to v to obtain the equality Duuufff
(
kkk(v), v

)
kkk′(v) +Dvfff

(
kkk(v), v

)
= 0, or, equiva-

lently,
kkk′(v) = −D−1

uuu fff(kkk(v), v)Dvfff(kkk(v), v). (4.2.4)

Finally, substituting equation (4.2.4) into equation (4.2.3), choosing v = V , and
applying the notation from the statement of Theorem 4.1.4 we obtain the equations

h′(V ) = −Duuug(k(V ), V )D−1
uuu fff(kkk(V ), V )Dvfff(kkk(V ), V ) +Dvg(k(V ), V )

= −CCC0AAA
−1
0 BBB0 + d0.

Hence, by equality (3.2.8) with λ = 0 we obtain

h′(V ) =
1

detAAA0

det

(
AAA0 BBB0

CCC0 d0

)
= µk > 0.

Next, we denote by h̄ an arbitrary extension of the function h to the whole line
R which satisfies

h̄ ∈ C2
b (R) and h̄(v) = h(v) for all v ∈ Bε(V ). (4.2.5)

By Lemma 4.2.1, we obtain a sequence d` → 1 such that the Neumann boundary
value problem

d`∆νV` + (1− d`)(V` − V ) + h̄(V`) = 0 for x ∈ Ω (4.2.6)
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has a nonconstant solution V` ∈ W 1,2(Ω). Indeed, it suffices to look for these solutions
in the form V` = V + z`, where z` solves the following problem

d`∆νz` +
(
h̄′(V ) + 1− d`

)
z` + r(z`) = 0 in Ω, (4.2.7)

with h̄′(V ) = µk and r(z) = h̄(V + z) − h̄′(V )z satisfying r ∈ C2
b (R), r(0) = 0, and

r′(0) = 0.
Next, by Lemma 4.2.1, the solutions z` to problem (4.2.7) satisfy ‖z`‖W 1,2(Ω) → 0,

hence, by the standard elliptic theory, we also have ‖z`‖W 2,2(Ω) → 0. By the bootstrap
arguments utilizing the elliptic Lp-estimates and the Sobolev embedding theorem, we
conclude that ‖z`‖W 2,q(Ω) → 0 for q > N/2 and hence ‖z`‖L∞(Ω) → 0. In particular,
if ‖z`‖∞ ≤ ε, by (4.2.5), we obtain

h̄(V`) = h̄(V + z`) = h(V + z`) = h(V`).

Thus, V` = V + z` is a nontrivial solution of problem (4.2.6) with h̄ replaced by h.
Finally, we define U` = kkk(V`) in order to obtain a nontrivial regular solution of

problem (4.1.4).

4.3 Instability of regular stationary solutions

We are in a position to prove the main results of this work.

Proof of Theorem 4.1.6. Let (UUU, V ) be a regular stationary solution (either constant
or nonconstant). We consider the operator

(
Lp, D(Lp)

)
given by formula (3.2.3) and

the matrices
AAA(x) = fffuuu(UUU(x), V (x)), BBB(x) = fff v(UUU(x), V (x)),

CCC(x) = guuu(UUU(x), V (x)), d(x) = gv(UUU(x), V (x)).
(4.3.1)

Under the assumption s
(
fffuuu(UUU(x), V (x))

)
> 0 we obtain that s(Lp) > 0 by Theo-

rem 3.2.8. Since (UUU, V ) is a regular solution, the matrix coefficients belong to the
space C(Ω) (see Remark 4.1.2). Consequently, Remark 3.2.9 provides s(L∞) > 0

which implies that (UUU, V ) is linearly unstable in C(Ω). The nonlinear instability in
the Lyapunov sense of this solution is an immediate consequence of Theorem 4.4.2,
below.

Proof of Theorem 4.1.7. Now, we consider nonconstant regular solution
(
UUU(x), V (x)

)
such that s

(
fuuu(UUU(·), V (·))

)
6 0 and detfffuuu

(
UUU(x), V (x)

)
6= 0 for all x ∈ Ω. Moreover,

we assume that Ω is convex.Here, we are inspired by methods from the papers [5,
52] where instability of nonconstant solutions to one reaction-diffusion equation was
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shown. We consider the operator
(
L2, D(L2)

)
given by formula (3.2.3) with the

matrices (4.3.1) and we study the eigenvalue problem

AAAϕϕϕ+BBBψ = λϕϕϕ,

∆νψ +CCCϕϕϕ+ dψ = λψ.
(4.3.2)

It follows from assumptions (4.1.10) and (4.1.11) combined with Lemma 3.2.4 that
det
(
AAA(x) − λIII

)
6= 0 for all λ > 0 and all x ∈ Ω, hence, the matrix (AAA(x) − λIII) is

invertible. Thus, we substitute ϕϕϕ computed from the first equation in system (4.3.2)
into the second equation which takes the following form

∆νψ +
(
−CCC(AAA− λIII)−1BBB + d

)
ψ = λψ.

For all λ > 0 we define the family of the operators

G(λ) : ψ 7→ ∆νψ +
(
−CCC(AAA− λIII)−1BBB + d

)
ψ

with the domain D
(
G(λ)

)
= W 2,2

ν (Ω). We study their eigenvalues, namely, the
numbers η ∈ C for which the equation

G(λ)ψ = ηψ

has a nonzero solution and we are going to show that η = λ for some λ > 0. This
will give a positive eigenvalue of system (4.3.2) because, under our assumption, sys-
tem (4.3.2) is equivalent to the equation G(λ)ψ = λψ.

First we show that

sup
x∈Ω
λ>0

∣∣−CCC(x)(AAA(x)− λIII)−1BBB(x) + d(x)
∣∣ <∞.

(4.3.3)

Let λ > 0. By assumption (4.1.11), the continuity of the determinant, and regularity
of solutions, there exists ε > 0 such that every ρ ∈ σ

(
AAA(·) − λIII

)
satisfies |ρ| > ε.

Consequently, | det(AAA(x)− λIII)| > (max{ε, λ})n for every x ∈ Ω and hence

‖(AAA(x)− λIII)−1‖ =
1

| det(AAA(x)− λIII)|
‖adj(AAA(x)− λIII)‖

6
‖adj(AAA(·)− λIII)‖∞

(max{ε, λ})n
6

C(λn + 1)

(max{ε, λ})n
6 C.

Now, denote by η0(λ) the largest eigenvalue of problem G(λ)ψ = η0(λ)ψ. The
operator

(
G,D(G)

)
is self-adjoint, hence, the eigenvalue η0(λ) is given by Rayleigh
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quotient

η0(λ) = sup
ψ∈W 1,2(Ω)
‖ψ‖L2(Ω)=1

〈
G(λ)ψ, ψ

〉

= sup
ψ∈W 1,2(Ω)
‖ψ‖L2(Ω)=1

(
−
∫

Ω

|∇ψ|2 dx+

∫
Ω

(
−CCC(AAA− λIII)−1BBB + d

)
ψ2 dx

)
.

(4.3.4)

By inequality (4.3.3), we immediately obtain that supλ>0 η0(λ) <∞. In the next step
of this proof, we show that η0(0) > 0.

In the one dimensional case Ω = (a, b) ⊆ R, differentiating equations (4.1.1) we
obtain

AAAUUUx +BBBVx = 0 and (Vx)xx +CCCUUUx + dVx = 0

which yields
(Vx)xx + (−CCCAAA−1BBB + d)Vx = 0. (4.3.5)

Choosing ψ = Vx/‖Vx‖L2(Ω) in the functional in the right hand side of equation (4.3.4),
integrating by parts, and using relations (4.3.5) we obtain the inequality

η0(0) >
1

‖Vx‖L2(Ω)

∫
Ω

−VxxVxx + (−CCCAAA−1BBB + d)V 2
x dx = 0. (4.3.6)

The hypothesis η0(0) = 0 implies that Vx is a maximizer of the functional in the
right hand side of equation (4.3.4) with λ = 0, hence, Vx satisfies equation (4.3.5)
with Neumann boundary conditions, namely, Vxx(x) = 0 for x ∈ {a, b} = ∂Ω. This
ordinary differential equation for Vx supplemented with the boundary conditions

Vx(x) = 0 and Vxx(x) = 0 for x ∈ {a, b} = ∂Ω

has the unique solution Vx ≡ 0. Hence, V (and so U) is a constant function which is
a contradiction. Thus, η0(0) > 0.

The proof in higher dimensions is analogous. Differentiating equations (3.1.6)
with respect to xj for j ∈ {1, ..., n}, we obtain

AAAUUUxj +BBBVxj = 0 and ∆Vxj +CCCUUUxj + dVxj = 0. (4.3.7)

Thus, by direct calculations, analogous to those in (4.3.6) and by the divergence
theorem, we obtain

N∑
j=1

〈G(0)Vxj , Vxj〉 = −1

2

∫
∂Ω

∂ν |∇V |2 dσ. (4.3.8)
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Now, we use the use the inequality ∂ν |∇V |2 6 0 on ∂Ω which is valid for every
V ∈ C2(Ω) and for every convex Ω ⊆ Rn. Detailed calculations leading to this
inequality can be found either in [5, p. 269] or in [52, Lemma 5.3]. Thus, at least
one term on the left hand side of equality (4.3.8), is nonnegative, which implies
that η0(0) > 0 in the variational formula (4.3.4). If η0(0) = 0, by a variational
argument analogously as in the one dimensional case, equations (4.3.7) have to be
satisfied by the function Vxj0 together with the Neumann boundary conditions for Vxj0 .
Applying the Hopf maximum principle (see e.g. [65, Theorems 5 and 7 in Sec. 3]), we
obtain immediately that Vxj0 ≡ 0 which is a contradiction because we deal with the
nonconstant solution V . Hence, we have got η0(0) > 0.

Therefore, since η0(λ) is a continuous and bounded function on [0,∞) satisfying
η0(0) > 0, there exists λ > 0 such that η0(λ) = λ. The number λ is a positive
eigenvalue of system (4.3.2) and hence s(L2) > 0. Since (UUU, V ) is a regular solution,
we conclude by Remark 3.2.9 that the number λ is also an eigenvalue of L∞. Since
s(L∞) > 0, the nonlinear instability follows immediately from Theorem 4.4.2 in
Appendix.

4.4 Linearisation principle

In order to show that a linear instability of regular stationary solutions of prob-
lem (3.1.1)-(3.1.4) implies their nonlinear instability in the Lyapunov sense, we recall
the reasoning from [50, Thm 2.1]. That approach concerns general evolution equation

wt = Lw +N (w), w(0) = w0, (4.4.1)

where L is the generator of a C0-semigroup of linear operators {etL}t≥0 on a Banach
space X and N is a nonlinear operator such that N (w) = o (‖w‖) as w → 0. Here,
we recall one of the possible instability results, where the existence of a positive part
of the spectrum of the linear operator L is sufficient to show that the zero solution of
equation (4.4.1) is unstable.

Theorem 4.4.1 ( [74, Thm 1]). Consider an abstract problem (4.4.1), where

1. the linear operator L generates a strongly continuous semigroup of linear oper-
ators on a Banach space X,

2. the intersection of the spectrum of L with the right half of the complex plane
{λ ∈ C : Reλ > 0} is nonempty.
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3. N : X → X is continuous and there exist constants ρ > 0, η > 0, and C > 0

such that ‖N (w)‖X ≤ C‖w‖1+η
X for all ‖w‖X < ρ.

Then the zero solution of this equation is (nonlinearly) unstable.

Theorem 4.4.2. Let (UUU, V ) be a regular stationary solution of problem (3.1.1)-
(3.1.4). Assume that the corresponding linearisation operator L∞, defined in Proposi-
tion 3.2.2 and with matrices (4.3.1), satisfies s(L∞) > 0. Then (UUU, V ) is nonlinearly
unstable in the space C(Ω)n+1.

Proof. Applying the usual linearisation procedure we obtain that the perturbation of
a stationary solution (UUU, V ) satisfies the semi-linear problem

∂

∂t

(
ϕϕϕ
ψ

)
= L∞

(
ϕϕϕ
ψ

)
+

(
RRR1(ϕϕϕ, ψ)
R2(ϕϕϕ, ψ)

)
(4.4.2)

with the operator L∞ given by formula (3.2.3) with matrices (4.3.1) and where the
remainders RRR1 and R2 are obtained from nonlinearities fff, g via the Taylor expansion.
We apply Theorem 4.4.1 with the Banach space X = C(Ω)n+1. The remainders
RRR1, R2 in system (4.4.2) satisfy the condition 3 of Theorem 4.4.1 with η = 1.



Chapter 5

Discontinuous stationary solutions to
reaction-diffusion-ODE systems

5.1 Results on discontinuous stationary solutions

In this chapter we construct a certain class of solutions with jump-discontinuities
to problem (3.1.1)-(3.1.3) and show their stability. Thus, we deal with a couple
(UUU, V ) =

(
UUU(x), V (x)

)
which is a solution to the boundary value problem

fff(UUU, V ) = 0, x ∈ Ω,

γ∆νV + g(UUU, V ) = 0, x ∈ Ω,
(5.1.1)

with arbitrary C2-functions fff and g of the form (3.1.2), with the diffusion coefficient
γ > 0, and in a bounded domain Ω ⊆ RN with a C2-boundary.

