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Abstract

The goal of this dissertation is to study the existence and stability of nonconstant
stationary solutions to certain models from mathematical biology. We analyse two
types of models of pattern formation: nonlocal differential equations and diffusion-
degenerate reaction-diffusion systems.

In the first part, we prove the existence of nonconstant stationary solutions to a
nonlocal and nonlinear model of pattern formation. This model was introduced by
the Japanese biologist S. Kondo to explain the mechanism of pattern formation on a
skin of Poeciliareticulata fish. We construct two types of stationary solutions by using
perturbation techniques and a fixed point argument. We supplement our results with
numerical simulations obtained for various model parameters.

Second part of this dissertation is devoted to the analysis of homogeneous diffusion-
degenerate reaction-diffusion systems, where single reaction-diffusion equation is cou-
pled with a system of ordinary differential equations. Systems of this type are used to
model processes deriving from biology, chemistry or ecology. We study an existence
and stability of two types of stationary solutions: regular and jump-discontinuous.

Regular solutions which exhibit continuous dependence between diffusing and non-
diffusing components, are shown to exist via perturbation methods. Main result con-
cerning those solutions state that all regular stationary solutions are unstable. Next,
we construct jump-discontinuous solutions as a perturbation of constant steady states.
Under certain circumstances, such solutions may be stable and we provide sufficient
conditions for their linear and nonlinear stability. Since we are working with diffusion-
degenerate reaction-diffusion systems, nonlinear stability is not a direct consequence
of linear stability and the proof requires additional assumptions.

In the last part of this dissertation, we illustrate our results in the case of diffusion-
degenerate reaction-diffusion systems with classical nonlinearities. We construct dif-

ferent types of stationary solutions and determine their stability.
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Streszczenie

W rozprawie przeanalizowano istnienie oraz stabilnos¢ niestatych rozwiazan stacjo-
narnych w modelach wywodzacych sie z biologii matematycznej. Zbadane zostaty
dwa typy modeli: réwnania nielokalne oraz zdegenerowane uktady reakcji-dyfuzji.

W pierwszej czesci rozprawy pokazano istnienie niestatych rozwiazain stacjonarnych
w nieliniowym i nielokalnym réwnaniu tworzenia sie¢ wzoréw. Model ten zostat zapro-
ponowany przez japonskiego biologa S. Kondo do wyja$nienia mechanizmu tworzenia
sie wzoréw na powierzchni ryby akwariowych Poeciliareticulata. Za pomoca technik
perturbacyjnych oraz punktu statego udowodniono istnienie dwoch typoéw rozwiazan
stacjonarnych. Otrzymane wyniki poparte zostaly symulacjami numerycznymi dla
roznych parametréw modelu.

Druga czes¢ rozprawy poswiecona jest zbadaniu jednorodnych zdegenerowanych
uktadow reakcji-dyfuzji. W takich systemach réwnanie reakcji-dyfuzji jest skojarzone
z ukladem réwnan zwyczajnych. Modele tego typu uzywane sa do opisu proceséow
wywodzacych sie z miedzy innymi z biologii, chemii oraz ekologii. W pracy przeanal-
izowano istnienie oraz stabilno$é¢ dwoch typow rozwiazan stacjonarnych: regularnych
oraz skokowo-nieciaglych.

Rozwiazania regularne, w ktorych dyfundujace i niedyfundujace sktadowe zaleza
od siebie w sposob ciagly, zostaja skonstruowane za pomoca metod perturbacyjnych.
Glownym wynikiem dotyczacych tej klasy rozwiazan jest pokazanie niestabilno$ci
wszystkich rozwiazan regularnych. W kolejnej czesci skonstruowane zostaja rozwiaza-
nia nieciaggle jako skokowe zaburzenie punktow stacjonarnych. W pewnych okolicznos-
ciach rozwigzania te moga by¢ stabilne. W pracy podane zostaja warunki wystar-
czajace do otrzymania liniowej oraz nieliniowej stabilnosci. Ze wzgledu na specyfike
zdegenerowanych uktadéw reakcji-dyfuzji, nieliniowa stabilno$é nie jest bezposrednia
konsekwencja liniowej stabilnosci, lecz konieczne jest przyjecie dodatkowych zatozer.

W ostatniej czes¢ przedstawione sg przyktady zdegenerowanych uktadow reakceji-
dyfuzji z klasycznymi nieliniowos$ciami. Na podstawie rozwinietej teorii skonstruowane

zostaja rozne typ rozwigzan stacjonarnych oraz rozstrzygnieta zostaje ich stabilnosé.
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Chapter 1

Introduction

1.1 Nonlocal model of pattern formation

The results in the first part of this dissertation are already published in the work [9].
The goal of the first part is to study, analytically and numerically, stationary solutions

to the following nonlocal problem for an unknown scalar function u = u(z,t)
up = —au+ f(Tu), (1.1.1)

considered in an open bounded domain. Here we set a constant a > 0, a certain
function f and a nonlocal integral operator T .

The original model proposed by Kondo [37] is a nonlocal differential equation
with u = u(z,t) denoting the concentration of a specific substance in a fish skin. The
production of this substance is influenced by the substance distribution over the fish
surface. This phenomenon is a process of sophisticated cell interactions, dependent
on stimulation operator. Kondo claimed that cell influence on neighbours production
rate depends only on distance between cells. Thus, a cell synthesis is modelled as
a convolution with an appropriate radial kernel. In biological models considered by
Kondo, the convolution kernel is designed to have the both positive and negative part,
which means that cells can either increase or decrease neighbours production rate.
The positive impact is called activation and negative is called inhibition. Moreover,
it is expected for cell density to be bounded hence, we require for the model to have
a saturation property.

Models of this type have been introduced in the works [37,38] and the corre-
sponding solutions have been studied numerically only. In Chapter 2 we show the
existence of stationary solutions to this nonlocal problem using two methods. First,

in Theorem 2.2.5, we apply the bifurcation theory to construct small nonconstant
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stationary solutions. Next, in Theorems 2.2.8 and 2.2.10, we construct large non-
constant stationary solutions in the one dimensional case using the Schauder fixed
point argument. We refer the reader to Remark 2.2.6 for the definitions of large and
small solutions. Proofs of those theorems are postponed to Section 2.4. Then, in
Section 2.3, we present numerical simulations of solutions to nonlocal model (1.1.1)
and we discuss those numericals results obtained for a various parameter range. Nu-
merical simulations indicate that under specific conditions we may obtain diversified
patterns, namely nonconstant stable stationary solutions.
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Figure 1.1.1: Stationary solutions to the nonlocal model (1.1.1).
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1.2 Reaction-diffusion-ODE systems (RD-ODE)

The second part of this dissertation is devoted to analysis of pattern formation in sys-
tems coupling diffusing and non-diffusing components. We consider a generic system

of n ordinary differential equations

uy(z, t)
u; = f(u,v) with  u =u(z,t) = : ,
up (2, 1)

coupled with a reaction-diffusion equation
U = IVA'U + g(U, U)a

supplied with the Neumann boundary condition. We consider arbitrary C?-nonli-
nearities and a bounded open domain with C?-boundary. The constant v > 0 denotes
a diffusion coefficient in the reaction-diffusion equation.

In Chapter 3, we gather our preliminary results concerning general reaction-
diffusion-ODE systems. We introduce the precise statement of the problem and prove
the existence of local-in-time solutions.

Our main goal is to identify a class of stationary solutions (U, V) = (U(z),V (z))
and to examine their stability. Since the stability results are obtained via the usual
linearisation procedure, we study the properties of the linear reaction-diffusion-ODE
system with z-dependent coefficients. In order to characterise the spectrum of the
corresponding linearisation operator we recall and prove in Section 3.2 generic results
on the spectra of multiplication operators acting on LP spaces and general matrix
properties. We conclude this chapter with Theorem 3.2.8 where the desired spectrum
is characterised.

Reaction-diffusion-ODE systems with specific nonlinearities have been studied,
e.g., in the works |21,27,28,30,40,43,44,47-51,53,76,77,82] where the following two

types of stationary solutions were identified:

1. Regular stationary solutions, where U(x) is obtained from V(z) using single
branch of solutions to equation f(U,V) =0. .

2. Jump-discontinuous stationary solutions where U (z) is obtained from V' (x) us-

ing multiple branches of solutions to equation f(U, V) = 0.
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In Chapter 4, we deal with the first class of solutions to reaction-diffusion-ODE
systems and we show that all regular stationary solutions are unstable, regardless of
the particular structure assumption on nonlinearities. Our results imply, in particular,
that we cannot expect nonconstant stable regular stationary solutions in reaction-
diffusion-ODEs models in spatially homogeneous environments. This may change
when considering spatially heterogeneous environments as e.q., in the book [4] and in
the papers [23,24,29,54,76,77|. Moreover, such models cannot exhibit stable Turing
patterns and the only possible stable stationary solutions of such models have to be
somewhat singular or discontinuous, except a certain marginal class of degenerate
models discussed below in Remark 4.1.9.

In the first section of Chapter 4, we present and discuss main results concerning
regular stationary solutions. In Theorem 4.1.4, we construct a family of nonconstant
regular stationary solutions using the bifurcation theory. The proof of that proposi-
tion is postponed to Section 4.2. Instability results for regular stationary solutions are
stated in Theorem 4.1.6 and Theorem 4.1.7 whose proofs are contained in Section 4.3.

In Chapter 5, we consider a class of stationary solutions with jump-discontinuities
to problem and we provide sufficient conditions for their stability. Discontinuous sta-
tionary solutions have been investigated in specific models arising from applications,
see, e.g., |40,41,46], showing that hysteresis in the nullclines of the ODE-subsystem
may lead to emergence of such solutions in a one-dimensional domain. Weinberger [82]
constructed stable discontinuous stationary solutions to a system of one ODE cou-
pled with one reaction-diffusion equation in one dimensional case. The approach
established in this dissertation allows constructing a special type of discontinuous
stationary solutions to general reaction-diffusion-ODE systems in higher dimension.
These specific solutions are concentrated in the neighbourhood of the constant steady
state on a large set and jumps to another level on a small subset of the domain. We
prove their stability under less restrictive assumptions. Moreover, the established
approach may also be extended to reaction-diffusion-ODE models in heterogeneous
environments.

Main results of Chapter 5 concern the existence of jump-discontinuous station-
ary solutions (Theorem 5.1.4), their linear stability (Theorem 5.1.9) and nonlinear
stability (Theorem 5.1.11). In Section 5.2, we construct jump-discontinuous station-
ary solutions. Since stability of stationary solutions is obtained using the linearisa-
tion procedure, in Section 5.3, we study stability of zero solution to general linear
reaction-diffusion-ODE systems. In Section 5.4, we prove that the linear stability im-

plies the nonlinear stability where this classical approach has to be suitably adapted
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to reaction-diffusion-ODE systems. The proofs of stability Theorems 5.1.9 and 5.1.11
are contained in Section 5.5.

Our theory is illustrated in Chapter 6 by numerical simulations of a selected
reaction-diffusion-ODE system showing emergence of the constructed patterns. In

Section 6.3, we consider the diffusion-degenerated Gray-Scott model
up = utv — o, vy = YA U — u?v + B(1 —v)
and the diffusion-degenerated Brusselator system
uy = a +u?v — (B + 1)u, v = YA + fu — u?v.

These two problems considered in bounded and convex domains have nonconstant sta-
tionary solutions of both types: regular and discontinuous. By the theory developed

in Chapters 3-5 we prove, that all of them are unstable.

Figure 1.2.1: Two types of stable stationary solutions to the modified FitzHugh-
Nagumo model (1.2.1) obtained for m-shape initial condition and random initial con-
dition, see Section 6.4 for explanations.
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Next, in Section 6.4, we discuss three other models: the diffusion-degenerated

Oregonator

B+u’

U = U — u? + av
modified FitzHugh-Nagumo model
w=u(l —u)(u—pB)—wv,

and a certain kind of predator-prey system

u2
U = U — v (y
t U3—|—1 ) t

v =vAv+u—v

vy = YA 0+ ou— v —p (1.2.1)

=vAv +v(au —v — f).

We apply results from Chapter 5 to construct discontinuous stationary solutions and

show their stability, see Fig. 1.2.1.

The results in the second part of this dissertation are obtained together with Anna

Marciniak-Czochra from University of Heidelberg, Grzegorz Karch from University

of Wroctaw and Kanako Suzuki from Ibaraki University and are contained in the

preliminary works [10, 11].



Chapter 2

Nonlocal model of pattern formation

2.1 Nonlocal model of pattern formation

The goal of the first part of this dissertation is to study analytically and numerically
stationary solutions to the following initial value problem for an unknown scalar

function u = u(z,t)

w = —au+ f(Tu), €, t>0,
(2.1.1)
u(z,0) = up(x), x € Q,

where Q2 C RY is bounded, @ > 0 and T is an integral operator. We assume f € C?
in the neighbourhood of 0, f(0) = 0 and f’(0) # 0. This is a minor generalisation of

a model introduced by Shigeru Kondo which we recall below.

2.1.1 Kondo model

The mathematical model proposed by Kondo [37] is a nonlocal differential equation of
the form (2.1.1) where u = u(x,t) describes the concentration of a specific substance
in a fish skin, where a fish surface is a bounded and connected subset of plane 2 C R2.
In that model, the substance production rate results from destruction law and cell
synthesis law. The degradation law states that production rate is negatively impacted
by the substance density. Cell synthesis law states that production rate is influenced
by the substance distribution over the surface. This phenomenon is described by the
differential equation
ou

i S(u) — au,

where a > 0 is a constant cell degradation rate and S corresponds to a cell synthesis. A
cell synthesis is a process of sophisticated cell interactions, dependent on stimulation

operator. Kondo claimed that cell influence on neighbours production rate depends
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only on distance between cells. Thus, a cell synthesis is modelled as a convolution
with a radial kernel K

Stim(z,y) = // u(r — &y —n)K(V/E + n?)dédn.

To ensure that the cell density is bounded, the cell synthesis follows the saturation

law, which in the work by Kondo is given by the following formula

0, Stim < 0,
S =< Stim, 0< Stim < M,
M, Stim > M.

This saturation function states that the impact of cell density on a production rate is
smaller then M and cannot be negative. In biological models considered by Kondo,
the kernel K = K (r) is designed to have the both positive and negative part, which
means that cells can either increase or decrease neighbours production rate. The

positive impact is called activation and negative is called inhibition.

2.1.2 Other nonlocal models

The nonlocal models with convolution kernels are widely used in various fields such
as genetics, neurology and ecology. For example, Amari [1] modelled the dynamics of

neuron fields in the brain using the following equation
Tup = —u+wx* Hu)+s, for zeR,

where u(z,t) is the membrane potential of the neurons, w is the convolution kernel,
s describes the external stimuli and H is the Heaviside function. The convolution
operator represents the influence of cells in the neighbourhood on the membrane
potential.

The following equation in another model of a nonlocal spatial dispersal
u = kxu—bu+ f(u),

where wu(z,t) denotes the population density, k is the convolution kernel, b is the
positive constant and f is the nonlinear function. The kernel k corresponds to the
transition possibility and b describes the degradation rate. This model was studied
by Hutson et al. [31] where, despite the behaviour of this model is similar to the
corresponding reaction-diffusion system, it is more suitable to describe a single species

dispersal.
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Berestycki et al. |2] analysed the nonlocal Fisher-KPP equation for a population

dynamics with nonlocal interactions
uy = Au+ pu(l — k*xu), xR

and showed that this model has travelling waves, similarly as is for the classical Fisher
equation.

Another important mathematical result comes from the work by Ninomiya et
al. [57] who studied an extension of a reaction-diffusion system to the nonlocal evo-

lution equation on the one dimensional torus
u = Au+g(u,J*xu), x€T, >0,
up(z) = u(z,0), reT.
They proved that under particular conditions, this nonlocal model can be approxi-
mated by solutions to classical reaction-diffusion systems.
In comparison to the models described above, the Kondo equation contains the
truncation function applied to the convolution operator. This truncation plays the

crucial role in the process of pattern formation and this phenomenon was not studied

in the case of other models.

2.2 Results on pattern formation

We consider the following initial value problem

u = —au+ f(Tu), x€Q, t>0,
(2.2.1)
u(,0) = ug(z),  w e,
with an unknown scalar function v = u(z,t). Here  C R” is a bounded open set,
a > 0 is a constant and function f : R — R is Lipschitz. Nonlocal effects in this

equation are described by a linear operator T : L*(2) — L*(f2) given by the formula
Tu(z) = /Q K(z — y)uly) dy (2.2.2)

with K € L*(RY) satisfying K(z) = K(—z) for all z € RY. We refer the reader to

Section 2.1 for the discussion of nonlocal models of patterns formation.

Remark 2.2.1. There exists a unique global-in-time solution u € C([0,00), L*(Q2))
of problem (2.2.1) for each initial condition uy € L?*(2) because f is assumed to
be a globally Lipschitz function. This is a standard result involving the Banach
contraction principle. Moreover one can easily prove that if | f(z)| < M for all z € R,
then |u(xz,t)| < max {||uo||L~(q), 2} for all (z,t) € Q x [0, 00).
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Remark 2.2.2. Since Q C RY is bounded, the operator T : L?(Q2) — L?(Q2) given by
equation (2.2.2) is symmetric and compact. By the spectral theory for such opera-
tors, there exists a sequence of eigenvalues {A;}32; C R satisfying A\; — 0 and an
orthonormal basis {e;}32, of L*(Q) of eigenfunctions of the operator T', namely, we

have T'e; = Aje; for every j € N.

First, we consider the linear counterpart of problem (2.2.1)

u=—au+b-Tu, ze€Q, t>0,
(2.2.3)
u(z,0) = up(x), x €,
with b € R\ {0}. Notice that, if § = A; for some k € N, then the eigenfunction e,
corresponding to eigenvalue )\, is a nonconstant stationary solution of the first equa-
tion in (2.2.3). In the following proposition we find a condition under which this

stationary solution is stable.

Proposition 2.2.3. Let uw = e, be a nonzero stationary solution of linear prob-
lem (2.2.3) where ey, is an eigenfunction of the operator T' corresponding to the eigen-

value A\ = §. The solution u s stable if and only if bA; < a for each j € N.

The proof of this proposition is postponed to Section 2.4. Now, we only notice that,
by Proposition 2.2.3 if b > 0 then u = ¢y, is stable if and only if Ay = § is the biggest
eigenvalue of 7. On the other hand, if b < 0 then u = ey is stable if and only if
Ax = 7 is the smallest eigenvalue of T'.

Next, we study stationary solutions of the nonlinear problem (2.2.1), namely we

consider the nonlinear and nonlocal equation
0=—au+ f(Tu), xe€f (2.2.4)

with an unknown function @ = u(x) and 2 C RY.

First, we prove the existence of solutions to this equation in a neighbourhood
of zero solution by using the bifurcation theory. Since, we apply methods from the
theory of elliptic equations and variational methods we need to impose additional

assumptions for the eigenvalues of the operator 7.

Assumption 2.2.4. Let {)\;}32, be the set of eigenvalues from Remark 2.2.2. We
assume that \; # 0 for each j € N and \; < 0 for a finite number of eigenvalues.

Theorem 2.2.5. Let Assumption 2.2.) be satisfied and denote by d > 0 an arbitrary
constant such that d + aX; > 0 for each j € N. Assume f € C? satisfies f(0) = 0

and N\, = ﬁ for some k € N. There exists a sequence {c,}>, C R converging to 1
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and a sequence of nonconstant functions {u,}°°, C L*(Q), such that (u,) is a weak
solution of
0 =—acyu, + f(Tu,) + d(1 — c,)Tu,, (2.2.5)

for each n € N.

We postpone the proof of this theorem to Section 2.4.2, where solutions are con-
structed by variational methods and the Rabinowitz bifurcation theorem [66]. Note
that nonzero solutions of equation (2.2.5) are obtained from the bifurcation of a
nonzero solution to the linear equation 0 = —au + f'(0)T@.

Nontrivial solutions in Theorem 2.2.5 are constructed in a small neighbourhood of
zero solution. Now, we construct large solutions and for simplicity of the exposition,
we consider the one dimensional problem with an open set {2 C R and the function f

given explicitly by

1, x>1,
fa)=3e wel-11] (2:2.6)
-1, z<-1.

Remark 2.2.6. In this work we deal with large and small solutions. Here, u is called
small if ‘T(u)| < 1 and for the nonlinearity given by (2.2.6) we have f(T'(u)) = T'(u).
Otherwise the solution is called large and the nonlinearity truncates T'(u) at the
levels £1.

Assumption 2.2.7. We assume that the kernel K(x) = K(|z|) is even and compactly

supported. We decompose the kernel as follows
K=K, +K_ with K;=max(K,0) and K_ = min(K,O0)
where
o supp(Ky) € [-2, 2],
o supp(K_) C [—4, —2| U2, 4].

Examples of kernels with properties in Assumption 2.2.7 are presented in Fig. 2.3.1.
In the following theorem we construct large solutions to equation (2.2.4) under addi-

tional constraints imposed on the kernel K.

Theorem 2.2.8. Assume Q = [—L, L] with L > 6. Let the function [ be given
by formula (2.2.6). Let Assumption 2.2.7 holds true. Suppose, moreover, that the

kernel K satisfies one of the following conditions



12 CHAPTER 2. NONLOCAL MODEL OF PATTERN FORMATION

1. either K(x) >0 for all z € R and
/ K(z) dx > 2a,
R
2. or Ky(x) is a nonincreasing function for x > 0 and

/K(:c) dr > 2a,
R

Then, there exists a nonconstant solution to equation (2.2.4).

Remark 2.2.9. The kernel K3 on Fig. 2.3.1 has the property (1) in Theorem 2.2.8 and
the kernel K; — property (2).

For some nonpositive kernels, one can also construct periodic solutions for equa-

tion (2.2.4) on the whole line.

Theorem 2.2.10. Let Q = R. Assume that function f is given by formula (2.2.6).
Let Assumption 2.2.7 holds true. If the kernel K satisfies

o K(x) <0 for all z € R,

o [ K(z)dr < —2a,

o K(z)=K(6—1) forallz € 2, 4],

o K(z)=K(6+2) for all z € [-4, —2)

then there ezists a nonconstant periodic solution to equation (2.2.4) considered on the
whole line } = R.

Remark 2.2.11. The kernel K, on Fig. 2.3.1 satisfies all assumptions of Theorem 2.2.10.

Stationary solutions in Theorem 2.2.8 and Theorem 2.2.10 are obtained via the

Schauder fixed point theorem and we postpone the proofs to Section 2.4.3.

Remark 2.2.12. Equation (2.2.4) reduces to the Kondo model [37] in the case of the

cut-off function

1, x>1,
0, x<0.

Kernels considered in [37]| are always sign changing functions because in the case of
either nonpositive or nonnegative kernels, no nonconstant stationary solutions have
been observed numerically. In our case of the function f(z) given by (2.2.6) we

observe patterns also for nonpositve and nonnegative kernels.
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Remark 2.2.13. Ideas from the proof of Theorem 2.2.8 and Theorem 2.2.10 in one
dimensional case can be used to obtain pattern in two dimensions, but this would
require more involved assumptions for convolution kernels. Numerical simulations
(Fig. 2.3.6 — 2.3.10) indicate that a type of a convolution kernel strongly influences a

shape of a transient gap, however this topic requires further investigation.

2.3 Numerical simulations to nonlocal model

2.3.1 Description of the problem

Here we illustrate theoretical results from the previous section by presenting numerical
simulations of solution to model (2.2.1) with @ = 1 and with a suitable odd, monotone,

nondecreasing function f. More precisely, we consider the problem

w=—-u+ f(Tu) z€Q, t>0,

(2.3.1)
uy = u(0, ), x € €,
with
-1, bxr < —1,
flx)=<br, —1<br<l1, (2.3.2)
1, br > 1,

and with a parameter b > 0.

We consider the one dimensional and two dimensional version of this problem.
In one dimension, we choose 2 = [—50, 50] and the convolution kernel satisfying
supp(K) C [—4, 4]. An initial condition ug(z) is either random with values from the

interval [—1, 1] or it is given by

-1, z >0,
0 {1, x < 0. ( )
In the two dimensional case, we set Q = [—50, 50]> and we impose the assumption

supp(K) C [—4, 4]%. Initial condition ug(x) is either random from interval [—1, 1] or

it is given by
1, € [2, 2]%,
() = { i 2, 2] (2.3.4)
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2.3.2 Numerical scheme

We approximate solution to problem (2.3.1) on a grid consisting 601 uniformly dis-
tributed points in one dimension and 601 x 601 points in the two dimensional case.
We use the explicit Euler method with a fixed time step dt > 0

Upy1 = Up + dt( — au, + f(Tun)), (2.3.5)

where T denotes the discrete version of the convolution operator T given by the

formula (2.2.2)
300

Tun(z) = Z K(i)u,(x — 1)

i€—300
in one dimension and with the radial extension in two dimensional case.

Let us summarise the most important properties of numerical stationary solutions
to problem (2.3.1) obtained via scheme (2.3.5) for large n. We claim that @ = w,
is a numerical stationary solution to problem (2.3.1) if ||u, — uy_1]|ec < 1 where
the constant n = 107% is our premised precision. We present numerical stationary
solutions obtained for different types of convolutions kernels, shown in Fig. 2.3.1 and
Fig. 2.3.5, two values of parameter b and various types of initial conditions, random
or step-like functions (2.3.3)-(2.3.4).

2.3.3 One dimensional simulations

We present numerical simulations of solution to problem (2.3.1) for kernels K, Ko,
K3 and K4 shown on Fig. 2.3.1. The kernel K; has positive part concentrated near
zero which corresponds to a local activation. On the other hand, the negative part
of K, describes long range inhibition. The kernel K5 has positive and negative part
as well, but its positive part is not supported in the neighbourhood of zero. Here,
our numerical simulations show that this property of the kernel modifies a shape

of obtained patterns. The kernel K3 has only a positive part, thus the inhibition

Kernel K1 Kernel K2 Kernel K3 Kernel K4

0.5 0.5

-0.5 -0.5

Figure 2.3.1: The kernels K;, Ky, K3 and K4 used in one dimensional numerical
simulations.
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process is absent. Finally the kernel K4 with only the negative part describes only
an inhibition process. Our numerical simulations shows that, even if the kernel K4
does not stimulate u to rise, we still obtain some patterns.

We obtain two types of stable stationary solutions. Small stationary solutions
are of the first type and their existence have been proved in Theorem 2.2.5. Since
these solutions do not touch the truncation level of the function f in (2.3.2), they
are solutions to the linear problem considered in Proposition 2.2.3. Fig. 2.3.2 shows
such solutions obtained for the kernels K, K>, K3 and K4. In order to have such
solutions, we choose random initial condition in scheme (2.3.2) and we set b = A—lk,
where A\ is the maximal eigenvalue of the convolution operator 7', obtained through

numerical approximation.

0.1

L L L i L L L
-40 -30 -20 -10 0 10 20 30 40 50

o
=)
N
=3
@ |
S
N
S
o
=3
o
S

L L L L
-50 -40 -30 -20 -10

A
S
)
S
N
=3
=)
o
2t
N
=3
@
S
N
S
o
=3

Figure 2.3.2: Stationary solutions to one dimensional problem (2.3.1) obtained via
scheme (2.3.2) with random initial conditions. Here we choose b = 0.04035 for K7,
b = 0.08982 for Ky, b = 0.06266 for K5 and b = 0.063202 for K,. Since, these
solutions do not touch the truncation level in the function f, these are, in fact,
stationary solutions to linear problem (2.2.3) with a = 1.

Next, we obtain large stationary solutions considered in Theorem 2.2.8 and The-
orem 2.2.10. The existence of such solutions is strongly connected with the satura-
tion property of the function f, because these solutions hit the saturation level £1.
Fig. 2.3.3 shows such solutions obtained for the kernels Ky, K5, K3 and K. Here, in
the numerical scheme, we take the step-like initial condition uy given by (2.3.3). For
completeness of the exposition, we present also similar simulations for random initial

conditions in Fig. 2.3.4.
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1 1 ;
0.5 g 0.5 ]
o 0 o 0
051 1 051
1 1
5 0 5 -5 0 5
Q Q
1 1 T
0.5 1 051 1
o 0 o 0
051 1 -0.5 11
1 1
5 0 5 -10 5 0 5 10
Q Q

Figure 2.3.3: Numerical stationary solutions to one dimensional problem (2.3.1) ob-
tained via scheme (2.3.2) with initial conditions given by (2.3.3). Here, b = 0.8 for
K, b=0.7 for K5, b =0.1 for K3 and b = 1.0 for Kj.