The results are formulated for generic nonlinearities (3.1.2), covering the specific
nonlinearities considered explicitly in previous works on existence and stability of
jump-discontinuous stationary solutions. Such solutions have been investigated ini-
tially in construction of solutions for two-components systems

ε2uxx + f(u, v) = 0, vxx + g(u, v) = 0,

with a small parameter ε, see e.g. [19, 30, 53]. The jump-discontinuous solution for
ε = 0 served as a lowest order approximation in construction of large amplitude
solutions to the system with sufficiently small ε > 0. Stable discontinuous sta-
tionary solutions to a system of one ODE coupled with one reaction-diffusion equa-
tion with a degenerated diffusion in one dimensional case have been constructed by
Weinberger [82]. Discontinuous stationary solutions have been also investigated in
specific models from applications ([40, 41, 46]) showing that hysteresis in the null-
clines of the ODE-subsystem may lead to emergence of such solutions in a one-
dimensional domain. The approach established in this chapter allows constructing a

56
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special type of discontinuous stationary solutions to general problem (3.1.1)-(3.1.4)
in a higher dimensional domain and provides their stability under less restrictive
assumptions. The theory developed in this chapter can be also applied to other
reaction-diffusion-ODE models in spatially homogeneous environments arising from
applications, [8,25,27,28,30,43,44,46,51,53,63]. Moreover, the established approach
may be also extended to reaction-diffusion-ODE models in heterogeneous environ-
ments considered e.g. in the book [4] and in the papers [23,24,29,54,76,77].

Remark 5.1.1. Results in this chapter require that problem (5.1.1) has a constant
solution, namely, a constant vector

(UUU, V ) ∈ Rn+1 such that fff(UUU, V ) = 0 and g(UUU, V ) = 0.

In the following, we use the constant coefficient matrices

AAA0 = fffuuu
(
UUU, V

)
, BBB0 = fff v

(
UUU, V

)
, CCC0 = guuu

(
UUU, V

)
, d0 = gv

(
UUU, V

)
. (5.1.2)

On the other hand, if (UUU, V ) ∈ L∞(Ω)n+1 is a nonconstant solution to problem (5.1.1)
we introduce the matrices

AAA = fffuuu(UUU, V ), BBB = fff v(UUU, V ), CCC = guuu(UUU, V ), d = gv(UUU, V ) (5.1.3)

with coefficients from L∞(Ω).

5.1.1 Existence of discontinuous stationary solutions

We begin by imposing assumptions required in our construction of solutions to bound-
ary value problem (5.1.1) which are not regular, i.e. which are not necessary C2-
functions.

Assumption 5.1.2. The vector (UUU, V ) ∈ Rn+1 is a constant solution of problem (5.1.1)
with the corresponding matrices (5.1.2) satisfying

detAAA0 6= 0 and
1

detAAA0

det

(
AAA0 BBB0

CCC0 d0

)
6= γµk,

for each eigenvalue µk of −∆ν.

Notice that if detAAA0 6= 0, by the Implicit mapping theorem, there exist an open
neighbourhood V ⊆ R of V and a function kkk ∈ C2(V ,Rn) such that

kkk(V ) = UUU and fff(kkk(w), w) = 0 for all w ∈ V .

In the following assumption, the equation fff(UUU, V ) = 0 is required to have two different
branches of solutions with respect to UUU on a common domain V .
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Assumption 5.1.3. Let
(
UUU, V

)
be a constant solution of problem (5.1.1). We assume

that there exists an open set V ⊆ R and kkk1, kkk2 ∈ C2(V ,Rn) such that

• V ∈ V,

• UUU = kkk1(V ), kkk1(V ) 6= kkk2(V ),

• fff
(
kkk1(w), w)

)
= fff

(
kkk2(w), w)

)
= 0 for all w ∈ V .

Such two branches allow us to construct discontinuous solution of problem (5.1.1).

Theorem 5.1.4 (Existence of solutions). Assume that

• problem (5.1.1) with γ > 0 has a constant solution (UUU, V ) ∈ Rn+1 satisfying
Assumption 5.1.2,

• Assumptions 5.1.3 holds true,

• Ω ⊆ Ω1 ∪ Ω2 for arbitrary disjoint open sets Ω1 ⊆ Ω and Ω2 ⊆ Ω.

There is ε0 > 0 such that for all ε ∈ (0, ε0) there exists δ > 0 such that if |Ω2| < δ

then problem (5.1.1) has a weak solution in the sense of Definition 3.1.2 with the
following properties:

• (UUU, V ) ∈ L∞(Ω)n ×W 2,p
ν (Ω) for each p ∈ [2,∞),

• V = V (x) is a weak solution to problem,

γ∆νV + g(UUU, V ) = 0 for x ∈ Ω,

where

UUU(x) =

{
kkk1

(
V (x)

)
, x ∈ Ω1,

kkk2

(
V (x)

)
, x ∈ Ω2,

(5.1.4)

satisfies fff
(
UUU(x), V (x)

)
= 0 for almost all x ∈ Ω.

• the couple (UUU, V ) satisfies

‖V − V ‖L∞(Ω) < ε and ‖UUU − kkk1(V )‖L∞(Ω1) + ‖UUU − kkk2(V )‖L∞(Ω2) < Cε

(5.1.5)
for a constant C = C(fff, g).

Remark 5.1.5. In particular, by the Sobolev embedding, we have V ∈ C(Ω). On the
other hand, the function UUU = UUU(x) given by formula (5.1.4) is discontinuous when
kkk1(w) 6= kkk2(w) for all w ∈ V which holds true when ε > 0 in inequalities (5.1.5) is
sufficiently small.



5.1. Results on discontinuous stationary solutions 59

5.1.2 Stability of discontinuous stationary solutions

Let
(
UUU, V

)
∈ L∞(Ω)n+1 be a stationary solution of problem (3.1.1)-(3.1.2). We

linearise problem (3.1.1)-(3.1.2) around (UUU, V ) by introducing the new functions

ϕϕϕ = uuu−UUU and ψ = v − V

which satisfy the system

∂

∂t

(
ϕϕϕ
ψ

)
=

(
0

γ∆νψ

)
+

(
AAA BBB
CCC d

)(
ϕϕϕ
ψ

)
+

(
RRR1(ϕϕϕ, ψ)
R2(ϕϕϕ, ψ)

)
(5.1.6)

with the matrices (5.1.3) and with the usual remainders RRR1, R2 obtained from the
Taylor expansion. We also impose the initial datum

ϕϕϕ(·, 0) = uuu0 −UUU, ψ(·, 0) = v0 − V, (5.1.7)

for some uuu0 ∈ L∞(Ω)n, v0 ∈ C(Ω).
We begin by an analysis of a linear problem and say that (UUU, V ) is linearly expo-

nentially stable if the zero solution to system (5.1.6) with the remaindersRRR1 = R2 = 0

is exponentially stable. Our stability result requires additional assumptions imposed
on the constant solution (UUU, V ) ∈ Rn+1 used in Theorem 5.1.4.

Assumption 5.1.6. Matrices (5.1.2) satisfy

s(AAA0) < 0 and s

(
AAA0 BBB0

CCC0 d0,

)
< 0,

which means that both matrices have all eigenvalues with strictly negative real parts.

Assumption 5.1.7. For fixed p ∈ (1,∞), the diffusion coefficient satisfies γ > γ0

where γ0 = γ0(AAA0,BBB0,CCC0, d0, |Ω|, p) > 0 is a constant provided by Lemma 5.3.1, below.

Remark 5.1.8. Assumptions 5.1.6 and 5.1.7 are needed to show stability of a zero
solution of the following linear system with constant coefficients

∂

∂t

(
ϕϕϕ
ψ

)
=

(
0

γ∆νψ

)
+

(
AAA0 BBB0

CCC0 d0

)(
ϕϕϕ
ψ

)
. (5.1.8)

Obviously, for s
(
AAA0 BBB0
CCC0 d0,

)
< 0, zero is a stable solution to this system with γ = 0. If

s(AAA0) > 0, zero solution of system (5.1.8) with arbitrary γ > 0 is unstable which
results from the characterization of the spectrum of the linear operator in (5.1.8) ob-
tained in Theorem 3.2.8. Thus, for stability results, we have to impose the assumption
s(AAA0) < 0. Finally, γ > 0 has to be large enough in Lemma 5.3.1 in order to obtain
an exponential stability of solutions to system (5.1.8).
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Theorem 5.1.9 (Linear stability). Let the assumptions of Theorem 5.1.4 holds true.
Fix p ∈ (1,∞). The stationary solution (UUU, V ) constructed in Theorem 5.1.4 is
linearly exponentially stable in Lp(Ω)n+1 if moreover

• Assumptions 5.1.6 and 5.1.7 are valid,

• ε > 0 and |Ω2| > 0 are small enough in Theorem 5.1.4,

• the following inequality is satisfied

s
(
fffuuu(kkk2(V ), V )

)
< 0.

Theorem 5.1.9 is proved in Section 5.5 and it is a direct consequence of Theo-
rem 5.3.2 below, containing a spectral analysis of a linear operator which appears in
system (5.1.6).

Remark 5.1.10. The solution (UUU, V ) ∈ L∞(Ω)n×C(Ω) constructed in Theorem 5.1.4
can not be stable in Lp(Ω)n+1 if

either s
(
fffuuu(kkk1(V ), V )

)
> 0 or s

(
fffuuu(kkk2(V ), V )

)
> 0,

and if ε > 0, |Ω2| > 0 are sufficiently small. This follows immediately from the
fact that eigenvalues of the matrix fffuuu

(
UUU(x), V (x)

)
belong to σ(Lp) for almost every

x ∈ Ω, (see Theorem 3.2.8 and Lemma 3.2.4) and from inequalities (5.1.5) ensuring
that fffuuu(UUU(x), V (x)) stays close to fffuuu(kkk1(V ), V ) on Ω1 and close to fffuuu(kkk2(V ), V ) on
Ω2.

Theorem 5.1.11 (Nonlinear stability). Let the assumptions of Theorem 5.1.9 hold
true. Assume moreover

gv
(
kkk1(V ), V

)
< 0 and gv

(
kkk2(V ), V

)
< 0. (5.1.9)

Then the stationary solution (UUU, V ) constructed in Theorem 5.1.4 is exponentially
asymptotically stable in the Lyapunov sense in L∞(Ω)n+1 provided ε > 0 in inequali-
ties (5.1.5) is small enough.

Remark 5.1.12. Theorem 5.1.11 is a direct consequence of Theorem 5.4.2 containing a
proof of the so-called linearisation principle when a linear exponential stability of zero
solution of system (5.1.6) implies a nonlinear exponential stability. To adapt this well
known procedure to reaction-diffusion-ODE systems, we have to deal with certain
obstacles. For example, the linearised operator may have a continuous spectrum
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without a spectral gap, see Theorem 3.2.8 and we work in L∞(Ω) where the linearised
operator does not generate strongly continuous semigroup of linear operators. Here,
the nonlinear stability in L∞(Ω) is obtained by using the linear exponential stability
in Lp(Ω) with p ∈ (1,∞) from Theorem 5.1.9.

Remark 5.1.13. Other discontinuous stationary solutions can be constructed under
following more general version of Assumption 5.1.3, where we postulate an existence
of a set V ⊆ R and different branches kkk1, · · · , kkkJ ∈ C(V ,Rn) of solutions to equation
fff(UUU, V ) = 0. Then for arbitrary decomposition

Ω ⊆
⋃

i∈{1,··· ,J}

Ωi, Ωi ∩ Ωj = ∅ for i 6= j and |Ωi| < δ for i ∈ {2, · · · , J},

we can construct a discontinuous stationary solution of the form

UUU(x) =


kkk1

(
V (x)

)
, x ∈ Ω1,

...
kkkJ
(
V (x)

)
, x ∈ ΩJ ,

using the same reasoning as in Theorem 5.1.4. For sufficiently large γ > 0, this solu-
tion is linearly stable if s

(
fffuuu(kkki(V ), V )

)
< 0 for each i ∈ {1, · · · , J} and nonlinearly

stable if gv(kkki(V ), V ) < 0 for each i ∈ {1, · · · , J}.
Remark 5.1.14. For n = 1, (i.e. when one ODE is coupled with one reaction-diffusion
equation), the stationary solution (U, V ) constructed in Theorem 5.1.4 is linearly
exponentially stable in Lp(Ω)n+1 for each p ∈ (1, ∞) and every γ > 0 (not necessarily
large as required in Assumption 5.1.7) under the following conditions

s
(
fu
(
U(·), V (·)

))
< 0, s

(
fu
(
U(·), V (·)

)
fv
(
U(·), V (·)

)
gu
(
U(·), V (·)

)
gv
(
U(·), V (·)

)) < 0

and
s
(
gv(U(·), V (·))

)
< 0,

which result from Assumption 5.1.6 and inequalities (5.1.9) for sufficiently small ε > 0

and |Ω2| > 0. This fact is an immediate consequence of Proposition 5.3.3.

Remark 5.1.15. The L∞-stability in Theorem 5.1.11 requires from initial conditions
in problem (3.1.1)-(3.1.4) to have the same discontinuities as considered stationary
solutions. A different notion of stability (so-called (ε, A)-stability) is used in the
papers [28, 44, 77, 82] on particular reaction-diffusion models. In that approach, ini-
tial conditions can be continuous functions and neighborhoods of discontinuities of
stationary solutions are excluded from the stability analysis. We do not apply that
approach in this work, because it requires from the considered model to have an
invariant region.
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5.2 Construction of discontinuous stationary solu-
tions to reaction-diffusion-ODE systems

The proof of Theorem 5.1.4 is based on the following preliminary results.