1 1 [ T
0.5 i 0.5 ]
D 0 o] 0
-0.5 L 8 -0.51
] L ,
-5 0 5 -5 0 5
Q Q
1 1 " " T
|| =]
0.5 1 0.5 i
] 0 o] 0
0.5 1 0.5
-1 1 :
-5 0 5 10 -5 0 5 10
Q Q

Figure 2.3.4: Numerical stationary solutions to one dimensional problem (2.3.1) ob-
tained via scheme (2.3.2) with random initial conditions. Here, b = 0.8 for K, b = 0.7
for K5, b= 0.1 for K3 and b = 1.0 for Kj,.
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Remark 2.3.1. In Section 2.4.3 we introduce particular family of sets B which are
invariant under operator f(7). We claim that the width of the gap required to
jump from the level 1 to —1 is at least as big as the support of the positive part of
convolution kernel. According to our simulations, the width of gap is significantly
smaller then the value assumed during the construction of B. Since the shape of
function u in the gap vary for different types of kernels, precise construction of set B

would require much more technical details.

2.3.4 Two dimensional results

Here, we present two dimensional stable stationary solutions obtained via numerical
scheme (2.3.2) and we focus only on large stationary solutions. We present simulations
for five different kernels K5, Ky, K7, Kg and Ky shown in Fig. 2.3.5. The kernels
K5 and Kj are positive near zero, and negative otherwise, what corresponds to the
local activation and the long range inhibition. Both kernel have the same positive
part, but the kernel Ky corresponds to the weaker inhibition effect. Kernel K7 is
zero near zero, positive at some distance from zero, and negative otherwise. We have
long range activation and long range inhibition. The support of the negative part
is set to to ensure that the integral over the kernel is relatively small. Kernel Ky is
negative in the neighbourhood of 0 and positive otherwise, which corresponds to the

local inhibition and long range activations. Kernel Ky has only negative part.
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Kernel K5 Kernel K6

Kernel K9

Figure 2.3.5: The kernels K5, Kg, K7, Kg and Kg used in two dimensional numerical
simulations.

For each kernel, we present four patterns which are obtained from either step-like
initial condition (2.3.4) or random initial condition and two different values of b, either
b slightly greater then beyricar (denoted b = beiricar + € with sufficiently small £ > 0)

or b significantly greater then be,isicqar (denoted b > beriicar). There exists a particular
1
)\_k’

such that for each b < bepipicar €very solution of problem (2.3.1) with arbitrary initial

constant, namely b.iticar = where A\ is the maximal eigenvalue of operator T,
condition ug converges to 0. When b = b..i.qr We have linear case and obtained
patterns are eigenfunctions of operator 7. To obtain large nonconstant stationary
solutions we need to ensure that at least one eigenfunction becomes unstable, namely

b > bcritical .
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Random Uy b >> bcritical - Regular Uo: b>>b
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Figure 2.3.6: Numerical stationary solutions to problem (2.3.1) obtained via
scheme (2.3.2) for kernel K;. Here, b = 1 (upper row) and b = 0.0063 (lower row),
initial condition is random (left column) or step-like function (2.3.4) (right column).
We obtain symmetric patterns for symmetric initial condition (2.3.4). The width of
black and white paths is constant and it depends on the the size of the kernel support.
If b = beriticar + € We have only a few unstable eigenfunctions, hence patterns are more
regular. However, if b > b.iricar, then there are many unstable eigenfunctions and
patterns are more diversified and involved.
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Randomu_,b>>b .. Regular Uy b>>b

0 critical critical

—1 50

10.5 10.5
0 0
-0.5
1 -50
-50
Randomu_,b=b .. +e¢ Regularu,, b=b
0 critical crltlcal
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gy
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-0.5 -0.5

N —— 10§
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Figure 2.3.7: Numerical stationary solutions to problem (2.3.1) obtained via
scheme (2.3.2) for kernel K. Here, b = 1 (upper row) and b = 0.0070 (lower row), ini-
tial condition is random (left column) or step-like function (2.3.4) (right column). We
obtain symmetric patterns for symmetric initial condition (2.3.4). If b = beriticar + €
we have only a few unstable eigenfunctions. For b > b..iticr We have many unstable
eigenfunctions. Notice that for large b the width of white and black paths is no longer
constant. The negative part of kernel Ky is small and hence large constant areas are
invariant under operator T'. In case of step-like initial condition (2.3.4), a large posi-
tive part of the kernel is insufficient to spread the positive solution across the domain
but it can preserve the existing one if the initial square is sufficiently large.
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Regular Uy b>>b
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Figure 2.3.8: Numerical stationary solutions to problem (2.3.1) obtained via
scheme (2.3.2) for kernel K;. Here, b = 1 (upper row) and b = 0.0127 (lower row), ini-
tial condition is random (left column) or step-like function (2.3.4) (right column). We
obtain symmetric patterns for symmetric initial condition (2.3.4). If b = beriticar + €
we have only a few unstable eigenfunctions. The maximal eigenvalue corresponds to
high order eigenfunction and hence the white and black lines are thin. If b > b.itica
there are many unstable eigenfunctions. Notice that, locally the solution is distorted
with a set of small humps distributed across the white paths. The size of those humps
depends on the size of the gap in kernel K.
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Figure 2.3.9: Numerical stationary solutions to problem (2.3.1) obtained via
scheme (2.3.2) for kernel Kg. Here, b = 1 (upper row) and b = 0.0352 (lower row),
initial condition is random (left column) or step-like function (2.3.4) (right column).
We obtain symmetric patterns for symmetric initial condition (2.3.4). The width of
black and white paths is constant and it depends on the the size of the kernel support.
If b = beriticar + € We have only a few unstable eigenfunctions. If b > b. et there
are many unstable eigenfunctions, however solutions are similar to those obtained for
small b. There are no other eigenvalues in the neighbourhood of the maximal eigen-
value hence eigenfunction corresponding to maximal eigenvalue dominates the shape
of patterns.
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Figure 2.3.10: Numerical stationary solutions to problem (2.3.1) obtained via
scheme (2.3.2) for kernel Ky. Here, b = 1 (upper row) and b = 0.0040 (lower row),
initial condition is random (left column) or step-like function (2.3.4) (right column).
We obtain symmetric patterns for symmetric initial condition (2.3.4). The width of
black and white paths is constant and it depends on the the size of the kernel support.
If b = beriticar + € We have only a few unstable eigenfunctions, hence patterns are more
regular. However, if b > b.iricar, then there are many unstable eigenfunctions and
patterns are more diversified and involved.
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2.4 Proofs of mathematical results to nonlocal model
of pattern formation

Proof of Proposition 2.2.5. Let u = e, be a stationary solution to the linear prob-
lem (2.2.3). We consider this problem with perturbed initial condition ug = ey + .
and expand the solution in the orthonormal basis {e;}32, of operator T" from Re-
mark 2.2.2, namely u(t,x) = > 72 a;(t)e;(x) with unknown functions {a;(t)}32,. We

substitute u in equation (2.2.3) and obtain

Z aj(t)ej(z) = —GZ a;(t)ej(r) +b- Z a;(t)Aje;()

which is satisfied if, and only if a(t) = a;(t) (b- A\; — a) for each j € N and hence

||u ||L2 Zaj 0)2 e2(bAj—a)t

If b-\; —a < 0 for each j € N then the stationary solution to problem (2.2.3) is stable
and satisfies ||u(-,t)|r2@) < ||uol|r2(). Since A\; — 0 as j — oo, then the solution

is stable if 7 is equal to the maximal eigenvalue for b > 0 or minimal eigenvalue for
b < 0. 0

2.4.1 Weak solutions to the nonlinear problem

Under Assumption 2.2.4 we may define, formally the operator 7!

1
T_lej = —e¢; for each j € N
Aj

and rewrite the equation (2.2.4) in the form
0=—al ')+ f().
We are going to find a solution to the equivalent equation
aT (V) + dv = dv + f(v),

where a fixed parameter d satisfies d + a\; > 0 for each j € N. First, we introduce

the bilinear form and weak solution to problem (2.2.4)
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Definition 2.4.1 (Bilinear form (Q,D(Q))) Let Assumption 2.2.J hold true. For
each u, v € L*(Q) such that u =322, aje; and v =3 7, bje; let

{uza]ej.z j(%m) < o0)

i1
and

(u,v) = ia]b] ( —|—d> for u,v € D(Q).

7=1
Definition 2.4.2 (Weak solution). Let Assumption 2.2.J hold true. The function
v € D(Q) is a weak solution of equation (2.2.4) if

(T, 0)g = d/ x) dr + / f(@ x)dr  for each ¢ € D(Q). (2.4.1)

Remark 2.4.3. Note that,

(ej,v)g = b; <>% +d> = ()\J +d) (ej,v) = <(aT_1 —|—d)ej,v>.

Remark 2.4.4. Since - 4+ d > 0 for each j € N the bilinear form (-, -)¢ is a scalar
product on D(Q). We denote by || - || the corresponding norm.

Lemma 2.4.5. The image of operator T given by (2.2.2) is a subset of L*>®(€).
Moreover Im(T') is dense in D(Q) and D(Q) is dense in L*().

Proof. Let u € L*(Q2). We have

1Tl e = H /Q K@= yjuty) dyHm(a) <G = z@llell 2

To show the density, observe that finite sums uy = Zjvzl aje; € Im(T), thus

0 a i, 0o N
J

j=N+1 j=N+1

]

Remark 2.4.6. Notice that |- ||2(q) < C||-||q for all u € D(Q) which is a consequence
of the relation A\; — 0.

We study problem (2.4.1) with variational methods. For a function F’'(v) = f(v)
we define a functional J : D(Q) — R, by the formula

J(v) = g/ﬂv(:c)Q dz + /QF(v(x)) dz, for each v € D(Q).

First, we prove basic properties of the functional J.
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Lemma 2.4.7. For every f € C*(R) the functional

J(v) = g/ﬂv(x)? dx+/QF(v(m)) du

satisfies J € C*(D(Q),R).

We skip a direct proof of this Lemma.

2.4.2 Existence of stationary solutions via bifurcation theorem

Let X be a real Hilbert space, 2 C X be a neighbourhood of 0. Let L : Q@ — X
be a linear continuous operator and let H € C'(£2, X). Set H(v) = o(]|v||) as v — 0.

Consider the abstract equation
Lv+ H(v) = M. (2.4.2)
Obviously, there exists a trivial solution (A,0) € R x X for each \.

Definition 2.4.8. A point (1,0) € R x X is called a bifurcation point for equa-
tion (2.4.2) if every neighbourhood of (u,0) contains a nontrivial solution of (2.4.2).

Remark 2.4.9. Notice that, if (p,0) is a bifurcation point then p belongs to the

spectrum of operator L.

Proof. Let (u,0) be a bifurcation point for equation (2.4.2). Consider the family of
balls
B, ((1,0),2) CR x X. For each n there exists (pin, v,) € B, satisfying

Lv, + H(v,) = fnvn.

Obviously, we have u, — p. Divide both sides of this equation by the norm of 7,

and consider the weak solution

/L P+ ( )wz/un 2
o vl o [lvall o vl

i

¢ — 0. Put w, = *2-. Sequence

l[onll”

{wy}22, is bounded, hence it is weakly compact. Hence, w,, — w and

/QL(wM:/Quwso.

The equality holds for each v € X, hence p belongs to the spectrum of the operator L.
O

By assumption for H, if n — co we obtain [
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Now, we recall a classical result from the bifurcation theory.

Theorem 2.4.10 (Rabinowitz Bifurcation Theorem, [66]). Let X be a real Hilbert
space, U a neighbourhood of 0 in X and I € C*(U,R) with I'(v) = Lv + H(v), L
be linear and H(v) = o(||v||) at v = 0. If p is an isolated eigenvalue of L of finite
multiplicity, then (u,0) is a bifurcation point for (2.4.2). Moreover, at least one of

the following occurs:
1. (u,0) is and isolated solution of (2.4.2) in {u} x X

2. There is one-sided neighbourhood, A of u such that for all A € A\ {u}, equation

(2.4.2) possesses at least two distinct nontrivial solutions.

3. There is a neighbourhood I of u such that for all X € I\ {u}, equation (2.4.2)

possesses at least one nontrivial solution.

We are now ready to prove the existence of stationary nonconstant solutions of prob-
lem (2.4.1).

Proof of Theorem 2.2.5. We define operators L and H

1
L(v) = <)% + d)v and H(v) = f(v) — a/\—jv.
The equation (2.4.1) can be rewritten as
(0, 9)q = / L@p+ H@m)p for ¢ e D(Q). (2.4.3)
Q

Let us define the nonlinear functional I(v) : D(B) — R

v:A_k+d/v +/< —Q—Ak 2)2). (2.4.4)

Let I(v) be as in (2.4.4) then DI(v) = Lv + H(v). From Lemma 2.4.7 we obtain
that functional I € C*(D(Q),R). To prove that H(u) = o(||v]|) p(g), we need to check
that if ||v|/pg) — 0, then

I1H ()l p@)
vl

Since f(0) = 0 we obtain

If () —a5;-vllp@ _ /() = f(0) = ax;vllp@

vl D) [vlp@)
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The right hand side tends to the derivative of f if ||v||pg) — 0. It follows from the
assumption that the numerator tends to 0.

Now we apply Theorem 2.4.10 to obtain that (1,0) is a bifurcation point for
system (2.4.3). It follows that there exist a sequence of {c,}2%, convergent to 1 and

a sequence of nonconstant functions {v,}°°; C D(Q) such that

n(On, P)o = /Q (% + d) Tntp +/Q (f(@n) - %m) © (2.4.5)

for each n € N and each ¢ € D(Q). The equation (2.4.5) is a weak solution of
0 =—adyu, + f(Tu,) +d(1 —d,)Ta,.

]

2.4.3 Existence of stationary solutions using the Schauder fixed
point theorem

There exists a solution to equation (2.2.4) if @ is a fixed point of the compact operator

%f(T(-)) L L2(Q) — L*(Q) (2.4.6)
which we obtain from the Schauder fixed point theorem. Obviously u = 0 is a fixed
point of this operator in the case of f given by formula (2.3.2). To ensure the existence
of nonconstant solutions, we construct particular invariant sets B for this mapping
which do not contain constant functions. We introduce appropriate sets for three
main classes of convolution kernels: nonnegative kernels and sign changing kernels in

Theorem 2.2.8 and nonpositive kernels in Theorem 2.2.10.

Proof of Theorem 2.2.8. Let the condition (1) in Theorem 2.2.8 hold true. We intro-

duce

B, = {u € L*(Q) :u(r) = {l_

u is odd and monotone} )
Let us show that %f(T) : By — By. Indeed, if x > 2 then

TU(SC)I/QK(ﬂf:—y)u(y)dy</2 K(x—y)u(y)dyz—%/o K(y)dy < -1

and hence +f(Tu)(z) = —+. Analogously we obtain that for z < —2 we have

Lf(Tu)(z) = L. If [#] < 2 then the convolution of odd and monotone function
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with positive and even function is odd and monotone. Thus, mapping (2.4.6) has a
fixed point in the set Bj.

Notice that, in the set B; the width of the gap between levels % and —é is equal
to the support of the kernel. In the next step, we consider smaller gaps. Under the
condition (2) in Theorem 2.2.8 let

ISH L

By = {u € L*(Q) : u(z) = {

forx > 1,
T <

) u 1s odd and monotone} .

Q= |

for ,

We show that %f(T) : By — By. For 1 < 2 < 4 we have

Tu(z) = / K(z —y)u(y)dy + /:K(l‘ —yuly)dy < -1+ /: K(z — y)u(y) dy.

Notice that [ , K(z —y)u(y)dy < 0. Indeed, if 1 < 2 < 2 then u(z —2) > 0. Since

K is nonincreasing for positive arguments and v is monotone we have

x xr—2 r—2
[ K-y <omd [ K @opuidy<at-2) [ K@iy <o
r—2 x—4 r—4

Analogously, if 2 < z < 4 then u(x —2) < 0 and
x 0
| K- yudy <ue-2) [ K@y <o.
x—4 —4

If 4 < x < L then fo K(x —y)u(y)dy < 0 and hence

Tue) = [ K- putdy+ [ K- pu)dy < -1

Consequently we obtain % f(Tu)(x) = —i. The case © < —1 is proved analogously.

For |z| < 1 we have

1 r+4 1 r—2
Tu(zx) = QK+($—y)U(y)dy—5/ K—(w—y)dy+a/ K (v —y)dy
z+2 z—4

= [ Ky(r—y)u(y)dy
Q

and hence the negative part of the kernel can be omitted. The convolution of odd
and monotone function with positive function is odd and monotone. By the Schauder

fixed point theorem, there exists a fixed point of mapping (2.4.6) in the set By. [

Remark 2.4.11. The functions on Fig. 2.3.3 corresponding to kernels K, Ky, Kj
belong to the sets By and By with a = 1.
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By the same reasoning we immediately obtain the family of nonconstant solutions.

Under the assumptions of Theorem 2.2.8, we can obtain, following more general result.
Remark 2.4.12. Let the assumptions of Theorem 2.2.8 holds true. Let {Qj}ﬁl be a
family of disjoint intervals satisfying €2; C €2 and

o diam(Q2;) > M, for each j,

o dist(§2;,Q;) > M, for each k # j

where M = 4 if condition (1) holds true and M = 2 if condition (2) is satisfied. There
exists a stationary solution u such that E|Qj = i, for an arbitrary sequence {i; é-V:l
satisfying i; = j:%.
Proof of Theorem 2.2.10 . We introduce set
(2) % for z € [-1 4 8k, 1+ 8k,
u(z) =
B3: uEL2(R) —% f0r$€[3+8k,5+8k], ]’CGZ

u is even, satisfies u(z) = —u(z +4) and
monotone on each interval [1 + 4k, 3 + 4k],

We show that £ f(T) : By — Bs. If x € [—1, 1] (similarly for z € [-1+ 8k, 1+ 8k]),

we have

Tuw) = [ Ka=pudy= [ K@=puay+ [ K@=yt dy

4 / K@=yt [ K= gt dy
. (2.4.7)

Function w is constant on the intervals [z — 4, —3] and [3, = + 4] hence

/_4 K (v —y)u(y)dy + /;H K_(z —y)u(y)dy = 1.

Notice that the sum of second and third integral in equation (2.4.7) is nonnegative.
Indeed, from the symmetry of v and K we have f13 K(y+ 1u(y)dy = 0, hence

/ K (2 — yuly) dy + / K (e = y)u(y) dy
-3 o *+ 5
— K_(z 44 —y)u(y) dy+/ K_(z —y)u(y)dy
1 T+2

[ (KK a2 a0

1
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Consequently we obtain 1 f(Tu)(z) = £. The case z € [3 + 8k, 5+ 8k] is proved
[

analogously. If « € [1, 3] (similarly = € [1 + 4k, 3 + 4k]) then

r—2 x+4
— /4 K(z —y)u(y)dy + /+2 K(z —y)u(y) dy.

Notice that u(x) is nondecreasing for € [—3, 1] and = € [3, 7]. Thus, the convolution
of monotone function with negative function is nonincreasing. Since v and K are even

functions, then Tu is even and satisfies
—Tu(x+4) = /Kw— u(y — 4dy—/Kx— y)dy = Tu(x).

By the Schauder fixed point theorem, there exists a fixed point of mapping (2.4.6) in
the set Bs. O



Chapter 3

Preliminary results on
reaction-diffusion-ODE systems

3.1 Statement of RD-ODE problem

The second part of this dissertation is devoted to analysis of pattern formation in sys-
tems coupling diffusing and non-diffusing components. We consider a generic system
of n ordinary differential equations coupled with a reaction-diffusion equation

w, = f(u,v), reQ, t>0,

(3.1.1)
vy =vAv+ g(u,v), T€Q, t>0,

with an unknown vector field (denoted using a bold-face font) and a scalar function:

uq (z,t)
u=u(z,t) = : and v =uv(x,1).
U (z, 1)

We consider arbitrary C?-nonlinearities

fl(u7v)
f=7Ff(u,v) = : and g =g(u,v) (3.1.2)
fa(u,v)

and a bounded open domain 2 C RY for N > 1 with C?-boundary 0). Moreover, the
reaction-diffusion equation in (3.1.1) is supplemented by the homogeneous Neumann

boundary condition
d,v =0 for z€0Q, t>0, (3.1.3)

32
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where J, = v - V with v denoting the unit outer normal vector to 9€2. The constant

~v > 0 denotes a diffusion coefficient. We also impose an initial condition

Uo?l(l')
u(z,0) =up(z) = : , v(z,0) = vo(x). (3.1.4)

Ug ()

In this dissertation, we consider mild solutions of problem (3.1.1)-(3.1.4), that is,

a solution to the corresponding system of integral equations

u = ug +/0 f(u(s),v(s)) ds, (3.1.5)

t
v ="y + / e =9 g (u(s),v) ds.
0

First we show that problem (3.1.1)-(3.1.4) has a unique local-in-time solution

corresponding to a bounded initial condition.

Theorem 3.1.1. For everyuy € L®(Q)" and vy € C(Q) there exists T > 0 such that
system (3.1.5) has a unique solutionu € C ([0, T], L>(Q)") andv € C ([0, T}, C(Q)).

Proof. Recall that the operator (A,,, D(Ay)) with the domain

D(A) = {u € ﬂ W2P(Q):  u, Auec C(Q), du=0on 89} )
p=1

is a sectorial operator on the space C(€2), see [45, Corollary 3.1.24]. Now, it is suffi-
cient to apply the Banach fixed point theorem to system (3.1.5) with the locally Lip-
schitz nonlinearities f and ¢. In this approach the Bohner integrals on the right hand
side of equation (3.1.5) are convergent in the corresponding spaces. Indeed, for every
u e C([0, 7], L*(2)") and v € C([0, T], C(€2)) we have f (u, v) € C([0,T], L=(Q)")

and consequently the integral is convergent

/0 f(u(s),v(s))ds € C([0, T], L=(Q)").

Analogously, we have g(u, v) € C ([0, T, LOO(Q)) and hence by the well-known prop-

erty of the Neumann semigroup we obtain
w(s) = = g(u,v) € C(Q)
for each t € (0, T') and s € [0, t). Therefore

w e C([0, t); C(Q)) NL>([0, t], L®())
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and for every € > 0
t—e
/ 1A =3) g (u(s), v) ds € C([0,T — e]; ().
0

Since g(u, v) € L>([0,T]; L>(2)) we have

t—e t
/ e’yA”(t’s)g(u(s), v) ds =20 / eVA”(t’S)g(u(s), v) ds
0 0

locally uniformly on [0, T') x Q. ]

3.1.1 Stationary solutions to RD-ODE system

The goal of the second part of this dissertation is to construct certain nonconstant
stationary solutions of problem (3.1.1)-(3.1.4) and to study their stability. Thus, we
deal with a solution (U, V) = (U(z),V(z)) to the boundary value problem

fU,v)y=0, =z€Q,

(3.1.6)
AV +g(U,V)=0, z€Q,

with arbitrary C*-functions f and g of the form (3.1.2) and in a bounded domain
Q C RY with C%-boundary.
Definition 3.1.2. A pair (U(z),V(x)) is a weak solution of problem (3.1.6) if

e U is measurable,

o VeWh3(Q),

e gU,V) e (WHHQ))" (the dual of the space W'2(1)),

the equation f(U(z),V(z)) =0 is satisfied for almost all z € €,

the equality
- /Q VV(z)- V() de + /QQ(U($)7 V(x))p(x) de =0

holds true for all test functions ¢ € W12(Q).

Problem (3.1.6) may have different types of solutions. Particular versions of such a
system have been studied, e.g., in the works [21,27,28,30,40,43,44,47-51,53,76,77,82]
where the following two types of stationary solutions (U(z),V (z)) were identified:
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1. Regular stationary solutions, where U(x) = k(V(w)) for one C?-function

k= (ki,....k,) and all z € Q. In Chapter 4 we show one possible construction

of regular stationary solutions and prove that all regular solution are unstable.

2. Jump-discontinuous stationary solutions with U(z) obtained using different
branches of solutions with respect to U(x) to equation (3.1.6). In Chapter 5 we
construct discontinuous stationary solutions and provide sufficient conditions
for their stability.

The stability analysis of stationary solutions to problem (3.1.1)-(3.1.4) is based on
the linearisation procedure. We introduce the corresponding linearisation operator in

Section 3.2 and characterise its spectrum in Theorem 3.2.8.

3.1.2 Notation.

In the second part of this dissertation we use the following notation. By the bold font,
e.g. A,u, we denote either matrices or vector valued functions in order to distinguish

them from scalar quantities. For f and g defined in (3.1.2) we set

ofn ... 9f 9f1

ouq ou Ov
_ . -n _ . _ dg dg _ag
fu— : : ) fv_ : » 9u = \au; T u, ) I —8—-
Ofa ... Ofn Ofn v

ouq Ounp ov

For a matrix M = (m,;), we set |[M| = />, -m7;. The product Y" =Y x--- x Y
(n-times) of a given space Y is supplemented with the norm denoted by ||y||y (instead
of ||ly|ly»). For @ C RV, we denote by Q its topological closure. The symbol (L)
means the spectrum of a linear operator (L, D(L)) and s(L) = sup{ReX: X € o(L)}
is the spectral bound of (L, D(L)). The usual Sobolev spaces are denoted by W*»((Q2).
We use the symbol A, for the Laplace operator in a bounded domain 2 with the
Neumann boundary condition. It is defined in the usual way via a bilinear form on
Wh2(Q), and —A, has the eigenvalues uy satisfying 0 = pg < g < -+ < f, — 00.
We recall the domain of —A,, on LP(Q2) with p € [1, 00)

W22(Q) = {v € W*P(Q) : ,v =0 on 9N},

which is the Sobolev space W?%?(2) supplemented with the Neumann boundary con-
dition. Constants in the estimates below are denoted by the same letter C, even
if they vary from line to line. Sometimes we shall emphasize dependence of such

constants on parameters used in our calculations.
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3.2 Linear RD-ODE problem and spectral analysis

3.2.1 Linearised operator

We analyse the stability of stationary solution to problem (3.1.1)-(3.1.4) via the usual
linearisation procedure. In order to apply that approach in this section, we discuss
stability properties of the zero solution to the following linear reaction diffusion-ODE
system o

w:r = Ap + B, re, t>0,

V=AY +Co+dip, xEQ t>0,

with general matrices

ajr(x) ... a(x) by ()
A-Aw-| : . | B=Bw-| : |
(@) .. aunla) ba(2) (32.1)
C=C(z)=(aalz) ... cu(w)), d=d(x),
with arbitrary coefficients
aij, bi, ¢;, de L>(Q), fori,je{l,--- n} (3.2.2)

In the following, we study properties of the operator (,Cp,D(,Cp)) defined by the

formula

L (5) - (ij i J(i‘f :ﬁ d¢) with D(L,) = LP(Q)" x W2P(Q)  (3.2.3)

for each p € (1, c©0), where
W?2P(Q) = {v € W*P(Q) : v =0 on 9N}

is the Sobolev space W?P(Q)) supplemented with the Neumann boundary condition
(see e.g. [83, Ch. 2, sec 2.4]).

Proposition 3.2.1. For each p € (1,00) the operator (Ep,D(Ep)) generates an an-

alytic semigroup of linear operators on LP(Q)".

Proof. This fact is well-known in the case of the Laplace operator with the Neu-
mann boundary condition, see e.g. [15, Ch. II, Sec. 5|. Here, we consider bounded

perturbations of this operator. n
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In order to study a nonlinear stability, we need a counterpart of the semigroup
from Proposition 3.2.1 acting on a space of bounded continuous functions. First, we
recall that the operator (A,, D(A,)) with the domain

D( l,:{ueﬂVVlif L u, Au € C(Q), &,u:OonaQ}

p=1
is a sectorial operator on the space C(Q), see [45, Corollary 3.1.24].
Proposition 3.2.2. If a;j, b;, ¢;, d € C(Q) fori,j € {1,--- ,n} then the operator
given by the formula

L. (i) = < A jigfff ] w) with D(Lx) = C@)" x D(A,)  (3.2.4)

generates an analytic semigroup of linear operators on C(Q)"+.