Lemma 5.2.1. Fix p ∈ [2,∞) and let γ > 0 be arbitrary. For each b ∈ R such that
b 6= γµk for all eigenvalues µk of −∆ν, and for every f ∈ Lp(Ω) the problem

γ∆νv + bv = f for x ∈ Ω, (5.2.1)

has a unique weak solution v ∈ W 1,p(Ω) satisfying

‖v‖W 1,p(Ω) 6 C(b, γ)‖f‖Lp(Ω).

If ∂Ω is of the class C2, then v ∈ W 2,p
ν (Ω) and there exists a constant C = C(b, p, γ) >

0 such that
‖v‖W 2,p

ν (Ω) 6 C‖f‖Lp(Ω). (5.2.2)

Proof. In the case of p = 2 and b < 0, this is a well known result on the existence and
W 2,2-regularity of solution to problem (5.2.1), see e.g. [3, Thm. 9.26]. In fact, we can
extend this result to all b 6= γµk because the solution to problem (5.2.1) is given by
the explicit formula

v =
∞∑
k=0

1

γµk + b
〈f,Φk〉L2(Ω)Φk,

where Φk is an eigenfunction corresponding to the eigenvalue µk.
To prove this Lemma for p > 2, we rewrite the equation in the form

γ∆νv − v = f − (b+ 1)v for x ∈ Ω.

By using the Lp-elliptic regularity (see e.g. [45, Thm. 3.1.3]), the Sobolev embedding
W 2,2
ν (Ω) ⊆ Lp(Ω) for each p ∈ (1,∞) if N < 4 and for p ∈

(
2, 2N/(N − 4)

)
if N > 4,

as well as inequality (5.2.2) with p = 2, we obtain

‖v‖W 2,p
ν (Ω) 6 C

(
‖f‖Lp(Ω) + ‖v‖Lp(Ω)

)
6 C

(
‖f‖Lp(Ω) + ‖v‖W 2,2

ν (Ω)

)
6 C‖f‖Lp(Ω).

(5.2.3)

In order to obtain the desired estimate for the whole range of p ∈ [2,∞) it suffices
to apply a bootstrap argument involving inequality (5.2.3) together with the Sobolev
embedding W 2,p

ν (Ω) ⊆ Lq(Ω) for q < Np/(N − 2p).

We obtain discontinuous stationary solutions of problem (5.1.1) from the following
lemma which is a consequence of the Banach fixed point argument.
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Lemma 5.2.2. Let p > N/2 with p > 2, γ > 0, and h1, h2 ∈ C2
b (R) (i.e. all

derivatives up to order two are bounded). Assume that for some v ∈ R we have

h1(v) = 0 and h′1(v) 6= γµk

for each eigenvalue µk of −∆ν. Consider two measurable sets Ω1 ⊆ Ω and Ω2 ⊆ Ω

such that
Ω ⊆ Ω1 ∪ Ω2 and Ω1 ∩ Ω2 = ∅.

One can find ε0 > 0 such that for each ε ∈ (0, ε0) there exists δ > 0 such that if
|Ω2| 6 δ then problem

γ∆νv + h1(v)1Ω1 + h2(v)1Ω2 = 0 for x ∈ Ω, (5.2.4)

has a weak solution v ∈ W 2,p
ν (Ω) satisfying ‖v − v‖W 2,p

ν (Ω) 6 ε.

Proof. We denote by v =
(
γ∆ν + h′1(v)

)−1
f the solution of problem (5.2.1) with

b = h′1(v) which by Lemma 5.2.1 satisfies the estimate∥∥∥(γ∆ν + h′1(v)
)−1

f
∥∥∥
W 2,p
ν (Ω)

6 C‖f‖Lp(Ω) (5.2.5)

for each p > 2 and all f ∈ Lp(Ω).
Replacing v by v+ v and hi(v) for i ∈ {1, 2} by hi(v+ v) we may assume without

loss of generality that v = 0. We write equation (5.2.4) in the equivalent form

v =
(
γ∆ν + h′1(0)

)−1
((
h′1(0)v − h1(v)

)
1Ω1

)
+
(
γ∆ν + h′1(0)

)−1
((
h′1(0)v − h2(v)

)
1Ω2

)
= T1(v) + T2(v).

(5.2.6)

Our goal is to show that the right-hand side of this equation defines a contraction on
the ball

Bε(0) = {v ∈ W 2,p
ν (Ω) : ‖v‖W 2,p

ν (Ω) 6 ε}

provided |Ω2| and ε > 0 are sufficiently small.
First, we deal with the operator T1. Since h1 ∈ C2(R) and h1(0) = 0 by the Taylor

expansion we get∣∣h′1(0)v(x)− h1

(
v(x)

)∣∣ =
∣∣h1

(
v(x)

)
− h1(0)− h′1(0)v(x)

∣∣ 6 1

2
‖h′′1‖L∞(R)

∣∣v(x)
∣∣2.

Hence, by estimate (5.2.5) and the Sobolev embeddingW 2,p
ν (Ω) ⊆ L∞(Ω) for p > N/2,

there exists a constant C > 0 such that for each v ∈ Bε(0) we have

‖T1(v)‖W 2,p
ν (Ω) 6 C‖v‖2

L∞(Ω) 6 Cε2. (5.2.7)
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Analogously, by the Taylor expansion,∣∣∣h′1(0)v(x)− h1

(
v(x)

)
−
(
h′1(0)w(x)− h1

(
w(x)

))∣∣∣
6
∣∣h1

(
v(x)

)
− h1

(
w(x)

)
+ h′1

(
w(x)

)(
v(x)− w(x)

)∣∣
+
∣∣(h′1(w(x)

)
− h′1(0)

)(
v(x)− w(x)

)∣∣
6

1

2
‖h′′1‖L∞(R)

∣∣v(x)− w(x)
∣∣2 + ‖h′′1‖L∞(R)

∣∣w(x)
∣∣∣∣v(x)− w(x)

∣∣.
Hence, as in inequalities (5.2.7), for v, w ∈ Bε(0), we obtain

‖T1(v)− T1(w)‖W 2,p
ν (Ω) 6 Cε‖h′′1‖L∞(R)‖v − w‖W 2,p

ν (Ω). (5.2.8)

Here, we choose ε0 > 0 such that for all ε ∈ (0, ε0) we have

Cε2 6 ε/2 and Cε‖h′′1‖L∞(R) < 1.

In the case of the operator T2, we begin by the following inequality∣∣h′1(0)v(x)− h2

(
v(x)

)∣∣ 6 ‖h′1‖L∞(R)

∣∣v(x)
∣∣+ ‖h2‖L∞(R). (5.2.9)

Thus, by estimate (5.2.9) and the embedding W 2,p
ν (Ω) ⊆ L∞(Ω) for p > N/2 and for

each v ∈ Bε(0) we get

‖T2(v)‖W 2,p
ν (Ω) 6 C

(
‖h′1‖L∞(R)‖v1Ω2‖Lp(Ω) + ‖h2‖L∞(R)‖1Ω2‖Lp(Ω)

)
6 C|Ω2|

1
p
(
‖v‖W 2,p

ν (Ω) + 1
)
.

(5.2.10)

Analogously, we have∣∣∣h′1(0)v(x)− h2

(
v(x)

)
−
(
h′1(0)w(x)− h2

(
w(x)

))∣∣
6 (‖h′1‖L∞(R) + ‖h′2‖L∞(R))

(
v(x)− w(x)

)
.

(5.2.11)

Thus, by inequality (5.2.11), as in estimate (5.2.10), for v, w ∈ Bε(0), we obtain

‖T2(v)− T2(w)‖W 2,p
ν (Ω) 6 C(‖h′1‖L∞(R), ‖h′2||L∞(R))‖(v − w)1Ω2‖Lp(Ω)

6 C|Ω2|
1
p‖v − w‖W 2,p

ν (Ω).
(5.2.12)

Here, we choose δ > 0 such that for arbitrary Ω2 ⊆ RN satisfying |Ω2| < δ we have

C
(
ε+ 1

)
|Ω2|

1
p 6 ε/2 and C|Ω2|

1
p < 1.

Estimates (5.2.7), (5.2.8), (5.2.9) and (5.2.12) together with the Banach fixed point
argument complete the proof of the existence of a solution to equation (5.2.6) in
Bε(0).
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Proof of Theorem 5.1.4. Let us choose ε > 0 so small that
[
V − ε, V + ε

]
⊆ V . First,

for i ∈ {1, 2} we restrict kkki to
[
V − ε, V + ε

]
and then we extend them in arbitrary

way to k̃kki ∈ C2
b (R) such that k̃kki

∣∣ = kkki on
[
V − ε, V + ε

]
. Now we define hi(V ) =

h
(
k̃kki(V ), V

)
for i ∈ {1, 2} which satisfy assumptions of Lemma 5.2.2. Obviously

hi ∈ C2(R,R) and h1(V ) = 0. Applying the identity for the determinants from
equation (3.2.8) and using Assumption 5.1.3 we obtain

h′1(V ) = guuu
(
k̃kk1(V ), V

)
k̃kk1

′
(V ) + gv

(
k̃kk1(V ), V

)
= −guuu

(
k̃kk1(V ), V

)
fffuuu
(
k̃kk1(V ), V

)−1
fv
(
k̃kk1(V ), V

)
+ gv

(
k̃kk1(V ), V

)
=

1

det(fffuuu(UUU, V )

(
fffuuu(UUU, V ) fff v(UUU, V )

guuu(UUU, V ) gv(UUU, V )

)
6= γµk.

Hence for each p ∈ [2,∞), by Lemma 5.2.2, we obtain a solution V ∈ W 2,p
ν (Ω) to

problem (5.2.4) which satisfy ‖V − V ‖W 2,p
ν (Ω) 6 ε for arbitrary small ε > 0 provided

|Ω2| > 0 is sufficiently small. However by the Sobolev embedding with p > N/2, we
have

‖V − V ‖L∞(Ω) 6 C‖V − V ‖W 2,p
ν (Ω).

Thus, if ε > 0 is small enough we obtain k̃kki
(
V (x)

)
= kkki

(
V (x)

)
for all x ∈ Ω. This

completes the construction of solution to problem (5.1.1).

5.3 Conditions for linear stability

We begin by resolvent estimates in the case of constant coefficients.

Lemma 5.3.1. Assume that the constant coefficient matrices AAA0, BBB0, CCC0, d0 satisfy

s(AAA0) < 0 as well as s

(
AAA0 BBB0

CCC0 d0

)
< 0.

Let p ∈ (1,∞). There exists γ0 = γ0(AAA0,BBB0,CCC0, d0, |Ω|, p) > 0 such that for all γ > γ0

and all λ ∈ C with Reλ > 0 the problem

(AAA0 − λIII)ϕϕϕ+BBB0ψ = fff, for x ∈ Ω,

γ∆νψ +CCC0ϕϕϕ+ (d0 − λ)ψ = g, for x ∈ Ω,
(5.3.1)

has a unique solution (ϕϕϕ, ψ) ∈ Lp(Ω)n ×W 1,p(Ω) for each (fff, g) ∈ Lp(Ω)n+1. More-
over, there exists a number K = K(AAA0,BBB0,CCC0, d0, |Ω|, p, γ) > 0 independent of λ and
fff, g such that

‖ϕϕϕ‖Lp(Ω) + ‖ψ‖W 1,p(Ω) 6 K
(
‖fff‖Lp(Ω) + ‖g‖Lp(Ω)

)
.
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Proof. Integrating both equations in (5.3.1) over Ω we obtain

(AAA0 − λIII)

∫
Ω

ϕϕϕ dx+BBB0

∫
Ω

ψ dx =

∫
Ω

fff dx,

CCC0

∫
Ω

ϕϕϕ dx+ (d0 − λ)

∫
Ω

ψ dx =

∫
Ω

g dx.
(5.3.2)

Since s
(
AAA0 BBB0
CCC0 d0

)
< 0, applying inequality (3.2.9), we have∣∣∣∣∫

Ω

ϕϕϕ dx
∣∣∣∣+

∣∣∣∣∫
Ω

ψ dx
∣∣∣∣ 6 C

(∣∣∣∣∫
Ω

fff dx
∣∣∣∣+

∣∣∣∣∫
Ω

g dx
∣∣∣∣)

6 C|Ω|
p−1
p
(
‖fff‖Lp(Ω) + ‖g‖Lp(Ω)

) (5.3.3)

with a constant C > 0 independent of λ. Subtracting equations (5.3.2) multiplied by
1
|Ω| from equations (5.3.1) and denoting the averages

ϕ̃ϕϕ = ϕϕϕ− 1

|Ω|

∫
Ω

ϕϕϕ dx, ψ̃ = ψ − 1

|Ω|

∫
Ω

ψ dx,

f̃ff = fff − 1

|Ω|

∫
Ω

fff dx, g̃ = g − 1

|Ω|

∫
Ω

g dx,

we obtain
(AAA0 − λIII)ϕ̃ϕϕ+BBB0ψ̃ = f̃ff , for x ∈ Ω,

γ∆νψ̃ +CCC0ϕ̃ϕϕ+ (d0 − λ)ψ̃ = g̃, for x ∈ Ω.
(5.3.4)

Thus, by first equation in (5.3.4) and by inequality (3.2.9), we have

|ϕ̃ϕϕ(x)| 6
∣∣∣(AAA0 − λIII)−1

(
f̃ff(x)−BBB0ψ(x)

)∣∣∣ 6 C
(
|f̃ff(x)|+ |ψ̃(x)|

)
(5.3.5)

for all x ∈ Ω. Next, applying the elliptic regularity for ∆ν , (see eg. [45, Thm. 3.1.3])
to the second equation in (5.3.4) we obtain the estimate∫

Ω

|∇ψ̃|p dx 6
C

γ

(∫
Ω

|ψ̃|p dx+

∫
Ω

|f̃ff |p dx+

∫
Ω

|g̃|p dx
)
. (5.3.6)

Next, applying the Poincaré inequality with a constant C = C(|Ω|, p)∫
Ω

|∇ψ̃|p dx > C

∫
Ω

|ψ̃|p dx

for each γ large enough, we obtain∫
Ω

|∇ψ̃|p dx 6 C

(∫
Ω

|f̃ff |p dx+

∫
Ω

|g̃|p dx
)
.