One proves this proposition in the same way as Proposition 3.2.1.

3.2.2 Spectra of multiplication operators

Now, we discuss spectra of matrix multiplication operators induced by matrices with
z-dependent and bounded coefficients. The following results can be found either in
the work [14] or in the PhD dissertation [42] and we recall them together with the
proofs in slightly less general versions.

First we show that the spectrum of the multiplication operator consist only of

approximative eigenvalues.

Lemma 3.2.3. For A(x) = (miﬂ-(m))?j:l with m; j € L>®(Q), we define the multi-
plication operator on LP(Q)" with p € [1,00) by the formula (A(-)€)(z) = A(z)é(x).
Then its spectrum has the form

Ve >0 d0Q. CQ open set F. € R”
A())=qN e C: y y
o40) = e L Tane T e < e |
Proof. Denote by Ags the set on the right-hand side of equality (3.2.5) and take
A € A.s. Suppose that A\ ¢ o(A(+)). Hence, there a exists a constant C' > 0 such
that

(3.2.5)

1€llp < CII(A() = AD)E|[Lr(o) for all £ e LP(Q2)". (3.2.6)

Now by the definition of A,,,, for each ¢ > 0 there exist open set 2, C © and &, such
that |A(-)€: — N[l o) < €lé:|. Let £ = 5710.&- in inequality (3.2.6). Then,

1€]] 22

|Q |
< CN(A() = M€ )
< O(A() = M) || o) lEll o) < Celléll Lo
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For sufficiently small e > 0, we have ||£||.»(@) = 0 which is contradiction.

Conversely, let A ¢ A.,s. By the definition of A., there exists € > 0 such that, for
all Q. C Q and for all vectors €. € R™ with [£.| = 1 we have ||A(-)€: — M|l e0.) = €.
It implies that the inequality |[A(z)§. — M| = €|¢.| holds true for almost all z € €.
Thus,

1(40) = AD)elrey = ([ 1(AG) ~ ADE@ dz ) > el
and the operator A(-) — M is invertible, hence A ¢ o (A(+)). O

The following lemma explains a relation between o (A(+)) and the eigenvalues of
the matrices A(x) for each = € Q.

Lemma 3.2.4. Assume that A(x) = (ai,j(x))?jzl with m; j € L>(Q)). Assume that

there exists a closed set ¥ C € such that || =0 and miyj‘Q\Q, is continuous. Then

o(A0) = J o(Aw).

TEQ\QY

Proof. Let A € U,co\q o(A(z)). Hence, there exists a sequence {z,};2, C Q\
such that the matrices A(x,) have eigenvalues satisfying A, — A. Denote by &,
the corresponding eigenvector, i.e. (A(x) — A\,)€5, = 0. By the assumption, matrix
elements m, ;(x) are continuous functions on € \ €. Since eigenvalues of the matrix
A(z) are also continues functions of  (see Remark 3.2.5, below), for each € > 0 there
exists a ball Bs(z,) such that for all y € Bs(zy,)

[(A(y) — An)én, | < el ]

We take n sufficiently large and apply the triangle inequality to obtain

[(A(y) = Méx, | < [(A(y) = An)én, |+ [(An = M€, | < 2¢[5, |-

Thus, by Lemma 3.2.3, we have A € o(A()).

Conversely, assume that \ ¢ UxEQ\Q,O'(A(.CL')). Thus, for each x € Q\ ', the
matrix (A(z) — AI) is invertible and there exists e, > 0 such that for all vectors
&. € R™ we have

|(A(z) = ME.| > eol€e|-

We show that there exists € > 0 such that €, > ¢ > 0 uniformly for all z € Q\ .
Indeed, suppose a contrario that there exists a sequence x,, € Q\ (Y satisfying e, — 0.

We take the sequence of vectors {€., }22, C R, with [£., | =1 satisfying

|(A(zn) = ME-,,, | =

€z, — 0.
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Letting n — oo we have that A is arbitrary close to an eigenvalue of matrix A(x,),
hence A € U,co\qr o(A(z)). Therefore, there exists ¢ > 0 such that for all £, € R"

we have

[(A(z) — M)E.| > ¢lé.|, forall zeQ\Q.
Lemma 3.2.3 implies again that A\ ¢ o(A(-)). O

Remark 3.2.5. Notice that eigenvalues of a matrix depend continuously on the matrix
elements, see eg. [26]. Such a continuous dependence on a matrix elements may be

false for eigenvectors, see eg. |33, Example 5.3 on p. 111].

Remark 3.2.6. By Lemma 3.2.4 the following equality holds true
s(A(-)) = esssup (s(A(2))). (3.2.7)

€

In particular, if matrix coefficients a; ; are continuous functions we have
s(A(+)) = sup {Re A(z) : where A(z) is an eigenvalue of A(z) for some z € ﬁ}
Remark 3.2.7. We recall properties of matrices which we use in this dissertation.

e For arbitrary matrices A, B,C,d as in (3.2.1)-(3.2.2), an arbitrary A € C satis-
fying A ¢ o(A(-)) and every z € ) we have

d—A—C(A—X\)"'B

et (T 0
— o da—-rx—cAa- )'B

1 (AN 0
TdwA— M ¢ d-a-ca-A)'B

B 1 dot A— X B\ (I —(A-))"'B
detA — M C d) \o 1

B 1 i (A=M B
~ det (A— ) C d-)\)

(3.2.8)

e For an arbitrary matrix Ay with constant coefficients and satisfying s(Ag) < 0,
the resolvent |(Ag — AI)™!| is uniformly bounded for all A\ € C with Re A > 0.
Indeed, the spectral radius r(Ag) = sup{|\| : ) € 0(Ay)} satisfies

7(Ao) < [Ag| = (Z a?g)
ij—1

and since the determinant is a product of all eigenvalues we have

| det(Ap — AT)| > (max (|s(Ao)|, [A] — [Ao]) )"
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Therefore, denoting by adj the adjugate matrix we obtain

ladj(Ay — M) C(A" +1)
[det(Ay — )|~ max (|s(Ao)], |A| — |Aol)

[(Ag — M) = =< C. (3.29)
Analogously, for every matrix A(z) with essentially bounded coefficients, equa-
tion (3.2.7) provides the inequality s(A(z)) < s(A(:)) for almost all z € €.
Thus, if s(A(+)) <0, then
C(A\"+1)
max (|s(A(2))], |\l = |A(=)[)"
C(A\"+1)
< D
max ([s(A())], (Al = |4l =)

for almost all z € 2 and all A € C' with Re A > 0.

(A(x) — MDY <
(3.2.10)

AN 3

e It follows from equation (3.2.7), that if s(A(-)) < 0 then for every k € (0, —s(A(-)))
there exist constants C' > 0 such that

|eA($)t‘ < Ce ™™ for almost all z € €. (3.2.11)

3.2.3 Spectrum of reaction-diffusion-ODE operator

Theorem 3.2.8. Let (Ep,D(Ep)), with p € (1,00), be the operator given by for-
mula (3.2.3) with matrices (3.2.1)-(3.2.2). Denote by o(A(:)) be the spectrum of
multiplication operator A(-) on LP(Q)". Then, the spectrum of (L,, D(L,)) can be

characterized as

o(L,) = o(A(")) U {eigenvalues of L,}.
In particular, the spectrum o(L,) is independent of p.

Proof. We improve the reasoning form [50, Thm 4.5|, where one ODE coupled with
one PDE were considered. First, we prove that o (A(-)) C o(£,) by showing that for
cach A € o(A(-)) the operator

L, — M : LP(Q)" x W2P(Q) — LP(Q)" x LP(9)
defined by formula
AN (A= XN+ By
=) (8) = (a5 oo i)

cannot have a bounded inverse. Indeed, suppose a contrario that (£, — \XI)~" exists

and is a bounded operator from (L?(2))"*! into D(L,,) equipped with the graph norm.
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The graph norm of £, is equivalent to the norm on the product space (L*(£2))" x
(W2P(Q)) by [83, Section 2.4]. Thus, there exists a number K > 0 such that

el o) + [¥llwer@) < K(I(A = A)e + B[ oo

(3.2.12)
ALY+ Co + (d — M| o))

for all (¢,1) € LP(Q)™ x W2P(Q). Let € > 0 be arbitrary (to be chosen later on). By
Lemma 3.2.3 there exists £ € R™ with |{] = 1 and a ball B. such that

I(A() = ADE || (B.) < &

Let us show that, for arbitrary ¢» € C2°(§2) with supp ¥ C B, we may find ¢ € LP(Q)"
with the following properties

o ¢ = p€ for some p € LP(Q)) with supp p C B,
° C = A,,@D + C(p + (d — )\)@/) satisfies ||C||LP(Q) < €||(p||Lp(Q).
Indeed, we cut the function C at the level € in the following way

C(z) it |Cl)| > e,

C°=C(x) =
(=) {(E,~--,€) if |C(zx)¢| <e.

Thus we obtain
C=A0+Co+ (d= N =80 +C0+ (d— Ny + (C —C%)p

for

o A+ ([d=2))
(03

£=p e P(Q)" and (=(C—Cpe Q)

Now, noting that supp ¢ C B. and ¢(x) = p(z)€, we obtain the inequality

(A= M)@llri) < (A = ADE| e Il @) < ell@llzr@)-
Thus, substituting the functions ¢, 1, £ into inequality (3.2.12), we obtain the estimate

el ze) + 1Y w2
< K(H(A = M)l ey + [|BY||r) + ||C||LP(Q)) (3.2.13)
< K((n+ Dellellor) + [1Blle=@llvllzro)-
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Hence, choosing € > 0 small enough we compensate the term Ke(n + 1)||¢||rr) by

its counterpart on the left-hand side of inequality (3.2.13) and obtain estimates
[ lwer@ < (1= K+ De)lel@ + 1¢lyzro) < KIBllu=@l¢llro

which obviously can not hold for all ¢ € C®(Q) such that supp v» C B.. This
completes the proof that J(A(~)) C o(L,). Moreover, by Lemma 3.2.4, the spectrum
o(A(:)) is independent of p.
Next, we prove that the remainder of the spectrum (Ep,D(Ep)) consists of a
discrete set of eigenvalues by analysing the corresponding resolvent equations
(A-M)p+By=F, xcQ,
AYp+Co+(d—NYp=G, z€
with arbitrary (F,G) € LP(Q)" x LP(§2). Since, A\ ¢ o(A(-)) we can solve the first
equation with respect to ¢ and substitute into the second equation to obtain the
boundary value problem

Ayib+ g\ = r(N) (3.2.14)

where )

1) = (. \) = ~Cla) (Alw) = M) " B(x) + d() — \
r(A) =r(z,\) = —C(2)(A(z) — \XI) F(z) + G(x).

By the Analytic Fredholm Theorem for Banach spaces from [75], used in the same

1

way as in [50, proof of Thm 4.5] we conclude that the boundary value problem (3.2.14)
has no unique solution only for a countable set of A € C. Eigenfunctions correspond-
ing to those eigenvalues satisfy elliptic equation (3.2.14), hence, by standard elliptic
regularity, they belong to W2*P(Q) for each p € (1,00). This means that the set of

eigenvalues of £, is independent of p. O

Remark 3.2.9. By Theorem 3.2.8, the spectrum of the operator (Eoo, D(EOO)) given
by formula (3.2.4) with the matrix coefficients
aij, bi, ¢i, d€ C(Q), fori,je{1,--- ,n}
satisfies
o (L,) = o(A(-)) U {eigenvalues of £,} C o(Lx).
Indeed, by the elliptic regularity, eigenfunctions of —A, belong to W?2?(Q) for each

p € (1,00), thus they are continuous up to the boundary. Using analogous estimates
as those in the proof of Theorem 3.2.8 with LP-norm replaced by the L*>*-norm on
C(Q), we obtain that o(A(")) C 0(Les).

Remark 3.2.10. It follows immediately from Theorem 3.2.8 and Lemma 3.2.4 that

eigenvalues of matrix A(x) belongs to the spectrum of £, for almost every z € ).



Chapter 4

Regular stationary solutions to
reaction-diffusion-ODE systems

4.1 Results on regular stationary solutions

The goal of this chapter is to construct certain nonconstant weak stationary solutions
of problem (3.1.1)-(3.1.4) in the sense of Definition 3.1.2 and to study their stability.
Thus, we deal with a solution (U, V) = (U(z),V(z)) to the boundary value problem
fU, V=0 x€Q,
AV +gU,V)=0, ze€q,
with arbitrary C?-functions f and g of the form (3.1.2) and in a bounded domain
Q C RY with C?-boundary. We set the diffusion coefficient v = 1 because it does not

(4.1.1)

play any important role in this chapter.

It is known that a single autonomous reaction diffusion equation v; = Av + h(v)
in a bounded convex domain and with the Neumann boundary condition does not
support interesting patterns and only constant solutions can be stable, see Casten-
Holland [5] and Matano [52|. This result has been recently extended by Nordmann
[58,59] who showed that the assumptions of convexity of the domain and stability
of the pattern can be relaxed in several directions (see [58,59] for other references).
Similarly, it was shown by Kishimoto and Weinberger [34] that there is no stable
nonconstant equilibrium solutions of homogeneous cooperative-diffusion systems in
convex domains with no-flux boundary conditions. Result from [34] were recently
extended by Wang [80] on reaction-diffusion-ODE cooperative systems.

In this chapter, we contribute to the theory by showing that all close-to-equilibrium
(regular) patterns of a general reaction-diffusion-ODE problem (3.1.1)-(3.1.4) are un-
stable, regardless of the particular structure assumption on nonlinearities. In par-

ticular, it implies that such models cannot exhibit stable Turing patterns and the

43
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only possible stable stationary solutions of such models have to be somewhat singu-
lar or discontinuous, except a certain marginal class of degenerate models discussed
below in Remark 4.1.9. In this way, we generalize a series of previous works where
either an existence or stability of either regular or discontinuous stationary solutions
have been analysed in the case of specific reaction-diffusion-ODEs from mathemat-
ical biology [28,41,44,49,50]. Related results on stationary solutions of reaction-
diffusion-ODE systems can be also found in [8,30,53,63,71,82]. Our results imply, in
particular, that we cannot expect nonconstant stable regular stationary solutions in
reaction-diffusion-ODEs models (such as in (3.1.1)-(3.1.4)) in spatially homogeneous

environments.