Consequently using (5.3.3) and (5.3.6) we estimate

‖ψ‖W 1,p(Ω) 6 ‖ψ̃‖W 1,p(Ω) +

∣∣∣∣ 1

|Ω|

∫
Ω

ψ dx
∣∣∣∣ 6 K

(
‖f‖Lp(Ω) + ‖g‖Lp(Ω)

)
.

Finally, we get the required estimate for ϕϕϕ from inequalities (5.3.5) and (5.3.3).
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Theorem 5.3.2. Assume that constant coefficient matrices AAA0, BBB0, CCC0, d0 satisfy

s(AAA0) < 0, s

(
AAA0 BBB0

CCC0 d0

)
< 0 (5.3.7)

and fix γ > 0 so large as required in Lemma 5.3.1. Let
(
Lp, D(Lp)

)
be the operator

defined in (3.2.3) with matrices AAA(·), BBB(·), CCC(·), d(·) as in (3.2.1)-(3.2.2). Assume,
moreover, that

s
(
AAA(·)

)
< 0. (5.3.8)

There exist ρ > 0 such that if

‖AAA−AAA0‖LN (Ω) + ‖BBB −BBB0‖LN (Ω) + ‖CCC −CCC0‖LN (Ω) + ‖d− d0‖LN (Ω) 6 ρ

then s (Lp) < 0.

Proof. By Theorem 3.2.8, it suffices to show that for all λ ∈ C with Reλ > 0, the
zero solution is the only solution to the problem

AAAϕϕϕ+BBBψ = λϕϕϕ, for x ∈ Ω,

γ∆νψ +CCCϕϕϕ+ dψ = λψ, for x ∈ Ω.
(5.3.9)

Notice that for each λ ∈ C with Reλ > 0, by inequality (3.2.10) the function

ϕϕϕ(x) = −(AAA(x)− λIII)−1BBB(x)ψ(x)

satisfies

|ϕϕϕ(x)| 6
∣∣(AAA− λIII)−1BBBψ(x)

∣∣ 6 C|ψ(x)|, (5.3.10)

for all x ∈ Ω. Now, we rewrite problem (5.3.9) in the following form

(AAA0 − λIII)ϕϕϕ+BBB0ψ = −(AAA−AAA0)ϕϕϕ− (BBB −BBB0)ψ, for x ∈ Ω,

γ∆νψ +CCC0ϕϕϕ+ (d0 − λ)ψ = −(CCC −CCC0)ϕϕϕ− (d− d0)ψ, for x ∈ Ω.
(5.3.11)

By Lemma 5.3.1, there exists a constant C > 0 such that the solution of equa-
tion (5.3.11) satisfies

‖ϕϕϕ‖Lp(Ω) + ‖ψ‖W 1,p(Ω) 6 C
(
‖(AAA−AAA0)ϕϕϕ‖Lp(Ω) + ‖(BBB −BBB0)ψ‖Lp(Ω)

)
+ C

(
‖(CCC −CCC0)ϕϕϕ‖Lp(Ω) + ‖(d− d0)ψ‖Lp(Ω)

)
.

For N > p, by the Hölder and Sobolev inequalities, we estimate

‖(BBB −BBB0)ψ‖Lp(Ω) + ‖(d− d0)ψ‖Lp(Ω)

6 ‖ψ‖
L

Np
N−p (Ω)

(
‖(BBB −BBB0)‖LN (Ω) + ‖(d− d0)‖LN (Ω)

)
6 C‖ψ‖W 1,p(Ω)

(
‖(BBB −BBB0)‖LN (Ω) + ‖(d− d0)‖LN (Ω)

)
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and similarly, by the inequality (5.3.10) combined with the Sobolev inequality, we
obtain

‖(AAA−AAA0)ϕϕϕ‖Lp(Ω) + ‖(CCC −CCC0)ϕϕϕ‖Lp(Ω)

6 ‖ϕϕϕ‖
L

Np
N−p (Ω)

(
‖(AAA−AAA0)‖LN (Ω) + ‖(CCC −CCC0)‖LN (Ω)

)
6 C‖v‖W 1,p(Ω)

(
‖(AAA−AAA0)‖LN (Ω) + ‖(((CCC −CCC0)‖LN (Ω)

)
.

Choosing ‖(AAA − AAA0)‖LN (Ω) + ‖(BBB − BBB0)‖LN (Ω) + ‖(((CCC − CCC0)‖LN (Ω) + ‖d − d0‖LN (Ω)

sufficiently small, we conclude that ϕϕϕ = 0 and ψ = 0.
The proof for N < p is analogous using the Sobolev embeddingW 1,p(Ω) ⊆ L∞(Ω).

In the particular case of one ODE coupled with one reaction-diffusion equation,
we can formulate sufficient conditions for stability for every diffusion coefficient γ > 0.

Proposition 5.3.3 (One PDE coupled with one ODE). Let
(
Lp, D(Lp)

)
be the op-

erator given by formula (3.2.3). Assume that n = 1, thus AAA(x) = a(x), BBB(x) = b(x),
CCC(x) = c(x), d(x) are essentially bounded functions. If

s
(
a(·)
)
< 0, s

( a(·) b(·)
c(·) d(·)

)
< 0, s

(
d(·)
)
< 0

then s(Lp) < 0.

Proof. Since s(a(·)) < 0, by Theorem 3.2.8, it suffices to study only eigenvalues of
the operator Lp. We prove that (ϕ, ψ) = (0, 0) is the only solution of the system

aϕ+ bψ = λϕ, x ∈ Ω,

γ∆νψ + cϕ+ dψ = λψ, x ∈ Ω.
(5.3.12)

for all λ ∈ C with Reλ > −κ for some

κ ∈
(

0, min
(
−s
(
a(·)
)
,−s

( a(·) b(·)
c(·) d(·)

)
,−s

(
d(·)
)))

.

Since a(x) 6 s(a(·)) < 0 almost everywhere, first equation in (5.3.12) implies

ϕ = − b

a− λ
ψ, for x ∈ Ω.

Substituting this expression into second equation in (5.3.12) we obtain

γ∆νψ +
(
− cb

a− λ
+ d− λ

)
ψ = 0, for x ∈ Ω. (5.3.13)
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We introduce the function

h(x, λ) ≡ Re
(
− c(x)b(x)

a(x)− λ
+ d(x)− λ

)
= −c(x)b(x)a(x)− c(x)b(x)Reλ

(a(x)− Reλ)2 + Im2 λ
+ d(x)− Reλ,

(5.3.14)

which, by equation (3.2.8), is also given by the formula

h(x, λ) = Re

(
1

a(x)− λ
det

(
a(x)− λ b(x)
c(x) d(x)− λ

))
.

It is well-known that zero is the only solution of equation (5.3.13) if

ess sup
x∈Ω, λ∈C, Reλ>−κ

h(x, λ) < 0.

In order to prove this claim, first we consider λ = α > −κ, first. It follows from
assumption on α that

s

(
a(x)− α b(x)
c(x) d(x)− α

)
< 0

implies

det

(
a(x)− α b(x)
c(x) d(x)− α

)
> s2

(
a(x)− α b(x)
c(x) d(x)− α

)
> 0

for almost all x ∈ Ω. Thus, the inequalities a(x) 6 s(a(·)) < −α < 0 yields to

h(x, α) =

det

(
a(x)− α b(x)
c(x) d(x)− α

)
a(x)− α

6 −

(
s

(
a(·) b(·)
c(·) d(·)

)
− α

)2

|s(a)|+ |α|
.

Since s
( a(·) b(·)
c(·) d(·)

)
< 0 it is clear that there exist h0 > 0 such that

−

(
s

(
(·) b(·)
c(·) d(·)

)
− α

)2

‖a‖∞ + α
< −h0 < 0 for all α > −κ.

Finally, by formula (5.3.14), the function h(x, α + iβ) with fixed α > −κ is even
with respect to β ∈ R and monotone with respect to β2. Thus, for the number h0 > 0

defined above and by formula (5.3.14) we have

h(x, λ) 6 max(s(d(·)),−h0) < 0,

for all λ = α + iβ with α > −κ and β ∈ R and almost all x ∈ Ω.

Remark 5.3.4. Proposition 5.3.3 can not be directly extended to systems with more
than one ODE, because the function h(x, α + iβ) defined in (5.3.14) is no longer
monotone with respect to β > 0.
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5.4 Conditions for nonlinear stability

Using stability results for the linear system from the previous section, we are in a
position to study a stability of the zero solution to the nonlinear problem

∂

∂t

(
ϕϕϕ
ψ

)
=

(
0

γ∆νψ

)
+

(
AAA BBB
CCC d

)(
ϕϕϕ
ψ

)
+

(
RRR1(ϕϕϕ, ψ)
R2(ϕϕϕ, ψ)

)
for x ∈ Ω, t > 0, (5.4.1)

with arbitrary x-dependent matrices AAA, BBB, CCC, and d of the form (3.2.1)–(3.2.2) and
with the remainders

RRR1 =

R11(ϕϕϕ, ψ)
...

R1n(ϕϕϕ, ψ)

 and R2 = R2(ϕϕϕ, ψ),

satisfying the following typical assumption.

Assumption 5.4.1. There exist constants K > 0 and CK = C(K) > 0 such that for
all ϕϕϕ ∈ Rn and ψ ∈ R satisfying |ϕϕϕ|+ |ψ| 6 K we have

|RRR1(ϕϕϕ, ψ)| 6 CK
(
|ϕϕϕ|2 + |ψ|2

)
and |R2(ϕϕϕ, ψ)| 6 CK

(
|ϕϕϕ|2 + |ψ|2

)
. (5.4.2)

We supplement system (5.4.1) with an arbitrary initial condition

ϕϕϕ(·, 0) = ϕϕϕ0 ∈ L∞(Ω), ψ(·, 0) = ψ0 ∈ C(Ω), (5.4.3)

and we assume that initial value problem (5.4.1)-(5.4.3) has a unique global-in-time
mild solution

ϕϕϕ ∈ C
(
[0, ∞), L∞(Ω)n

)
and ψ ∈ C

(
[0, ∞), C(Ω)

)
, (5.4.4)

namely, the functions (ϕϕϕ, ψ) satisfying equations (5.4.6) and (5.4.8), below. Such
a unique local-in-time solution can be constructed following the reasoning from the
Theorem 3.1.1 and it can be extended to a global-in-time solution using a priori
estimates below.

Theorem 5.4.2 (Stability of zero solution). Assume that

• s(Lp) < 0, where Lp is defined by (3.2.3),

• s
(
d(·)
)
< 0,

• Assumption 5.4.1 holds true for some K > 0.
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Then the zero solution to system (5.4.1)-(5.4.3) is exponentially asymptotically stable
in L∞(Ω)n+1. More precisely, there exist C ≥ 1 and k > 0 such that if

‖ϕϕϕ0‖L∞(Ω) + ‖ψ0‖L∞(Ω) <
K

4C2
,

then

‖ϕϕϕ(t)‖L∞(Ω) + ‖ψ(t)‖L∞(Ω) 6 C
(
‖ϕϕϕ0‖L∞(Ω) + ‖ψ0‖L∞(Ω)

)
e−

k
2
t,

for all t ≥ 0.

We precede the proof of Theorem 5.4.2 by a sequence of lemmas.

Lemma 5.4.3. Let (ϕϕϕ, ψ) be a solution (5.4.4) to system (5.4.1)-(5.4.3) satisfying

sup
t∈[0, T ]

‖ϕϕϕ(t)‖L∞(Ω) + ‖ψ(t)‖L∞(Ω) 6 K for some T > 0.

For each p ∈ (1,∞) and each k1 ∈
(
0, −s(Lp)

)
there exists C = C(K, k1, p) > 0 such

that

‖ϕϕϕ(t)‖Lp(Ω) + ‖ψ(t)‖Lp(Ω) 6 Ce−k1t
(
‖ϕϕϕ0‖L∞(Ω) + ‖ψ0‖L∞(Ω)

)
+ C

∫ t

0

e−k1(t−s)(‖ϕϕϕ(s)‖2
L∞(Ω) + ‖ψ(s)‖2

L∞(Ω)(s)‖
)
ds,

for all t ∈ [0, T ].

Proof. We begin by the integral formulation of the Cauchy problem (5.4.1)-(5.4.3)(
ϕϕϕ(t)
ψ(t)

)
= etLp

(
ϕϕϕ0

ψ0

)
+

∫ t

0

e(t−s)Lp
(
RRR1

(
ϕϕϕ(s), ψ(s)

)
R2

(
ϕϕϕ(s), ψ(s)

)) ds. (5.4.5)

Since s(Lp) < 0, it is well-known (see e.g. [15, Ch. IV, Cor. 3.12] that for each
k1 ∈

(
0, −s(Lp)

)
there exist constant C = C(k1) > 0 such that∥∥∥∥etLp (ϕϕϕ0

ψ0

)∥∥∥∥
Lp(Ω)

6 Ce−k1t

∥∥∥∥(ϕϕϕ0

ψ0

)∥∥∥∥
Lp(Ω)

for all t > 0.