Definition 4.1.1. A weak solution in the sense of Definition 3.1.2 to problem (4.1.1)

is called regular if U,V € L>(Q) and, moreover, there exists a C*-function
k:R—R" suchthat U(x)=k(V(zx)) forall ze&f.

Remark 4.1.2. Notice that every regular solution of problem (4.1.1) satisfies the equa-
tion

fU@),V(z)) =f(k(V(z),V(z)) =0 foral z¢€Q,

where V' = V(z) is a solution of the elliptic Neumann problem
AV +h(V)=0 for € (4.1.2)

with 2(V) = g(k(V), V). Since we require V € L**(Q) and since 9 is C?, by a stan-
dard elliptic regularity, we have V' € W%P(Q) for each p € (1, oo) and consequently

U e W?P(Q)" for every p € (1,00). In particular, every regular stationary solution
satisfies (U, V) € C(Q)"+L.

Remark 4.1.3. Assume that (U (x), V(az)) is a nonconstant regular solution to prob-
lem (4.1.1). Then, there exists zo € € such that a vector (U,V) = (U(xo), V()
is a constant solution to this problem. To prove this fact, it suffices to integrate
the second equation in (3.1.2) over © and to use Neumann boundary condition
to obtain [, g(U(z), V(

o such that g(U(zo),V(z9)) = 0 and by the first equation in (4.1.1) we obtain
F(U(zo), V() = 0.

Solutions to the general Neumann elliptic problem (4.1.2) have been constructed

:B))dx = 0. Since U and V are continuous there exists

in several works. For example, classical bifurcation methods has been used in the
works [43,44,72,73] and the phase portrait method in [49]. We refer the reader also
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to the review by Ni [56] and to the references therein. Here, we recall one possible
construction of solutions to problem (4.1.2) using a variational approach to bifurcation
methods.

Theorem 4.1.4. Let N < 6. Consider a constant solution of problem (4.1.1),
namely, the constant vector (U, V) € R™*! such that

fU,V)=0 and g(U,V)=0.
Define the following matrices
Ao =fu(U,V), Bo=f,(UYV), Co=g0V), d=g(UV) (413)
and assume that

1 Ay By
detAo 7é 0 and Mdet (CO do) = Mg > 07

where g is one of the eigenvalues of —A,. Then, there exists a sequence of real

numbers dy — 1 such that the following “perturbed” problem

fU,v)=0, e,

_ (4.1.4)
A AV +(1—d)(V=V)+g(U,V) =0, x €
has a nonconstant regqular solution.

Remark 4.1.5. Let us illustrate Theorem 4.1.4 in the case of the linear problem

A0U+BQV:O, xeﬁ,

(4.1.5)
AV +CU+dy)V =0, x€Q,
with arbitrary constant coefficient matrices (not necessary as those in (4.1.3))
a1 ... QAip bl
AO = ) BO - )
Apl  --- Qpp b,
COZ<C1 Cn), d():
Under the assumption
detAg #0 and —CoAy'Bo+do=pix >0 (4.1.6)

problem (4.1.5) has nonconstant regular stationary solutions of the form

(U) = (o). (117)
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where @, is an eigenfunction of —A, corresponding to the eigenvalue u;. By rela-
tion (3.2.8) with A\ = 0, assumptions (4.1.6) take the form

Ay By

1
det Ay #0 and mdet (Co do) = g > 0. (4.1.8)

Theorem 4.1.4 shows how to extend this construction to nonlinear systems by using

a bifurcation argument.

We are in a position to state main results of this chapter. We prove in Theo-
rems 4.1.6 and 4.1.7 below that all (i.e. not only those from Theorem 4.1.4) regular
stationary solutions to problem (3.1.1)-(3.1.4) are unstable except one degenerate case

(see assumption (4.1.11)) which we discuss below in Remark 4.1.9.

Theorem 4.1.6. Let Q C RY be open, bounded, with a smooth boundary. Let (U,V)
be a weak regular stationary solution to problem (3.1.1)-(3.1.4). If

s(fuU(), V() >0 (4.1.9)
then (U, V) is unstable in C(Q)"+1.

Theorem 4.1.7. Let Q C RY be open, bounded, convex with a smooth boundary.
Assume that a nonconstant reqular stationary solution (U,V) = (U(z),V(x)) of
problem (3.1.1)-(3.1.4) satisfies

s(fuU(), V() <0 (4.1.10)

and
det fu (U(z), V(x)) 0 for all x €. (4.1.11)

Then (U, V) is unstable in C(Q)"*+1.

Remark 4.1.8. Let us illustrate both instability Theorems 4.1.6 and 4.1.7 by applying

them to the constant coefficients linear problem

U; :A0u+BUU, Xz Eﬁ, t> O,
vy = Ayv + Cou + dov, refQ, t>0,

which under condition (4.1.8) has a nonconstant stationary solution (4.1.7). This
solution is unstable. Indeed, the second expression in (4.1.8) is the quotient of n + 1
eigenvalues of the matrix (ég g(?) and of n eigenvalues of the matrix Ay. Obviously,
all these eigenvalues are either real or pairwise conjugate. Thus, the second inequal-

ity in (4.1.8) implies that there exists at least one real eigenvalue A > 0. If \ is an
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eigenvalue of matrix Ay then solution (4.1.7) is unstable by Theorem 4.1.6. Other-

wise, A has to be an eigenvalue of matrix (éo Bo) and solution (4.1.7) is unstable by
0 ao

Theorem 4.1.7, provided 2 is convex. In fact, this second instability result can be

also obtained directly from the fact that zero is an unstable solution of system (4.1.5)

without the diffusion and the convexity of the domain is not needed.

Remark 4.1.9. Condition (4.1.11) has been imposed because some particular versions
of problem (3.1.1)-(3.1.4) may have smooth stationary solutions which are either
stable or unstable if det f, (U (), V() = 0 for some z € Q). As the simplest example,
for f = 0, g = 0, this problem has a solution of the form (U,V) = (U,C) where
U = U(x) is an arbitrary smooth vector field and C' € R is a constant. Obviously
this is a stable solution, but not regular in the sense of Definition 4.1.1. As another

example, we consider the problem

u = 0, re, t>0,
v=0Av+(u+Du—v, 2€Q, t>0,

which has the regular stationary solution u = v = ®; (recall that p; > 0 is the eigen-
value of —A, with the eigenfunction ®;) which is stable but not not asymptotically
stable. On the other hand, the following modified problem

up = 0, r€eQ, t>0,
ve=080+ (u —Du+v, z€Q, t>0,

has the same regular stationary solution v = v = ®; which is now unstable.

Remark 4.1.10. For one ODE coupled with one PDE, assumption (4.1.9) reduces to
the following inequality fu(U(zo), V(z9)) > 0, for some zo € €2, which is called as
an autocatalysis condition in the work [50]. In this case, an instability of all regular

stationary solutions has been shown in [50, Thm. 2.1].

4.2 Existence of regular stationary solutions

First, we prove a general result on the existence of nonconstant solutions to Neumann
boundary value problem (4.1.2). This is rather standard result obtained for example
in [73, Sec. 3| or |72, Sec. 2| in the case of simple eigenvalues. We recall one possible
construction of such solutions using variational methods in the following lemma which

is a generalization of |67, Theorem 11.32].
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Lemma 4.2.1. Let N < 6. Assume that r € CZ(R) satisfies 7(0) = 7'(0) = 0.
There exists a sequence of numbers dy — 1 and a sequence of nonconstant functions

ve € WH2(Q) such that ||ve||wr2 — 0 and which satisfy the boundary value problem
deA,ve + (e + 1 — dp)vg +7(vg) =0 for x €. (4.2.1)

Proof. We prove this lemma by using the Rabinowitz Bifurcation Theorem [66, Thm. 0.2]

for equations with a variational formulation. It is assumed in that approach that
e F is a real Hilbert space,
o [ € C*(E,R) with I'(u) = Lu + H(u),
e L is linear and H(u) = o(||ul|) at uw =0,
e i is an isolated eigenvalue of L of a finite multiplicity.

Under these assumptions, by [66, Thm. 0.2], the couple (¢, 0) € R x E'is a bifurcation

point of the equation

G\v)=Lv+H(v)— =0 (4.2.2)

which means that each neighborhood of (i, 0) contains a solution (A, v) with ||v|| # 0
of equation (4.2.2). In our case, we use the the usual Sobolev space E = W12(Q)

with the equivalent scalar product

(u, v)wr2q) = / Vu-Vodz + / wv dz
0 0
as well as the functional

1
](v):u/qﬂdaﬂr/}%(v)dm
2 Ja Q

with R(v) = [ r(s)ds. It is an elementary calculation to show that

o [ € C(W'(Q),R),

e it is differentiable in the Fréchet sense and for each v € W2(Q)

DIw)e = (u+1) [ vpdr+ [ rw)pds

Q

o DI O(WLQ(Q), Lin(WL?(Q),R)).
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The second Fréchet derivative at the point v € W1?(Q) is represented by the bilinear

form

(D210)e.0) = (D) [ pdas [ F(ohpv s

Let us show that D*I € C’(Wl’z(Q), Lin(W'(Q), Lin(W1’2(Q),R))). For v,, = v in
W2(Q) and ¢, p € W'?(2) we estimate

((DI(v) = D*I(0)),48)]| < / 1 (0a) — (0) el ] da

<l / o — ollpl ] de
Q

<Nl @llvn — vllzs@llelles@ Y]]
< I llze@llvn = vilwrz@ llellwra@llvlwzg)-
The last inequality follows from the Sobolev embeddings with the assumption N < 6.
In particular, for each test function ¢ € W2?(Q), we obtain
FE)e) = () [ vpdet [ rohpds = Lo) + Ho))
where, by the assumption on 7 = r(v), we obtain immediately that H(v) = o(||v|ly.2)
as ||v]|p12 — 0.
Notice now that A = 1 is an isolated eigenvalue of finite multiplicity of the oper-

ator L. Indeed, this claim is equivalent to the equality
Lu(p) = (v, p)wi2q) for all ¢ € Wh*(Q),

that is, to the equation

(Mk+1)/2190dx:/VU-VQOdIK-i‘/USde for all o € WH*(Q),
Q Q &

which obviously reduces to the eigenvalue problem for A,. Now, we apply the fact
that g is an isolated eigenvalue of finite multiplicity.

Thus, by the Rabinowitz Theorem |66, Thm. 0.2], the couple (1, 0) is a bifurcation
point of equation (4.2.2) which means that there exists a sequence of numbers dy — 1

and nonzero {v,} C WH2(Q2) such that |[vg]|y1.2 — 0, satisfying the following equation
Lug(p) + H(ve)(p) — de{v, p)12 =0  forall o€ W3(Q)

which, in our setting, is equivalent to the equation satisfied by the weak solutions
v € WH(Q) to problem (4.2.1):
—dg/ Vo, - Veodr+ (up + 1 —dy) / vepdx + / r(ve)pdr =0
Q Q Q

for all ¢ € WH2(Q). O
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Proof of Theorem /.1./. We apply Lemma 4.2.1 to construct nonconstant solutions
to the reaction-diffusion-ODE system. In the following, we denote by B.(V) an open
ball of radius € > 0 centred at V. First let us prove that, in Lemma 4.2.1, only a finite
number of v, can be constant. Indeed, if there exists a subsequence of constants {vy, }
satisfying equation (4.2.1) such that vy, — 0 then passing to the limit we obtain that
7’'(0) = —py which is a contradiction.

Next, since det Dy f (U, V) # 0, by Implicit Function Theorem, there exists € > 0
and a function k € C?(B.(V)) such that k(V) = U and f(k(v),v) = 0 for all
v € (B:(V)). First, we show that the function h(v) = g(k(v),v), defined for all

v € (B.(V)), satisfies the relations

h(V)=0 and  K(V)=~u, > 0.

Indeed, the first one results from the equations (V) = g(k(V),V) = g(U,V) = 0.
For the second one, differentiating the function h(v)

h'(v) = Dyg(k(v),v)k' (v) + D,g(k(v),v). (4.2.3)

On the other hand, we differentiate both sides of the equation f(k(v),v) = 0 with
respect to v to obtain the equality D, f(k(v),v)k'(v) + Dof (k(v),v) = 0, or, equiva-
lently,

K (v) = =Dy ' f(k(v),v) Do f (k(v), v). (4.2.4)

Finally, substituting equation (4.2.4) into equation (4.2.3), choosing v = V, and

applying the notation from the statement of Theorem 4.1.4 we obtain the equations
W (V) = =Dug(k(V),V)D ' f(k(V),V)D,f(k(V),V) + Dyg(k(V),V)
— —CoAalBo + dg.

Hence, by equality (3.2.8) with A = 0 we obtain

(Y7 1 AO BO
W(V) = — det - .
(V) det Ay (Co do) He > 0

Next, we denote by h an arbitrary extension of the function h to the whole line
R which satisfies

h e C¢R) and h(v)=h(v) forall ve B.(V). (4.2.5)

By Lemma 4.2.1, we obtain a sequence d; — 1 such that the Neumann boundary

value problem

dAV+ (1 —d) (V= V) +h(Vy)) =0 for z2€Q (4.2.6)



4.3. INSTABILITY OF REGULAR STATIONARY SOLUTIONS 51

has a nonconstant solution V;, € W12(Q). Indeed, it suffices to look for these solutions

in the form V; = V + z,, where 2 solves the following problem
dNyze+ (W(V)+1—dg)ze+7(2) =0 in Q, (4.2.7)

with h/(V) = uy, and r(2) = h(V + z) — #'(V)z satisfying r € CZ(R), 7(0) = 0, and
r’(0) = 0.

Next, by Lemma 4.2.1, the solutions z, to problem (4.2.7) satisfy ||z¢|[w12() — 0,
hence, by the standard elliptic theory, we also have ||z||y22(q) — 0. By the bootstrap
arguments utilizing the elliptic LP-estimates and the Sobolev embedding theorem, we
conclude that ||z w24y — 0 for ¢ > N/2 and hence | 2|~ ) — 0. In particular,
if ||z¢]loo < €, by (4.2.5), we obtain

h(Ve) = h(V + 20) = h(V + z) = h(V}).