Now, it suffices to compute the Lp-norm of equation (5.4.5), apply the well known
inequality ‖w‖Lp(Ω) 6 |Ω|

1
p‖w‖L∞(Ω) and use Assumption 5.4.1 for the remainders.

Lemma 5.4.4. Let (ϕϕϕ, ψ) be a solution (5.4.4) to system (5.4.1)-(5.4.3) satisfying

sup
t∈[0, T ]

‖ϕϕϕ(t)‖L∞(Ω) + ‖ψ(t)‖L∞(Ω) 6 K for some T > 0.

For each k2 ∈
(
0, −s(AAA(·))

)
there exist a number C = C(K, k2) > 0 such that

|ϕϕϕ(x, t)| 6 Ce−k2t|ϕϕϕ0(x)|+ C

∫ t

0

e−k2(t−s)(|ψ(x, s)|+ |ψ(x, s)|2 + |ϕϕϕ(x, s)|2
)
ds,

for all t ∈ [0, T ] and almost all x ∈ Ω.
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Proof. We write the equation for ϕϕϕ in system (5.4.1) in the following way

ϕϕϕ(x, t) = etAAA(x)ϕϕϕ0(x) +

∫ t

0

e(t−s)AAA(x)
(
BBB(x)ψ(x, s) +RRR1(ϕϕϕ(x, s), ψ(x, s))

)
ds. (5.4.6)

By Theorem 3.2.8, the assumption s(Lp) < 0 implies s
(
AAA(·)

)
< 0. Therefore, by

inequality (3.2.11) we have the exponential pointwise decay estimate∣∣etAAA(x)ϕϕϕ0(x)
∣∣ 6 C1e

−k2t|ϕϕϕ0(x)| for all t > 0 and almost all x ∈ Ω. (5.4.7)

To complete the proof, it suffices to apply inequality (5.4.7) to equation (5.4.6) and
use BBB ∈ L∞(Ω)n together with Assumption 5.4.1 for the remainder.

Lemma 5.4.5. Let (ϕϕϕ, ψ) be a solution (5.4.4) to system (5.4.1)-(5.4.3) satisfying

sup
t∈[0, T ]

‖ϕϕϕ(t)‖L∞(Ω) + ‖ψ(t)‖L∞(Ω) 6 K for some T > 0.

For each k3 ∈
(
0, −s(d(·))

)
and each p ∈ (N/2, ∞) there exist C = C(K, k3, p) > 0

such that

‖ψ(t)‖L∞(Ω) 6 Ce−k3t‖ψ0‖L∞(Ω)

+ C

∫ t

0

e−(t−s)k3mp(t− s)
(
‖ϕϕϕ(s)‖Lp(Ω) + ‖ϕϕϕ(s)‖2

L∞(Ω) + ‖ψ(s)‖2
L∞(Ω)

)
ds

for all t ∈ [0, T ], where mp(t) = max
(
t−

N
2p , 1

)
.

Proof. We write the equation for ψ from system (5.4.1) in the form

ψ(t) = et(γ∆ν+d)ψ0 +

∫ t

0

e(t−s)(∆ν+d)
(
CCCϕϕϕ+R2(ϕϕϕ, ψ)

)
ds. (5.4.8)

Next, we recall the estimate for the Neumann heat semigroup (see e.g. [70, p. 25])
which holds true for all ζ ∈ Lp(Ω):∥∥etγ∆νζ

∥∥
L∞(Ω)

6 Cmp(t)‖ζ‖Lp(Ω) for all t > 0 and p ∈ [1,∞].

Combining this fact with the maximum principle we conclude that∥∥et(γ∆ν+d)ζ
∥∥
L∞(Ω)

6 Cmp(t)e
−k3t‖ζ‖Lp(Ω) for all t > 0 and p ∈ [1,∞]

for each k3 ∈
(
0, −s(d(·))

)
. Therefore, there exists a constant C > 0 such that

‖et(γ∆ν+d)
(
ϕϕϕ+ϕϕϕ2 + ψ2

)
‖L∞(Ω) 6 Ce−k3tmp(t)

(
‖ϕϕϕ‖Lp(Ω) + ‖ϕϕϕ‖2

L2p(Ω) + ‖ψ‖2
L2p(Ω)

)
6 Ce−k3tmp(t)

(
‖ϕϕϕ‖Lp(Ω) + ‖ϕϕϕ‖2

L∞(Ω) + ‖ψ‖2
L∞(Ω)

)
.

We complete this reasoning by calculating the L∞-norm of equation (5.4.8) and using
the assumption CCC ∈ L∞(Ω)n as well as the Assumption 5.4.1 for the remainder.
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Lemma 5.4.6. Let (ϕϕϕ, ψ) be a solution (5.4.4) to system (5.4.1)-(5.4.3) satisfying

sup
t∈[0, T ]

‖ϕϕϕ(t)‖L∞(Ω) + ‖ψ(t)‖L∞(Ω) 6 K for some T > 0.

Choose the exponents k1 ∈
(
0, −s(Lp)

)
and k3 ∈

(
0, −s(d)

)
from Lemmas 5.4.3

and 5.4.5 respectively. For each k4 ∈
(
0, min(k1, k3)

)
and every p > N/2 there exist

C = C(K, k4, p) > 0 such that∫ t

0

e−k3(t−s)mp(t− s)‖ϕϕϕ(s)‖Lp(Ω) ds 6 C · e−k4t
(
‖ϕϕϕ0‖L∞(Ω) + ‖ψ0‖L∞(Ω)

)
+ C

∫ t

0

e−k4(t−s)(‖ϕϕϕ(s)‖2
L∞(Ω) + ‖ψ(s)‖2

L∞(Ω)

)
ds.

for all t ∈ [0, T ], where mp(t) = max
(
t−

N
2p , 1

)
.

Proof. We apply the estimate of ‖ϕϕϕ(t)‖Lp(Ω) from Lemma 5.4.3 to obtain∫ t

0

e−k3(t−s)mp(t− s)‖ϕϕϕ(s)‖Lp(Ω)ds 6 I1 + I2,

where

I1 = C
(
‖ϕϕϕ0‖L∞(Ω) + ‖ψ0‖L∞(Ω)

) ∫ t

0

e−k3(t−s)mp(t− s)e−k1s ds,

I2 = C

∫ t

0

e−k3(t−s)mp(t− s)
∫ s

0

e−k1(s−τ)
(
‖ϕϕϕ(τ)‖2

L∞(Ω) + ‖ψ(τ)‖2
L∞(Ω)

)
dτ ds.

Since, mp(t − s) is integrable for s ∈ [0, t] and p > N
2
we estimate the integral in I1

by

e−k3t

∫ t−1

0

mp(t− s)e(k3−k1)s ds+ Ce−k3t

∫ t

t−1

mp(t− s)e(k3−k1)s ds

6 Ce−k3t

∫ t−1

0

mp(t− s) max
(
1, e(k3−k1)s

)
ds+ Ce−k3t

∫ t

t−1

e(k3−k1)s ds

6 C
(
e−k1t + e−k3t

) ∫ t−1

0

mp(t− s) ds+ C
(
e−k1t + e−k3t

)
6 C(t+ 1)

(
e−k1t + e−k3t

)
.

(5.4.9)

Therefore, for arbitrary k4 ∈
(
0,max(k1, k3)

)
there exists C > 0 such that

I1 6 Ce−k4t
(
‖ϕϕϕ0‖L∞(Ω) + ‖ψ0‖L∞(Ω)

)
.

Denoting h(s) = ‖ϕϕϕ(s)‖2
L∞(Ω) + ‖ψ(s)‖2

L∞(Ω) the integral I2 takes the form

I2 =C

∫ t

0

e−k3(t−s)mp(t− s)
∫ s

0

e−k1(s−τ)h(s) dτ ds

=C

∫ t

0

h(τ)ek1τe−k3t

∫ t

τ

e(k3−k1)smp(t− s) ds dτ.
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Next, choosing arbitrary k4 ∈
(
0,max(k1, k3)

)
and following the calculations from (5.4.9)

we obtain the estimates

ek1τe−k3t

∫ t

τ

e(k3−k1)smp(t− s) ds 6 ek1τe−k3tC(1 + t− τ)
(
e(k3−k1)t + e(k3−k1)τ

)
6 C(1 + t− τ)

(
e−k1(t−τ) + e−k3(t−τ)

)
6 Ce−k4(t−τ),

which imply I2 6 C
∫ t

0
h(τ)e−k4(t−τ) dτ .

Lemma 5.4.7. Let (ϕϕϕ, ψ) be a solution (5.4.4) to system (5.4.1)-(5.4.3) satisfying

sup
t∈[0, T ]

‖ϕϕϕ(t)‖L∞(Ω) + ‖ψ(t)‖L∞(Ω) 6 K for some T > 0.

For each k ∈
(
0, min(k1, k2, k3)

)
there exist C = C(K, k4) > 0 such that

‖ϕϕϕ(t)‖L∞(Ω) + ‖ψ(t)‖L∞(Ω) 6 Ce−kt
(
‖ϕϕϕ0‖L∞(Ω) + ‖ψ0‖L∞(Ω)

)
+ C

∫ t

0

e−k(t−s) (‖ϕϕϕ(s)‖2
L∞(Ω) + ‖ψ(s)‖2

L∞(Ω)

)
ds

(5.4.10)

for all t ∈ [0, T ].

Proof. Applying Lemma 5.4.6 with p > N/2 and with arbitrary k4 ∈
(
0, min(k1, k3)

)
to the linear term containing ‖ϕϕϕ‖Lp(Ω) on the right-hand side of the inequality in
Lemma 5.4.5 yields to

‖ψ(t)‖L∞(Ω) 6 Ce−k4t
(
‖ψ0‖L∞(Ω) + ‖ϕϕϕ0‖L∞(Ω)

)
+ C

∫ t

0

e−k4(t−s)(‖ϕϕϕ(s)‖2
L∞(Ω) + ‖ψ(s)‖2

L∞(Ω)

)
ds.

(5.4.11)

Next, we compute the L∞-norm of the inequality provided by Lemma 5.4.4 for a
constant k5 ∈

(
0, min(k2, k4)

)
and obtain

‖ϕϕϕ(t)‖L∞(Ω) 6 Ce−k5t‖ϕϕϕ0‖L∞(Ω)

+ C

∫ t

0

e−k5(t−s)(‖ψ(s)‖L∞(Ω) + ‖ψ(s)‖2
L∞(Ω) + ‖ϕϕϕ(s)‖2

L∞(Ω)

)
ds.

(5.4.12)
Now, it suffices to estimate the linear term in inequality (5.4.12) using inequality
(5.4.11). Therefore after changing the integrals we obtain∫ t

0

e−k5(t−s)‖ψ(s)‖L∞(Ω) ds 6 Cte−k5t‖ψ0‖L∞(Ω)

+ C

∫ t

0

e−k5(t−s)
∫ s

0

e−k5(s−τ)
(
‖ϕϕϕ(τ)‖2

L∞(ω) + ‖ψ(τ)‖2
L∞(Ω)

)
dτ ds

6 Cte−k5t‖ψ0‖L∞(Ω) + C

∫ t

0

e−k5(t−τ)
(
‖ϕϕϕ(τ)‖2

L∞(Ω) + ‖ψ(τ)‖2
L∞(Ω)

)
dτ.
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Thus, for arbitrary number k ∈
(
0, min(k4, k5)

)
, there exists a constant C > 0 such

that ∫ t

0

e−k5(t−s)‖ψ(s)‖L∞(Ω) ds 6 Ce−kt‖ψ0‖L∞(Ω)

+ C

∫ t

0

e−k(t−τ)
(
‖ϕϕϕ(τ)‖2

L∞(Ω) + ‖ψ(τ)‖2
L∞(Ω)

)
dτ.

(5.4.13)
By applying inequality (5.4.13) to inequalities (5.4.12) and (5.4.11) we complete the
proof of estimate (5.4.10).

Next, let us recall the well-known fact from stability theory which we prove for
completeness of the exposition.

Lemma 5.4.8. Let h = h(t) be a nonnegative continuous function on R+ satisfying

h(t) 6 Ce−kth(0) + C

∫ t

0

e−k(t−s)h2(s) ds for each t > 0 (5.4.14)

and some constant C > 1. If h(0) 6 k/(4C2), then h(t) 6 Ch(0)e−
k
2
t for all t > 0.

Proof. Let T > 0 be such that h(t) < k/(2C) for every t ∈ [0, T ]. After multiplying
both sides of inequality (5.4.14) by ekt we obtain

h(t)ekt 6 Ch(0) +
k

2

∫ t

0

eksh(s) ds for each t ∈ [0, T ]

and using the Grönwall inequality we conclude that h(t) 6 Ch(0)e−
k
2
t for all t ∈ [0, T ].

To show that this inequality holds true for all t > 0 notice that h(t) < k/(4C).
Indeed, if there exist there exist t0 ∈ [0, T ] such that h(t0) = k/(4C) then

k

4C
= h(t0) 6 C

k

4C2
e−

k
2
t0 <

k

4C
,

which is a contradiction.

Proof of Theorem 5.4.2. Let (ϕϕϕ, ψ) be a solution (5.4.14) to problem (5.4.1) with an
initial condition (ϕϕϕ0, ψ0) ∈ L∞(Ω)n × C(Ω). Fix a number K > 0 from Assump-
tion 5.4.1 and assume that the initial condition satisfies

‖ϕϕϕ0‖L∞(Ω) + ‖ψ0‖L∞(Ω) <
K

4C2
.

By continuity in (5.4.4), we may choose maximal T > 0 such that

sup
t∈[0, T ]

‖ϕϕϕ(t)‖L∞(Ω) + sup
t∈[0, T ]

‖ψ(t)‖L∞(Ω) 6 K.
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If T <∞ then ‖ϕϕϕ(T )‖L∞(Ω) +‖ψ(T )‖L∞(Ω) = K. On the other hand by Lemma 5.4.7
and Lemma 5.4.8, we obtain

‖ϕϕϕ(t)‖L∞(Ω) + ‖ψ(t)‖L∞(Ω) 6 C
(
‖ϕϕϕ0‖L∞(Ω) + ‖ψ0‖L∞(Ω)

)
e−

k
2
t 6

K

4C
(5.4.15)

for t ∈ [0, T ] which is a contradiction for t = T because C > 1. Hence the inequal-
ity (5.4.15) holds true for all t > 0.

5.5 Stability of discontinuous stationary solutions

We are in position to apply theorems from Sections 5.3 and 5.4 to obtain a stability
of stationary solutions to the initial-boundary value problem for general reaction-
diffusion-ODE system (3.1.1)-(3.1.4).

Proof of Theorem 5.1.9. Let (UUU, V ) ∈ Rn+1 be a constant solution to problem (5.1.1)
with the corresponding linearisation matrices (5.1.2) and satisfying Assumptions 5.1.2,
5.1.3, 5.1.6 and 5.1.7. Denote by ρ > 0 a constant required in Theorem 5.3.2.

By the assumptions s
(
fffuuu
(
kkk1(V ), V

) )
< 0 and s

(
fffuuu
(
kkk2(V ), V

) )
< 0, we may

choose ε1 > 0 such that

sup
w∈Bε1 (V )

s
(
fffuuu(kkk1(w), w)

)
< 0 and sup

w∈Bε1 (V )

s
(
fffuuu(kkk2(w), w)

)
< 0. (5.5.1)

Similarly, by continuity we have

|Ω|
1
N sup
w∈Bε1 (V )

∣∣∣∣(fffuuu (kkk1(w), w) fff v (kkk1(w), w)
guuu (kkk1(w), w) gv (kkk1(w), w)

)
−
(
AAA0 BBB0

CCC0 d0

)∣∣∣∣ < ρ

8
. (5.5.2)

Next, we choose δ1 > 0 so small to have

δ
1
N
1 sup

w∈Bε1 (V )

∣∣∣∣(fffuuu (kkk2(w), w) fff v (kkk2(w), w)
guuu (kkk2(w), w) gv (kkk2(w), w)

)
−
(
AAA0 BBB0

CCC0 d0

)∣∣∣∣ < ρ

8
. (5.5.3)

Now, we consider a discontinuous solution (UUU, V ) to problem (5.1.1) constructed
in Theorem 5.1.4 with ε < min(ε0, ε1) and |Ω2| < min(δ, δ1). Let us check that the
assumptions of Theorem 5.3.2 are satisfied in the case of matrices from Remark 5.1.1.
Indeed, Assumptions 5.1.6, 5.1.7 and inequality (5.5.1) imply inequalities (5.3.7) and
(5.3.8). Moreover, inequalities (5.5.2) and (5.5.3) provide

‖AAA−AAA0‖N 6 ‖AAA−AAA0‖LN (Ω1) + ‖AAA−AAA0‖LN (Ω2)

6 |Ω1|
1
N ‖fffuuu(kkk1(V ), V )−AAA0‖L∞(Ω1) + |Ω2|

1
N ‖fffuuu(kkk2(V ), V )−AAA0‖L∞(Ω2)

6 ρ/4.
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We show analogously the following inequalities

‖BBB −BBB0‖LN (Ω) 6 ρ/4, ‖CCC −CCC0‖LN (Ω) 6 ρ/4 and ‖d− d0‖LN (Ω) 6 ρ/4.

By Theorem 5.3.2, the stationary solution (UUU, V ) is exponentially asymptotically
stable in Lp(Ω)n+1 for each p ∈ (1,∞).

Proof of Theorem 5.1.11. It suffices to check assumptions of Theorem 5.4.2 in the
case of problem (5.1.6)-(5.1.7). By Remark 5.1.5, a stationary solution constructed
in Theorem 5.1.4 satisfies (UUU, V ) ∈ L∞(Ω)n × C(Ω). Thus, problem (5.1.6)-(5.1.7)
has a solution

ϕϕϕ = uuu−UUU ∈ C
(
[0, T ], L∞(Ω)n

)
and ψ = v − V ∈ C

(
[0, T ], C(Ω)

)
,

for some T > 0 by applying Theorem 3.1.1. Due to the properties of the Taylor
remainders, Assumption 5.4.1 holds true for each K > 0. By Theorem 5.1.9, the cor-
responding linearisation operator

(
Lp, D(Lp)

)
satisfies s(Lp) < 0 for each p ∈ (1,∞).

It remains to prove that s
(
gv(UUU(·), V (·)

)
< 0 provided ε > 0 is sufficiently small.

This however is an immediate consequence of condition (5.1.9), inequalities (5.1.5)
and the C2-regularity of nonlinear terms. By Theorem 5.4.2 applied to ϕϕϕ = uuu − UUU
and ψ = v − V , if

‖uuu0 −UUU‖L∞(Ω) + ‖v0 − V ‖L∞(Ω) < K/(4C2),

then

‖uuu−UUU‖L∞(Ω) + ‖v − V ‖L∞(Ω) 6 C
(
‖uuu0 −UUU‖L∞(Ω) + ‖v0 − V ‖L∞(Ω)

)
e−

k
2
t,

for all t ∈ [0, T ]. Since the constants here are independent of T this solution and the
inequality can be extended to all t > 0.



Chapter 6

Reaction-diffusion-ODE systems with
classical nonlinearities

6.1 Statement of the problem

We discuss stationary solutions to certain particular systems consisting of a single
ordinary differential equation coupled with one reaction-diffusion equation:

ut = f(u, v), x ∈ Ω, t > 0,

vt = γ∆v + g(u, v), x ∈ Ω, t > 0,
(6.1.1)

with unknown functions u = u(x, t) and v = v(x, t). System (6.1.1) is considered in
a bounded, open domain Ω ⊆ RN with C2-boundary ∂Ω. Moreover, the reaction-
diffusion equation in (6.1.1) is supplemented with the Neumann boundary condition

∂νv = 0 for x ∈ ∂Ω, t > 0, (6.1.2)

where ∂ν = ν ·∇ with ν denoting the unit outer normal vector to ∂Ω. The letter γ > 0

is a constant diffusion coefficient. In the following, we denote by ∆ν the Laplacian
operator together with the Neumann boundary condition (6.1.2).

In this chapter, we explain how to apply general results from Chapters 3–5 to
systems of types (6.1.1) with particular well-known nonlinearities which appear in
Turing models. Recall that a system of reaction diffusion-equations

ut = ε∆ + f(u, v), vt = γ∆ + g(u, v) (6.1.3)

(in a bounded domain and with the Neumann boundary condition) exhibits a Turing
instability if it has a constant stationary solution which is stable if ε = γ = 0 and
unstable for ε > 0 and γ > 0. In his work [78], Turing showed that this kind
of instability may occurs in some particular reaction-diffusion systems with ε > 0

78
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sufficiently small. Due to the different non-zero diffusion rates, the system gives rise
spontaneously to stationary pattern formation with a characteristic length scale from
an initial configuration (see e.g. [81] and the references therein). In this chapter,
we apply theory from previous chapters to study nonconstant stationary solutions of
some reaction-diffusion models with the Turing instability in the diffusion degenerated
case, namely, when ε = 0 and γ > 0.

6.2 General results summary on RD-ODE

Here, we review briefly results from Chapters 4–5 formulating them in a form which
is suitable to deal with a system consisting of one ODE coupled with one reaction-
diffusion equation.

We deal with a weak solution (U, V ) =
(
U(x), V (x)

)
to the boundary value prob-

lem
f(U, V ) = 0, x ∈ Ω,

γ∆νV + g(U, V ) = 0, x ∈ Ω,
(6.2.1)

with arbitrary C2-functions f and g, with constant γ > 0, and in a open bounded and
domain Ω ⊆ RN with a C2-boundary. Recall that, a weak solution has the following
properties: U ∈ L∞(Ω), V ∈ W 1,2(Ω), first equation in (6.2.1) holds true almost
everywhere and the second equation is satisfied in th usual weak sense in W 1,2(Ω).

We require that problem (6.2.1) has a constant solution, namely, a couple

(U, V ) ∈ R2 such that f(U, V ) = 0 and g(U, V ) = 0.

In this chapter, we use the following notation

a0 = fu
(
U, V

)
, b0 = fv

(
U, V

)
, c0 = gu

(
U, V

)
, d0 = gv

(
U, V

)
(6.2.2)

and we always impose the following assumption.

Assumption 6.2.1. We assume that a0 = fu(U, V ) 6= 0.

6.2.1 Regular stationary solutions to RD-ODE

A solution
(
U(x), V (x)

)
of system (6.2.1) is called regular if there exists a C2-function

k : R→ R such that U(x) = k(V (x)) for all x ∈ Ω and

f
(
U(x), V (x)

)
= f

(
k(V (x)), V (x)

)
= 0 for all x ∈ Ω,
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where V = V (x) is a solution of the elliptic Neumann problem

γ∆νV + h(V ) = 0 for x ∈ Ω

with h(V ) = g
(
k(V ), V

)
. Now we recall a result from Chapter 4 on the existence of

regular stationary solutions in the case of one ODE coupled with one reaction-diffusion
equation.

Theorem 6.2.2 (Existence of regular stationary solutions). Let N 6 6 and let
(U, V ) ∈ R2 be a constant solution of problem (6.2.1) satisfying Assumption 6.2.1. If

1

a0

det

(
a0 b0

c0 d0

)
= γµk > 0, (6.2.3)

for some µk eigenvalues of −∆ν, then there exists a sequence of real numbers d` → 1

such that the following “perturbed” problem

f(U, V ) = 0, x ∈ Ω,

d`∆νV + (1− d`)(V − V ) + g(U, V ) = 0, x ∈ Ω

has a nonconstant regular solution.

All regular stationary solutions are unstable except the degenerate case when
fu
(
U(x), V (x)

)
6 0 for all x ∈ Ω and fu

(
U(x0), V (x0)

)
= 0 for some x0 ∈ Ω, see the

following theorem.

Theorem 6.2.3 (Instability of all regular stationary solutions). Let (U, V ) =
(
U(x), V (x)

)
be a nonconstant regular stationary solution of problem (6.1.1)-(6.1.2) such that

• either fu
(
U(x0), V (x0)

)
> 0 for some x0 ∈ Ω,

• or fu
(
U(x), V (x)

)
< 0 for all x ∈ Ω and the domain Ω is convex.

Then (U, V ) is nonlinearly unstable.

6.2.2 Discontinuous stationary solutions to RD-ODE

We impose additional assumption on a constant stationary solution using the notation
from (6.2.2).

Assumption 6.2.4. The constant solution (U, V ) ∈ R2 of problem (6.2.1) satisfies

1

a0

det

(
a0 b0

c0 d0

)
6= γµk,

for each eigenvalue µk of −∆ν.
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Notice that if a0 = fu
(
U, V

)
6= 0, by the Implicit mapping theorem, there exist

an open neighbourhood V ⊆ R of V and a function k ∈ C2(V ,R) such that

k(V ) = U and f(k(w), w) = 0 for all w ∈ V .

In the following assumption, the equation f(U, V ) = 0 is required to have two
different branches of solutions with respect to U on a common domain V .

Assumption 6.2.5. We assume that there exists an open set V ⊆ R and k1, k2 ∈
C2(V ,R) such that

• V ∈ V,

• U = k1(V ), k1(V ) 6= k2(V ),

• f
(
k1(w), w)

)
= f

(
k2(w), w)

)
= 0 for all w ∈ V .

Such two branches k1, k2 allow us to construct discontinuous solution of prob-
lem (6.2.1).

Theorem 6.2.6 (Existence of discontinuous stationary solutions). Assume that

• problem (6.2.1) has a constant solution (U, V ) ∈ R2 satisfying Assumption 6.2.1
and 6.2.4,

• Assumptions 6.2.5 holds true,

• Ω ⊆ Ω1 ∪ Ω2 for arbitrary disjoint open sets Ω1 ⊆ Ω and Ω2 ⊆ Ω.

There is ε0 > 0 such that for all ε ∈ (0, ε0) there exists δ > 0 such that if |Ω2| < δ

then problem (6.2.1) has a weak solution with the following properties:

• (U, V ) ∈ L∞(Ω)×W 2,p
ν (Ω) for each p ∈ [2,∞),

• V = V (x) is a weak solution to problem,

γ∆νV + g(U, V ) = 0 for x ∈ Ω,

where

U(x) =

{
k1

(
V (x)

)
, x ∈ Ω1,

k2

(
V (x)

)
, x ∈ Ω2,

satisfies f
(
U(x), V (x)

)
= 0 for almost all x ∈ Ω.
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• the solution (U, V ) stays around the points (U, V ) and
(
k1(V ), V

)
in the follow-

ing sense

‖V − V ‖L∞(Ω) < ε and ‖U − U‖L∞(Ω1) + ‖U − k2(V )‖L∞(Ω2) < Cε (6.2.4)

for a constant C = C(f, g).