Thus, V; = V + 2 is a nontrivial solution of problem (4.2.6) with h replaced by h.
Finally, we define U, = k(V;) in order to obtain a nontrivial regular solution of
problem (4.1.4). O

4.3 Instability of regular stationary solutions

We are in a position to prove the main results of this work.

Proof of Theorem /J.1.6. Let (U,V') be a regular stationary solution (either constant
or nonconstant). We consider the operator (L, D(L,)) given by formula (3.2.3) and

A(z) = fulU(x), V(z)), B(x) = fu(U(x),V(z)),

C(r) = u(U(z),V(2)), d(z)=g,U(x),V(2)).
Under the assumption s(f,(U(z),V(z))) > 0 we obtain that s(£,) > 0 by Theo-
rem 3.2.8. Since (U,V) is a regular solution, the matrix coefficients belong to the
space C(f) (see Remark 4.1.2). Consequently, Remark 3.2.9 provides s(L.,) > 0
which implies that (U, V) is linearly unstable in C(2). The nonlinear instability in

the matrices

(4.3.1)

the Lyapunov sense of this solution is an immediate consequence of Theorem 4.4.2,
below. ]

Proof of Theorem 4.1.7. Now, we consider nonconstant regular solution (U(z), V(x))
such that s(f,(U(:), V(-))) <0 and det f,(U(z), V(z)) # 0 for all z € Q. Moreover,
we assume that ) is convex.Here, we are inspired by methods from the papers [5,

52| where instability of nonconstant solutions to one reaction-diffusion equation was
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shown. We consider the operator (Ls, D(L;)) given by formula (3.2.3) with the

matrices (4.3.1) and we study the eigenvalue problem

Ap + By = \p,

(4.3.2)
Ap+Co + dip = \.

It follows from assumptions (4.1.10) and (4.1.11) combined with Lemma 3.2.4 that
det (A(z) — AI) # 0 for all A > 0 and all z € Q, hence, the matrix (A(z) — M) is
invertible. Thus, we substitute ¢ computed from the first equation in system (4.3.2)

into the second equation which takes the following form
A+ (= CA=AD)TB+d)d = .
For all A > 0 we define the family of the operators
GO v A+ (= CA= ) 'B+d)y

with the domain D(G(X)) = W2?(2). We study their eigenvalues, namely, the

numbers 1 € C for which the equation

G\ =

has a nonzero solution and we are going to show that n = A for some A > 0. This
will give a positive eigenvalue of system (4.3.2) because, under our assumption, sys-
tem (4.3.2) is equivalent to the equation G(\)y = \i.

First we show that

sup |=C(z)(A() = A B(a) + d(z)| < co. (43.3)

Let A > 0. By assumption (4.1.11), the continuity of the determinant, and regularity
of solutions, there exists € > 0 such that every p € o(A(-) — M) satisfies [p| > €
Consequently, | det(A(x) — AI)| > (max{z, \})" for every x € Q and hence

1
AT i)~ D]
ladj(A() = M)l _ C(\"+1)
maxE A S tmaxz ) S

I(A(z) = A7 H| =

Now, denote by 79(A) the largest eigenvalue of problem G(\)Y = ny(A)yp. The
operator (G, D(@)) is self-adjoint, hence, the eigenvalue 7o()\) is given by Rayleigh
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quotient

n(A) = sup (G, )
peWw2(Q)
”"/’”LZ(Q):l

- s (—/Q|V1/J|2dx+/ﬂ(—C’(A—)\I)‘lB+d>¢2dm>.

'LZJEWLQ
||1/’||L2(Q):1

(4.3.4)

By inequality (4.3.3), we immediately obtain that sup,-,70(A) < co. In the next step
of this proof, we show that 7,(0) > 0.
In the one dimensional case 2 = (a,b) C R, differentiating equations (4.1.1) we

obtain

AU, + BV, =0 and (V) +CU,+dV, =0

which yields

Choosing ¢ = V, /||V; | 2(q) in the functional in the right hand side of equation (4.3.4),

integrating by parts, and using relations (4.3.5) we obtain the inequality

770(0) > !

> / VpVi + (-CA'B+d)V2de =0.  (13.6)
Vallz2() Jo

The hypothesis 70(0) = 0 implies that V, is a maximizer of the functional in the
right hand side of equation (4.3.4) with A = 0, hence, V, satisfies equation (4.3.5)
with Neumann boundary conditions, namely, V,,.(z) = 0 for x € {a,b} = 0£2. This

ordinary differential equation for V,, supplemented with the boundary conditions
Ve(x) =0 and Vg (x)=0 for z€ {a,b} =00

has the unique solution V,, = 0. Hence, V' (and so U) is a constant function which is
a contradiction. Thus, 7(0) > 0.
The proof in higher dimensions is analogous. Differentiating equations (3.1.6)

with respect to z; for j € {1,...,n}, we obtain
AU, +BV,, =0 and AV, +CU,, +dV,, =0. (4.3.7)

Thus, by direct calculations, analogous to those in (4.3.6) and by the divergence

theorem, we obtain

1
> (GO, Vay) = -3 9,|VV|? do. (4.3.8)
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Now, we use the use the inequality 9,|VV]* < 0 on 99 which is valid for every
V € C?(Q) and for every convex 2 C R™. Detailed calculations leading to this
inequality can be found either in [5, p. 269| or in [52, Lemma 5.3]. Thus, at least
one term on the left hand side of equality (4.3.8), is nonnegative, which implies
that 179(0) > 0 in the variational formula (4.3.4). If 79(0) = 0, by a variational
argument analogously as in the one dimensional case, equations (4.3.7) have to be
satisfied by the function V,, together with the Neumann boundary conditions for V, .
Applying the Hopf maximum principle (see e.g. [65, Theorems 5 and 7 in Sec. 3|), we
obtain immediately that V,, = 0 which is a contradiction because we deal with the
nonconstant solution V. Hence, we have got 1(0) > 0.

Therefore, since 7y(A) is a continuous and bounded function on [0, c0) satisfying
70(0) > 0, there exists A > 0 such that 19(\) = A. The number ) is a positive
eigenvalue of system (4.3.2) and hence s(L2) > 0. Since (U, V) is a regular solution,
we conclude by Remark 3.2.9 that the number X is also an eigenvalue of L. Since
$(Ls) > 0, the nonlinear instability follows immediately from Theorem 4.4.2 in

Appendix. n

4.4 Linearisation principle

In order to show that a linear instability of regular stationary solutions of prob-
lem (3.1.1)-(3.1.4) implies their nonlinear instability in the Lyapunov sense, we recall

the reasoning from [50, Thm 2.1]. That approach concerns general evolution equation
wy = Lw + N (w), w(0) = wy, (4.4.1)

where £ is the generator of a Cy-semigroup of linear operators {e’*};5o on a Banach
space X and N is a nonlinear operator such that AM'(w) = o (||w]|) as w — 0. Here,
we recall one of the possible instability results, where the existence of a positive part
of the spectrum of the linear operator £ is sufficient to show that the zero solution of

equation (4.4.1) is unstable.
Theorem 4.4.1 ( [74, Thm 1|). Consider an abstract problem (4.4.1), where

1. the linear operator L generates a strongly continuous semigroup of linear oper-

ators on a Banach space X,

2. the intersection of the spectrum of L with the right half of the complex plane
{Ae C: Re >0} is nonempty.
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3. N : X — X is continuous and there exist constants p > 0, n > 0, and C > 0
such that ||N(w)||x < Cllw||X™ for all |w|x < p.

Then the zero solution of this equation is (nonlinearly) unstable.

Theorem 4.4.2. Let (U,V) be a regular stationary solution of problem (3.1.1)-
(3.1.4). Assume that the corresponding linearisation operator L, defined in Proposi-
tion 3.2.2 and with matrices (4.3.1), satisfies s(Lo) > 0. Then (U, V) is nonlinearly
unstable in the space C()"+1.

Proof. Applying the usual linearisation procedure we obtain that the perturbation of

a stationary solution (U, V') satisfies the semi-linear problem

0 <p> (w) (R1 (¢ 1/1))

= — L. T ’ 4.4.2

(0 v) " Rt v) 442)
with the operator L., given by formula (3.2.3) with matrices (4.3.1) and where the
remainders R; and Ry are obtained from nonlinearities f, g via the Taylor expansion.

We apply Theorem 4.4.1 with the Banach space X = C(Q)"*!. The remainders
R, R, in system (4.4.2) satisfy the condition 3 of Theorem 4.4.1 with n = 1. O



Chapter 5

Discontinuous stationary solutions to
reaction-diffusion-ODE systems

5.1 Results on discontinuous stationary solutions

In this chapter we construct a certain class of solutions with jump-discontinuities
to problem (3.1.1)-(3.1.3) and show their stability. Thus, we deal with a couple
(U,V) = (U(z),V(z)) which is a solution to the boundary value problem
fU,vy=0, =z€Q,
YAV +gU,V)=0, z€Q,
with arbitrary C%-functions f and g of the form (3.1.2), with the diffusion coefficient
v > 0, and in a bounded domain Q C RY with a C%-boundary.

The results are formulated for generic nonlinearities (3.1.2), covering the specific

(5.1.1)

nonlinearities considered explicitly in previous works on existence and stability of
jump-discontinuous stationary solutions. Such solutions have been investigated ini-

tially in construction of solutions for two-components systems
52uacx + f(u, U) =0, v+ g(u, U) =0,

with a small parameter ¢, see e.g. [19,30,53]. The jump-discontinuous solution for
e = 0 served as a lowest order approximation in construction of large amplitude
solutions to the system with sufficiently small ¢ > 0. Stable discontinuous sta-
tionary solutions to a system of one ODE coupled with one reaction-diffusion equa-
tion with a degenerated diffusion in one dimensional case have been constructed by
Weinberger [82]. Discontinuous stationary solutions have been also investigated in
specific models from applications ([40,41,46]) showing that hysteresis in the null-
clines of the ODE-subsystem may lead to emergence of such solutions in a one-

dimensional domain. The approach established in this chapter allows constructing a

56
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special type of discontinuous stationary solutions to general problem (3.1.1)-(3.1.4)
in a higher dimensional domain and provides their stability under less restrictive
assumptions. The theory developed in this chapter can be also applied to other
reaction-diffusion-ODE models in spatially homogeneous environments arising from
applications, [8,25,27,28,30,43,44,46,51,53,63]. Moreover, the established approach
may be also extended to reaction-diffusion-ODE models in heterogeneous environ-
ments considered e.g. in the book [4] and in the papers [23,24,29,54,76,77].

Remark 5.1.1. Results in this chapter require that problem (5.1.1) has a constant

solution, namely, a constant vector
(U, V) € R™™ such that f(U,V)=0 and g¢(U,V)=0.
In the following, we use the constant coefficient matrices
Av=f.(TV), Bo=f,(U.V), Co=g(U.V), dy=g,U. V). (512)

On the other hand, if (U, V) € L®(2)"" is a nonconstant solution to problem (5.1.1)

we introduce the matrices
A=f,U,V), B=f,U,V), C=gU)V) d=g,U,V) (5.1.3)

with coefficients from L>(€2).

5.1.1 Existence of discontinuous stationary solutions

We begin by imposing assumptions required in our construction of solutions to bound-
ary value problem (5.1.1) which are not regular, i.e. which are not necessary C?-

functions.

Assumption 5.1.2. The vector (U, V) € R**! is a constant solution of problem (5.1.1)

with the corresponding matrices (5.1.2) satisfying

1 Ay By
A - -
det Ag #0 and Joi A, det (Co do) = Y,

for each eigenvalue py of —A,.

Notice that if det Ay # 0, by the Implicit mapping theorem, there exist an open
neighbourhood ¥V C R of V and a function k € C%(V,R") such that

k(V)=U and f(k(w),w)=0 forallwec V.

In the following assumption, the equation f(U, V) = 0 is required to have two different

branches of solutions with respect to U on a common domain V.
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Assumption 5.1.3. Let (U, V) be a constant solution of problem (5.1.1). We assume
that there exists an open set V C R and ki, ky € C*(V,R") such that

e VeV,

o U=ki(V), ki(V)#ks(V),

o f(ki(w),w)) = f(k2(w),w)) =0 for allw € V.

Such two branches allow us to construct discontinuous solution of problem (5.1.1).
Theorem 5.1.4 (Existence of solutions). Assume that

e problem (5.1.1) with v > 0 has a constant solution (U,V) € R™' satisfying
Assumption 5.1.2,

e Assumptions 5.1.3 holds true,
o O C Oy Uy for arbitrary disjoint open sets €1 C Q and Qs C Q.

There is g > 0 such that for all € € (0, o) there exists § > 0 such that if |Qa] < §
then problem (5.1.1) has a weak solution in the sense of Definition 3.1.2 with the

following properties:
o (U,V)e L*(Q)" x W2P(Q) for each p € [2,00),
o V =V(z) is a weak solution to problem,
YAV +gU,V)=0 for z€Q,
where

Ulz) = {kl(v(x))’ % & ih, (5.1.4)

) ks (V(z)), z€,
satisfies f(U(z),V(z)) =0 for almost all z € Q.

e the couple (U, V) satisfies

HV — VHLOO(Q) < e and HU — k]_(V)HLoo(Ql) + ||U — kQ(V)||Lo®(Q2) < Ce
(5.1.5)
for a constant C' = C(f,g).

Remark 5.1.5. In particular, by the Sobolev embedding, we have V € C'(€2). On the
other hand, the function U = U(x) given by formula (5.1.4) is discontinuous when
ki(w) # ky(w) for all w € V which holds true when € > 0 in inequalities (5.1.5) is
sufficiently small.
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5.1.2 Stability of discontinuous stationary solutions

Let (U,V) € L®(Q)™" be a stationary solution of problem (3.1.1)-(3.1.2). We
linearise problem (3.1.1)-(3.1.2) around (U, V') by introducing the new functions

p=u—U and v=v-V

which satisfy the system

5 ()= (o) (6 2) () (Rig) o0

with the matrices (5.1.3) and with the usual remainders R;, Ry obtained from the

Taylor expansion. We also impose the initial datum

QO(,O) :UO—U, w(,O) :UQ—V, (517)

for some uy € L>(Q)", vy € C(Q).