Next, we discuss a stability of discontinuous stationary solutions by the lineariza-
tion procedure. Here, we say that (UUU, V ) is linearly stable (unstable) if the zero
solution to the following system

∂

∂t

(
ϕ
ψ

)
=

(
0

γ∆νψ

)
+

(
a b
c d

)(
ϕ
ψ

)
≡ Lp

(
ϕ
ψ

)
(6.2.5)

with the bounded (and possibly x-dependent) coefficients

a = fu (U, V ) , b = fv (U, V ) , c = gu (U, V ) , d = gv (U, V ) ,

is stable (unstable).

Theorem 6.2.7 (Instability of discontinuous solutions). Let (U, V ) be an arbitrary
weak stationary solution to problem (6.1.1)-(6.1.2). If

fu(U(x), V (x) > 0 for x from a set of a positive measure (6.2.6)

then (U, V ) is linearly unstable in Lp(Ω)2 for each p ∈ (1,∞).

The assumption (6.2.6) is called the autocatalysis condition in the work [50]. It
appears in models with the Turing instability and it leads to an instability of the
both: constant and nonconstant stationary solutions. Theorem 6.2.7 is an immediate
consequence of the results either from Theorem 3.2.8 or [50, Thm. 4.5], where the
spectrum of the operator Lp defined in (6.2.5) and acting on the space Lp(Ω)2 is
described.

Next, we discuss a stability of discontinuous stationary solutions and we require
from the constant solution (U, V ) ∈ R2 used in Theorem 6.2.6 to have the following
property.

Assumption 6.2.8. Assume that the following inequalities holds true

a0 < 0, d0 < 0 and the matrix
(
a0 b0

c0 d0,

)
has both eigenvalues with strictly negative real parts.
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Theorem 6.2.9 (Stability of discontinuous stationary solutions). Let the assumptions
of Theorem 6.2.6 holds true. If, moreover,

• Assumption 6.2.8 is valid,

• ε > 0 and |Ω2| > 0 are small enough in Theorem 6.2.6,

• the following inequalities are satisfied

fu(k2(V ), V
)
< 0 and gv

(
k2(V ), V

)
< 0. (6.2.7)

then the stationary solution (U, V ) constructed in Theorem 6.2.6 is exponentially sta-
ble in L∞(Ω).

Theorem 6.2.9 can be obtained from results in Chapter 5 in the following way.
First, we apply Proposition 5.3.3 to linear system (6.2.5) to show that the stationary
solution is linearly exponentially stable in Lp(Ω). Here, our system consists of one
ODE coupled with one PDE, thus Assumption 6.2.8 and the condition d0 < 0 imply
that Assumptions 5.1.6 and 5.1.7 are satisfied by Remark 5.1.14. Next, the nonlineary
stability in L∞(Ω) is a direct consequence of 5.1.11 which proof does not require for
γ > 0 to be large enough.

Remark 6.2.10. Other discontinuous stationary solutions can be constructed under
following more general version of Assumption 6.2.5, where we postulate an existence
of a set V ⊆ R and different branches k1, · · · , kJ ∈ C(V ,R) of solutions to equation
f(U, V ) = 0. Then for arbitrary decomposition

Ω ⊆
⋃

i∈{1,··· ,J}

Ωi, Ωi ∩ Ωj = ∅ for i 6= j and |Ωi| < δ for i ∈ {2, · · · , J},

we can construct a discontinuous stationary solution of the form

U(x) =


k1

(
V (x)

)
, x ∈ Ω1,

...
kJ
(
V (x)

)
, x ∈ ΩJ ,

using the same reasoning as in Theorem 6.2.6. If

fu
(
ki(V ), V

)
< 0 and gv

(
ki(V ), V

)
< 0 for each i ∈ {1, · · · , J}

then this solution is linearly and nonlinearly stable.
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6.3 Unstable stationary solutions

We apply results from Section 6.2 to particular reaction-diffusion-ODE systems. The
following two models with classical nonlinearities have stationary solutions (UUU, V ),
the both regular and discontinuous. For each stationary solution the autocatalysis
condition (6.2.6) is satisfied, hence the solution is unstable.

6.3.1 Gray-Scott type model

First, we deal with the reaction-diffusion-ODE model with the Gray-Scott nonlinear-
ities

ut = u2v − αu, x ∈ Ω, t > 0,

vt = γ∆v − u2v + β(1− v), x ∈ Ω, t > 0,
(6.3.1)

with arbitrary constants α > 0, β > 0 and the diffusion coefficient γ > 0. This is
the diffusion degenerate case of the classical Gray-Scott model introduced in [22] and
studied in e.g. [13, 36] and in the references therein.

Notice that problem (6.3.1) has the constant solution (U1, V 1) = (0, 1). Two
others constant solutions (U2, V 2), (U3, V 3) satisfy the relations

U =
α

V
and 0 = V

2 − V +
α2

β
(6.3.2)

and they exist if α2/β < 1/4.

Theorem 6.3.1. For a certain choice of coefficients α, β > 0 and for a discrete
sequence of diffusion coefficients γ > 0 problem (6.3.1) has a regular stationary solu-
tion. All regular stationary solutions (not only those obtained via Theorem 6.2.2) are
nonlinearly unstable.

Proof. We choose α, β > 0 such that α2/β < 1/4 and consider a solution V 3 of
the quadratic equation in (6.3.2) satisfying V 3 < 1/2. We apply Theorem 6.2.2
with the constant stationary solution (U, V ) = (U3, V 3), where U3 = α/V 3. The
Assumption 6.2.1 holds true, because a0 = fu(U3, V 3) = α > 0. Moreover, for
numbers a0, b0, c0, d0 as in (6.2.2), we have

det

(
a0 b0

c0 d0

)
=

(
α (α/V 3)2

−2α −(α/V 3)2 − β)

)
= α

(
α/V 3 −

√
β
)
> 0,

where the last inequality follows form an explicit formula for V 3. Thus, we may
choose γ > 0 to satisfy equation (6.2.3) for some eigenvalue µk > 0.
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Next, we show that every stationary solution satisfies fu
(
U(x), V (x)

)
6= 0 for each

x ∈ Ω. Indeed, notice that either U(x) = 0 for all x ∈ Ω or U(x) = α/V (x) for
all x ∈ Ω. Thus, since, fu(U, V ) = 2UV − α we have either fu

(
U(x), V (x)

)
= α or

fu
(
U(x), V (x)

)
= −α.

Hence by Theorem 6.2.3 we conclude that all regular solutions to problem (6.3.1)
are unstable.

Theorem 6.3.2. For arbitrary α > 0, β > 0 and for each diffusion coefficient γ > 0

except of a discrete set, there exists a family of discontinuous stationary solutions to
problem (6.3.1). All discontinuous stationary solutions (not only those obtained via
Theorem 6.2.6) are linearly unstable in Lp(Ω)2 for each p ∈ (1,∞).

Proof. First, we apply Theorem 6.2.6 to construct discontinuous stationary solutions
to problem (6.3.1). Assumption 6.2.4 is satisfied for each stationary point (U1, V 1),
(U2, V 2), (U3, V 3), possibly except of a discrete set of diffusion coefficients γ > 0. To
check Assumption 6.2.5, we notice that the equation 0 = U(UV −α) has two branches
of solutions

U = k1(V ) = 0 and U = k2(V ) =
α

V
for all V 6= 0.

Thus, for arbitrary sets Ω1 ⊆ Ω and Ω2 ⊆ Ω with Ω1 ∩ Ω2 = ∅ and Ω ⊆ Ω1 ∪ Ω2 and
|Ω2| > 0 sufficiently small, there exist a family of discontinuous stationary solutions
around the points either (U1, V 1) or (U2, V 2) or (U3, V 3) as stated in Theorem 6.2.6.

Each discontinuous stationary solution (U, V ) satisfies k2

(
V (x)

)
= α/V (x) for x

from a set of positive measure. Thus, fu
(
k2(V (x)), V (x)

)
= α > 0 and this solution

is linearly unstable in Lp(Ω)2 for each p ∈ (1,∞) by Theorem 6.2.7.

6.3.2 Brusselator type model

Next, we deal with the reaction-diffusion-ODE model with a nonlinearity as in the
Brusselator system

ut = α + u2v − (β + 1)u, x ∈ Ω, t > 0,

vt = γ∆νv + βu− u2v, x ∈ Ω, t > 0,
(6.3.3)

with arbitrary constants α > 0, β > 0 and the diffusion coefficient γ > 0. This is
the diffusion-degenerate case of the classical Brusselator model which was introduced
in [64] as a model for an autocatalytic oscillating chemical reaction. It has been shown
(e.g. in [16,35,61]) and references therein) that the Brusselator system with the both
non-zero diffusion coefficients (as in (6.1.3)) exhibits the Turing instability.
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Notice that a constant stationary solution (U, V ) ∈ R2 of problem (6.3.3) satisfies
the equations

0 = α + U
2
V − (β + 1)U, 0 = βU − U2

V

with the only solution
(U1, V 1) = (α, β/α).

Theorem 6.3.3. For each α > 0 and β > 1 and for a discrete sequence of diffu-
sion coefficients γ > 0 problem (6.3.3) has a regular stationary solution. All regular
stationary solutions (not only those obtained via Theorem 6.2.2) are nonlinearly un-
stable.

Proof. We use the notation from (6.2.2) with the constant stationary solution (U1, V 1)

and we notice that

a0 = β − 1 and det

(
a0 b0

c0 d0

)
= α2.

Thus, for β > 1 the proof may be completed in the analogous way as the proof of
Theorem 6.3.1

Theorem 6.3.4. For arbitrary α > 0, β > 0, β 6= 1, and for each diffusion coeffi-
cient γ > 0 except of a discrete set, there exists a family of discontinuous stationary
solutions to problem (6.3.3). All discontinuous stationary solutions (not only those
obtained via Theorem 6.2.6) are linearly unstable in Lp(Ω)2 for each p ∈ (1,∞).

Proof. We choose coefficient α > 0, β > 0 and γ > 0 such that Assumptions 6.2.1
and 6.2.4 are satisfied (notice that a0 = β − 1 6= 0). The equation

f(U, V ) = α + U2V − (β + 1)U = 0

has two different branches of solutions given by the explicit formulas

U = k1(V ) =
β + 1 +

√
(β + 1)2 − 4αV

2V
, U = k2(V ) =

β + 1−
√

(β + 1)2 − 4αV

2V

for V < (β + 1)2/(4α). Note that

V 1 = β/α < (β + 1)2/(4α) and U1 = k1(V 1).

Thus, for arbitrary sets Ω1 ⊆ Ω and Ω2 ⊆ Ω with Ω1 ∩ Ω2 = ∅ and Ω ⊆ Ω1 ∪ Ω2 and
|Ω2| > 0 sufficiently small, there exist a family of discontinuous stationary solutions
around point (U1, V 1) and (k2(V 1), V 1) as stated in Theorem 6.2.6.
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Each discontinuous stationary solution (U, V ) satisfies U(x) = k1

(
V (x)

)
for x

from a set of positive measure. Thus,

fu
(
k1(V (x)), V (x)

)
=
√

(β + 1)2 − 4αV (x) > 0

and this solution is linearly unstable in Lp(Ω)2 for each p ∈ (1,∞) by Theorem 6.2.7.

6.4 Stable discontinuous stationary solutions

Now, we discuss reaction-diffusion-ODE models with stable discontinuous stationary
solutions.

6.4.1 Oregonator type model

The following reaction-diffusion-ODE model

ut = u− u2 + αv
β − u
β + u

, x ∈ Ω t > 0,

vt = γ∆νv + u− v, x ∈ Ω, t > 0,

(6.4.1)

contains nonlinearities as in the classical Oregonator system with parameters α > 0,
β > 0 and the diffusion coefficient γ > 0. A general version of this model was
introduced in [17,18,79] to describe a general FKN-Belousov reaction. It is known that
system (6.4.1) may exhibit the Turing instability for a certain choice of parameters
and diffusion coefficients, see e.g. [62, 84] and the references therein.

System (6.4.1) has the zero constant solution (U1, V 1) = (0, 0) and two other
constant solutions have the form

(U2, V 2) = (U2, U2) (U3, V 3) = (U3, U3),

where U2 and U3 satisfy the quadratic equation

U
2

+ U(β + α− 1)− β(α + 1) = 0.

Fig. 6.4.1 presents a location of the nullclines defined by the following equation for
β > 1 and for sufficiently small α > 0:

f(U, V ) = U − U2 + αV
β − U
β + U

= 0 and g(U, V ) = U − V = 0. (6.4.2)
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Figure 6.4.1: The nullclines (6.4.2) for the Oregonator model with β = 2 and suffi-
ciently small α > 0. The point (−2, 0) is excluded because it does not satisfy the
equation f(U, V ) = 0.

Theorem 6.4.1. For β > 1 and α > 0 sufficiently small such that the nullclines has
the form as on Fig. 6.4.1, there exist a family of discontinuous stationary solutions
to problem (6.4.1).

Proof. Here, we check assumptions of Theorem 6.2.6 for the stationary points either
(U1, V 1) or (U2, V 2) or (U3, V 3) in the cases shown on Fig. 6.4.1. First we notice that
for k ∈ {k1, k2, k3}, we have

d

dV
f
(
k(V ), V

)
= fu

(
k(V ), V

)
k′(V ) + fv

(
k(V ), V

)
= 0. (6.4.3)

Since
fv(U, V ) = α

β − U
β + U

,

choosing a constant stationary solution (U, V ) ∈ R2 satisfying U 6= β and k′(V ) 6= 0

we obtain a0 = fu(U, V ) 6= 0 as required in Assumption 6.2.1. This is the case of all
constant stationary solutions (U1, V 1), (U2, V 2) and (U3, V 3) shown on Fig. 6.4.1.

To apply Theorem 6.2.6, we need a constant stationary solution (U i, V i), an open
set V ⊆ R with Vi ∈ V and two branches of solutions ki, kj ∈ C(V ,R) to equation
f(U, V ) = 0. On Fig 6.4.1, we may choose each constant stationary solution with
corresponding branches, namely (U1, V 1) with the branches k1 and k2, the point
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(U2, V 2) with the branches k2 and either k1 or k3 as well as (U3, V 3) with the branches
k3 and either k1 or k2. We do not choose the point (U1, V 1) with the branch k3 in
order to avoid the singular point (−β, 0).

Thus, for γ > 0 satisfying Assumption 6.2.4, arbitrary sets Ω1 ⊆ Ω and Ω2 ⊆ Ω

with Ω1 ∩ Ω2 = ∅ and Ω ⊆ Ω1 ∪ Ω2 and |Ω2| > 0 sufficiently small, there exist a
family of discontinuous stationary solutions around point (U, V ) = (ki(V ), V ) and
(kj(V ), V ) as stated in Theorem 6.2.6.

By Remark 6.2.10, we can construct also a discontinuous stationary solution with
all three branches k1, k2, k3 and arbitrary partition Ω1, Ω2, Ω3 of Ω.

Theorem 6.4.2. Fix β > 1 and sufficiently small α > 0 such that the nullclines (6.4.2)
has the form as on Fig. 6.4.1. Then, there exist discontinuous stationary solutions
constructed around the points (U2, V 2) and

(
k3(V 2), V 2

)
which are stable.

Proof. Consider problem (6.4.1) with the nullclines as on Fig. 6.4.1. Let (U, V ) be a
discontinuous stationary solution constructed around points (U2, V 2) and (k3(V 2), V 2)

via Theorem 6.2.6.
First we check Assumption 6.2.8. Since |U2| < β and k2(V ) is increasing in the

neighbourhood of V 2 (see Fig. 6.4.1) we have a0 < 0 by equality (6.4.3). In order to
show that the matrix

(
a0 b0
c0 d0

)
has both eigenvalues with negative real parts it suffices

to show that
a0 + d0 < 0 and a0d0 − b0c0 > 0.

Since c0 = 1 and d0 = −1, the first inequality is immediately satisfied. Moreover,
since k′

(
V 2)
)
< 1 by identity (6.4.3) we have

a0d0 − b0c0 = −a0

(
1− k′(V 2)

)
> 0.

Finally, |k3

(
V 2

)
| < β (see Fig. 6.4.1) and the function k3(V ) is increasing in the

neighbourhood of V 2 which implies that fu
(
k3(V 2), V 2

)
< 0.

By Theorem 6.2.9, the discontinuous stationary solution (U, V ) is stable provided
ε > 0 and |Ω2| > 0 are small enough.

Remark 6.4.3. On the other hand, all discontinuous stationary solutions constructed
in Theorem 6.4.1 around the points (U1, V 1) and (U3, V 3) are unstable. Indeed,
analogously as in the proof of Theorem 6.4.1, we analyse the graph of nullclines (6.4.2)
presented on Fig. 6.4.1. Following the calculations from equation (6.4.3) we obtain,
that fu

(
k(V ), V ) is positive if either

|U | < β and k′(V ) < 0 or |U | > β and k′(V ) > 0.
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Since the constant solutions given by explicit formulas satisfy U1 = 0, U3 < −β
and the function k(V ) is decreasing in the neighbourhood of U1 and increasing in
the neighbourhood of U3 (see Fig. 6.4.1) we obtain that every solution constructed
around points (U1, V 1) and (U3, V 3) is linearly unstable by Theorem 6.2.7.

6.4.2 FitzHugh-Nagumo type model

We apply results from this dissertation to the following reaction-diffusion-ODE model

ut = u(1− u)(u− β)− v, for x ∈ Ω, t > 0,

vt = γ∆νv + σu− δv − ρ, for x ∈ Ω, t > 0,
(6.4.4)

where β, σ, δ, ρ are positive constants. Here we are motivated by the FitzHugh-
Nagumo system

ut = ε2uxx + u(1− u)(u− β)− v, vt = σu− δv − ρ,

which was used to model pulse propagation in excitable media, see e.g. [20,39,55,69].
The following generalisation of the FitzHugh-Nagumo system

ut = ε2∆νu+ u(1− u)(u− β)− v, vt = γ∆νv + σu− δv − ρ (6.4.5)

was studied in the context of pattern formation ([12,32,60]). This system has traveling
wave solutions and other types of solutions with a complex behavior (see, e.g., [6, 7,
68] and references therein). In particular, the work [60] contains some results on a
behaviour of solutions to system (6.4.5) when ε→ 0.

A study of the one dimensional version of the reaction-diffusion-ODE system (6.4.4)
can be also motivated by series of papers [28,40,41,43,46–48] where similar receptor-
based models were considered.

The paper [44] contains a construction of a family of discontinuous steady states
of system (6.4.4) in the one dimensional case and the proof of their stability. Below,
we explain how using theory developed in this work we obtain analogous results in
higher dimensions.

An analysis of stationary solutions to system (6.4.4) begins by the assumption
that it has a constant stationary solution, namely a vector (U, V ) ∈ R2 satisfying

U(1− U)(U − β)− V = 0 and σU − δV − ρ = 0.

On Fig. 6.4.2, we choose the parameters β, σ, δ, ρ in such a way to have three constant
solutions

(
U1, V 1

)
,
(
U2, V 2

)
and

(
U3, V 3

)
.
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Figure 6.4.2: The nullclines for the FitzHugh-Nagumo system (6.4.4), namely, the
curves f(U, V ) ≡ U(1− U)(U − β)− V = 0 and g(U, V ) ≡ σU − δV − ρ = 0.

Theorem 6.4.4. For positive constant σ, δ, ρ and β ∈ (0, 1) such that the nullclines
has the form as on Fig. 6.4.2, there exist a family of discontinuous stationary solutions
to problem (6.4.4).

Proof. It is sufficient to apply Theorem 6.2.6 in the same way as in Theorem 6.4.1,
namely we may choose constant stationary solution (U1, V 1) with the branch k1 and
the branches either k2 or k3, the point (U2, V 2) with the branch k2 and the branches
either k1 or k3 as well as (U3, V 3) with the branch k3 and the branches either k2 or
k1 (or the both, see Remark 6.2.10).

Theorem 6.4.5. Fix positive constants σ, δ, ρ and β ∈ (0, 1) such that the null-
clines has the form as on Fig. 6.4.2. Then, there exist discontinuous stationary solu-
tions constructed either around the points (U1, V 1) and

(
k2(V 1), V 1

)
or (U2, V 2) and(

k1(V 2), V 2

)
which are stable.

Proof. Let (U, V ) be a stationary solution constructed around the points (U1, V 1) and(
k2(V 1), V 1

)
via Theorem 6.2.6. The proof in the second case is analogous. Since

gv = −δ < 0 then Assumptions 6.2.8 and condition (6.2.7) reduce to the inequalities

−3U
2

1 + 2U1(1 + β)− β < 0, −3k2(V 1)2 + 2k2(V 1)(1 + β)− β < 0,

s

(
−3U

2

1 + 2U1(1 + β)− β −1
σ −δ

)
< 0.

(6.4.6)
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The first two hold true because the function U(1 − U)(U − β) is strictly decreasing
around points U1 and k2(V 1), see Fig. 6.4.2. The matrix in the third inequality has
eigenvalues with negative real parts if its trace is negative and the determinant is
positive which is equivalent to the inequalities

−3U
2

1 + 2U1(1 + β)− β − δ < 0 and − δ(−3U
2

1 + 2U1(1 + β)− β) + σ > 0.

Both of them are immediately obtained from first inequality in (6.4.6). Choosing ε > 0

and |Ω2| > 0 sufficiently small we obtain by Theorem 6.2.9 that the solution (U, V )

is stable.

Remark 6.4.6. The function U(1− U)(U − β) is decreasing in the neighbourhood of
the point (U3, V3) and hence every discontinuous stationary solution containing the
branch k3 is linearly unstable by Theorem 6.2.7.

6.4.3 Predator-Prey model

Finally, we discuss stationary solutions to the following model of predator-prey inter-
actions which is a particular case of a system considered in [53]:

ut = u

(
u2

u3 + 1
− v
)
, x ∈ Ω, t > 0

vt = γ∆v + v(αu− v − β) x ∈ Ω, t > 0.

(6.4.7)

which α > 0 and β > 0. Here, the couple (U2, V 2) = (0, 0) is the constant stationary
solution and the second constant stationary solution (U1, V 1) satisfies the system

f(U, V ) =
U2

U3 + 1
− V = 0 and g(U, V ) = αU − V − β = 0. (6.4.8)

The nullclines defined by equations (6.4.8) are sketched on Fig. 6.4.3. Notice that the
function U2/(U3 + 1) attains a global maximum for U > 0 at some point which we
denoted by Um.

Theorem 6.4.7. Assume that α > 0 and β > 0 are such that the constant stationary
solution (U2, V 2) satisfies U2 6= Um. Then there exist a family of discontinuous
stationary solutions to problem (6.4.7).

Proof. It is sufficient to apply Theorem 6.2.6 in the same way as in Theorem 6.4.1
with the stationary point (U2, V 2) with the branch k2 and the branches either k1 or
k3 (or the both, see Remark 6.2.10).
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Figure 6.4.3: The nullclines (6.4.8) for the predator-prey model with U1 > Um

Theorem 6.4.8. Assume that α > 0 and β > 0 are such that the constant stationary
solution (U2, V 2) satisfies U2 > Um. Then there exist stable discontinuous stationary
solutions to problem (6.4.7).

Proof. Following the reasoning form Theorem 6.4.2 we obtain that the function
fu(U2, V 2) is negative because the function k2(V ) is decreasing in the neighbour-
hood of V 2 (see Fig. 6.4.3). Moreover, since b0 < 0, c0 > 0 and d0 < 0 (with the
notation from (6.2.2)) we obtain that

a0 + d0 < 0 and a0d0 − b0cd > 0

and Assumption 6.2.8 holds true. By a direct calculation, we obtain that

fu(0, V 2) = −V 2 < 0 and gv(0, V 2) = −2V 2 − β < 0

and hence the solution is stable by Theorem 6.2.9.

6.4.4 Numerical illustrations of discontinuous stationary solu-
tions

We conclude this work by numerical simulations of solutions to problems (6.4.4)
and (6.4.7). We choose systems coefficients as on Fig. 6.4.2 and Fig. 6.4.3. We used
the explicit finite difference Euler method and we choose the initial conditions (u0, v0)
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in the following way. We decompose the domain Ω = [0, 1]2 = Ω1 ∪ Ω2 with |Ω2| > 0

sufficiently small. In the case of Fig. 6.4.4 and 6.4.5, we choose an initial conditions
(u0, v0) as a small perturbations of the constant solution (U3, V 3).

u0 < U3 and v0 < V 3 on Ω1 as well as u0 > U3 and v0 > V 3 on Ω2. (6.4.9)

On the other hand for Fig. 6.4.6 we set

u0 = U1 and v0 = V 1 on Ω1 as well as u0 = 0 and v0 = V 1 on Ω2. (6.4.10)

We choose the π-shape set Ω2 on Fig. 6.4.4, a random small set Ω2 on Fig. 6.4.5
and UWr-shape set Ω2 on Fig. 6.4.6. The graphs of the corresponding solutions
on all figures were obtained for large values of t > 0 and, by stability results from
this dissertation, they are good approximations of discontinuous stationary solutions.
Here we observe a graphical ilustration of inequalities (6.2.4), namely, U stays close
to U1 = k1(V 1) on the set Ω1 and close to either k2(V 1) (Fig. 6.4.4 and 6.4.5) or
k3(V 1) = 0 (Fig. 6.4.6) on the set Ω2.
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Figure 6.4.4: The solution u, v to problem (6.4.4) for sufficiently large t > 0 and with
the initial condition satisfying inequalities (6.4.9). The solution u stays close to 1 on
a π-shape set Ω2 (gray) and close to U1 on a set Ω1 (blue-green-yellow). The solution
v is a π-perturbation of the constant solution V 2. Here, we choose the particular
π-shape set Ω2 to emphasize that every shape is allowed.

Figure 6.4.5: The solution u, v to problem (6.4.4) for sufficiently large t > 0 and
for a random initial condition. The solution u stays close to 1 on a random set Ω2

(gray) and close to U1 on a set Ω1 (blue-green-yellow). The solution v is a random
perturbation of the constant solution V 2. Here, we choose the particular π-shape set
Ω2 to emphasize that every shape is allowed.
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Figure 6.4.6: The solution u, v to problem (6.4.7) for sufficiently large t > 0 and with
the UWr-shape initial condition satisfying equations (6.4.10). The solution u is equal
to 0 on an UWr-shape set Ω2 (black) and stays close to U1 on a set Ω1 (blue-green-
yellow). The solution v is an UWr-perturbation of the constant solution V 2.
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