We begin by an analysis of a linear problem and say that (U, V') is linearly expo-
nentially stable if the zero solution to system (5.1.6) with the remainders Ry = Ry = 0
is exponentially stable. Our stability result requires additional assumptions imposed

on the constant solution (U, V) € R"*! used in Theorem 5.1.4.

Assumption 5.1.6. Matrices (5.1.2) satisfy

Ay B
s(Ag) <0 and s <Co do,) <0,

which means that both matrices have all eigenvalues with strictly negative real parts.

Assumption 5.1.7. For fized p € (1,00), the diffusion coefficient satisfies v = 7o
where vy = Yo(Ao, Bo, Co, do, ||, p) > 0 is a constant provided by Lemma 5.5.1, below.

Remark 5.1.8. Assumptions 5.1.6 and 5.1.7 are needed to show stability of a zero

solution of the following linear system with constant coefficients

HO-(L)EDE e

Obviously, for s(ég gﬁ) < 0, zero is a stable solution to this system with v = 0. If

s(Ag) > 0, zero solution of system (5.1.8) with arbitrary v > 0 is unstable which
results from the characterization of the spectrum of the linear operator in (5.1.8) ob-
tained in Theorem 3.2.8. Thus, for stability results, we have to impose the assumption
s(Ap) < 0. Finally, v > 0 has to be large enough in Lemma 5.3.1 in order to obtain

an exponential stability of solutions to system (5.1.8).
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Theorem 5.1.9 (Linear stability). Let the assumptions of Theorem 5.1.J holds true.
Fiz p € (1,00). The stationary solution (U,V) constructed in Theorem 5.1.4 is

linearly exponentially stable in LP(Q)”Jrl if moreover
o Assumptions 5.1.6 and 5.1.7 are valid,
e ¢ >0 and || > 0 are small enough in Theorem 5.1.4,

e the following inequality is satisfied
S(fu(kQ(V), 7)) < 0.

Theorem 5.1.9 is proved in Section 5.5 and it is a direct consequence of Theo-
rem 5.3.2 below, containing a spectral analysis of a linear operator which appears in

system (5.1.6).

Remark 5.1.10. The solution (U, V) € L®(Q)" x C(Q) constructed in Theorem 5.1.4
can not be stable in LP(Q)" " if

either s(fu(k1(V),V)) >0 or s(fulk(V),V)) >0,

and if € > 0, |Q] > 0 are sufficiently small. This follows immediately from the
fact that eigenvalues of the matrix f,, (U(z),V(z)) belong to ¢(L,) for almost every
x € Q, (see Theorem 3.2.8 and Lemma 3.2.4) and from inequalities (5.1.5) ensuring
that f,(U(x),V(z)) stays close to fu(k1(V),V) on € and close to fy(k2(V),V) on
Q.

Theorem 5.1.11 (Nonlinear stability). Let the assumptions of Theorem 5.1.9 hold

true. Assume moreover

90 (k1 (V), V) <0 and g,(k2(V),V) < 0. (5.1.9)
Then the stationary solution (U,V) constructed in Theorem 5.1.4 is exponentially

asymptotically stable in the Lyapunov sense in L"O(Q)nJrl provided € > 0 in inequali-

ties (5.1.5) is small enough.

Remark 5.1.12. Theorem 5.1.11 is a direct consequence of Theorem 5.4.2 containing a
proof of the so-called linearisation principle when a linear exponential stability of zero
solution of system (5.1.6) implies a nonlinear exponential stability. To adapt this well
known procedure to reaction-diffusion-ODE systems, we have to deal with certain

obstacles. For example, the linearised operator may have a continuous spectrum
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without a spectral gap, see Theorem 3.2.8 and we work in L>(2) where the linearised
operator does not generate strongly continuous semigroup of linear operators. Here,
the nonlinear stability in L>°(£2) is obtained by using the linear exponential stability
in LP(Q2) with p € (1,00) from Theorem 5.1.9.

Remark 5.1.13. Other discontinuous stationary solutions can be constructed under
following more general version of Assumption 5.1.3, where we postulate an existence
of a set V C R and different branches ki, --- ,k; € C'(V,R") of solutions to equation
f(U,V) = 0. Then for arbitrary decomposition
Qac |J @ nQ;=0 for i#j and [ <4 for i€ {2, T},
ie{l,-,J}
we can construct a discontinuous stationary solution of the form
kq (V(m)), x € Qy,
Ulz) = :
kJ(V(:v)), x € Qy,
using the same reasoning as in Theorem 5.1.4. For sufficiently large v > 0, this solu-
tion is linearly stable if s(fy(k;(V), V)) <0 for each i € {1,---,J} and nonlinearly
stable if g, (k;(V),V) < 0 for each i € {1,---, J}.
Remark 5.1.14. For n = 1, (i.e. when one ODE is coupled with one reaction-diffusion
equation), the stationary solution (U, V') constructed in Theorem 5.1.4 is linearly
exponentially stable in L?(Q)"*" for each p € (1, c0) and every v > 0 (not necessarily
large as required in Assumption 5.1.7) under the following conditions
F (UG V) (UG, V(-
(o) <o s (FHOVE) Ho0v) <0
and
s((U(), V() <0,
which result from Assumption 5.1.6 and inequalities (5.1.9) for sufficiently small £ > 0

and |€2| > 0. This fact is an immediate consequence of Proposition 5.3.3.

Remark 5.1.15. The L*°-stability in Theorem 5.1.11 requires from initial conditions
in problem (3.1.1)-(3.1.4) to have the same discontinuities as considered stationary
solutions. A different notion of stability (so-called (e, A)-stability) is used in the
papers [28,44,77,82] on particular reaction-diffusion models. In that approach, ini-
tial conditions can be continuous functions and neighborhoods of discontinuities of
stationary solutions are excluded from the stability analysis. We do not apply that
approach in this work, because it requires from the considered model to have an

invariant region.
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5.2 Construction of discontinuous stationary solu-
tions to reaction-diffusion-ODE systems

The proof of Theorem 5.1.4 is based on the following preliminary results.

Lemma 5.2.1. Fiz p € [2,00) and let v > 0 be arbitrary. For each b € R such that
b # v for all eigenvalues g, of —A,, and for every f € LP(Q)) the problem

YA v +bv=f for xe€Q, (5.2.1)

has a unique weak solution v € WHP(Q) satisfying

[vllwir@) < COfllzr@)-

If 9 is of the class C?, then v € W2P(Q) and there exists a constant C' = C(b,p,~y) >
0 such that
[ollywzr ) < Cllf e (5.2.2)

Proof. In the case of p = 2 and b < 0, this is a well known result on the existence and
W22_regularity of solution to problem (5.2.1), see e.g. [3, Thm. 9.26|. In fact, we can
extend this result to all b # ~yu because the solution to problem (5.2.1) is given by

the explicit formula

1
v = , D Py,
kz:; ~ +b<f k)2 Pr

where @}, is an eigenfunction corresponding to the eigenvalue puy.

To prove this Lemma for p > 2, we rewrite the equation in the form
YA —v=f—(b+1v for zel

By using the LP-elliptic regularity (see e.g. [45, Thm. 3.1.3|), the Sobolev embedding
W22(Q) C LP(2) for each p € (1,00) if N < 4 and for p € (2, 2N/(N —4)) if N > 4,

as well as inequality (5.2.2) with p = 2, we obtain

C(I1f ey + 10llre)

||v||W,,2’p(Q) S
< C(Ilfllzr@ + Ivllwz2q)) < Cllfller@)-

(5.2.3)

In order to obtain the desired estimate for the whole range of p € [2, 00) it suffices
to apply a bootstrap argument involving inequality (5.2.3) together with the Sobolev
embedding W2P(Q) C L9(Q) for ¢ < Np/(N — 2p). O

We obtain discontinuous stationary solutions of problem (5.1.1) from the following

lemma which is a consequence of the Banach fixed point argument.
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Lemma 5.2.2. Let p > N/2 with p > 2, v > 0, and hy,hy € CZ(R) (i.e. all

derivatives up to order two are bounded). Assume that for some T € R we have

hi(@) =0 and By (V) # v

for each eigenvalue py, of —A,. Consider two measurable sets 1 C € and 2y C
such that
QngUQQ and leQQZQ

One can find g > 0 such that for each € € (0, €y) there exists § > 0 such that if
|| < & then problem

YA, v + hy(v)Lg, + ha(v)lg, =0 for x e, (5.2.4)
has a weak solution v € W2P(Q) satisfying ||v — lypzeq) <&

Proof. We denote by v = (yA, + h} (6))_1 f the solution of problem (5.2.1) with
b = R (v) which by Lemma 5.2.1 satisfies the estimate

| (A, +mi@) '

<C » 2.
wer) Ifllze (o) (5.2.5)

for each p > 2 and all f € LP(Q).
Replacing v by v+ and h;(v) for i € {1,2} by h;(v+7) we may assume without

loss of generality that 7 = 0. We write equation (5.2.4) in the equivalent form

v= (74, + 14 (0)) " (P00 = ha(0)) 1, )
+ (380 4+ 14(0)) 7 (91000 = ha(0) 1o, (5.2.6)
= Ti(v) + Ta(v).
Our goal is to show that the right-hand side of this equation defines a contraction on

the ball
B(0) = {v € W2(Q) : Jollyzo < <}

provided || and € > 0 are sufficiently small.
First, we deal with the operator 7;. Since h; € C*(R) and hy(0) = 0 by the Taylor

expansion we get

2

|7 (0)v(z) = (v(z)) | = [ha (v(z)) — 71 (0) — By (0)v(@)| < %||h/1,||L°°(R)|U($>‘ :

Hence, by estimate (5.2.5) and the Sobolev embedding W2P(Q2) C L>(Q) for p > N/2,
there exists a constant C' > 0 such that for each v € B.(0) we have

173 (0) 2oy < Cllvl3eoy < C2 (5.2.7)
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Analogously, by the Taylor expansion,

P (0)v(@) = b (v(@)) = (4 (O)w(a) = b (u( ))\
< \hl( r)) = In(w(@)) +h’( )(v ()]
+ | (B (w(x)) = 15(0)) (v z))|

< %Ilh’ﬂle(R)lv(:c) - W(w)! + Hh’{HLw(R)\UJ(w)HU(fC) —w(2)].

Hence, as in inequalities (5.2.7), for v, w € B.(0), we obtain
I7:(0) = Ti () 2oy < Celll e llo = w200 (5.2.8)
Here, we choose £y > 0 such that for all € € (0,¢y) we have
e?<e/2 and Cellh|rom < 1.
In the case of the operator 75, we begin by the following inequality
|11(0)v(x) — ha (v(@)) | < 17| Looy|v(@)| + N2l - (5.2.9)

Thus, by estimate (5.2.9) and the embedding W?2?(Q2) C L>(f2) for p > N/2 and for
each v € B.(0) we get

172(0) [z @) < C (IR ||L°°(R L, o) + [hell @) 1o, | o)

(5.2.10)
< CI|7 ([[vllyzngy +1).

Analogously, we have

Wi (0)o(z) — ho(v(x)) — (R (0)w(x) — ha(w(x)))|
< (|7 || zoemy + 5] e @y)) (v(x) — w(2)).

(5.2.11)

Thus, by inequality (5.2.11), as in estimate (5.2.10), for v, w € B.(0), we obtain

[T2(v) — T2(w)ly2r ) < CUIR Lo m)s 1Ro] 2o )| (v — w) Lo, || 0 (a)

1 (5.2.12)
< Il — wlhyzag

Here, we choose § > 0 such that for arbitrary Qy, C RY satisfying [Qy| < § we have
Ce+1)|lF <e/2 and C|Qy)r < 1.

Estimates (5.2.7), (5.2.8), (5.2.9) and (5.2.12) together with the Banach fixed point
argument complete the proof of the existence of a solution to equation (5.2.6) in
B.(0). O
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Proof of Theorem 5.1./. Let us choose € > 0 so small that W —e, V4 6} C V. First,
for i € {1,2} we restrict k; to [V — ¢,V + €| and then we extend them in arbitrary
way to k; € C2(R) such that l;:l| =k;on [V —¢,V+e]. Now we define h;(V) =
h(k;(V),V) for i € {1,2} which satisfy assumptions of Lemma 5.2.2. Obviously
h; € C*(R,R) and hi(V) = 0. Applying the identity for the determinants from

equation (3.2.8) and using Assumption 5.1.3 we obtain

W (V) = gu(kr(V), V)k1 (V) + g, (ka(V), V)
= —gu (B (V), V) Fu (ks (V), V) 7 £ (k1 (V), V) + g0 (k1 (V), V)
B 1 fuU,V) f,(U,V)
~ det(fu(U,V) (gu(ﬁ, V) 4, V)) e

Hence for each p € [2,00), by Lemma 5.2.2, we obtain a solution V € W2?(Q) to
problem (5.2.4) which satisfy ||V — VHWE”’(Q) < ¢ for arbitrary small ¢ > 0 provided
|25] > 0 is sufficiently small. However by the Sobolev embedding with p > N/2, we

have

IV = Ve < CIIV = V2o

Thus, if € > 0 is small enough we obtain l;:l(V(x)) = k;(V(z)) for all € Q. This

completes the construction of solution to problem (5.1.1). []

5.3 Conditions for linear stability

We begin by resolvent estimates in the case of constant coefficients.

Lemma 5.3.1. Assume that the constant coefficient matrices Ag, By, Cy, do satisfy

AO BO
s(Ap) <0 aswell as s (Co do) < 0.

Letp € (1,00). There exists vo = vo(Ao, Bo, Co, do, |2|,p) > 0 such that for ally > g
and all X € C with Re A > 0 the problem
(Ao — M)p+Bo = f, forzeQ,

(5.3.1)
VAV@Z)‘FCO‘P“F(dO_)‘)@Z):g» fO’I"I’GQ,

has a unique solution (p,) € LP(Q)" x WIP(Q) for each (f,g) € LP(Q)"™'. More-
over, there exists a number K = K(Ay, By, Cl,dy, |2], p,7) > 0 independent of A and
f, g such that

el e + 1Ullwirg) < K ([ fllr@ + llgllr@)-
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Proof. Integrating both equations in (5.3.1) over Q we obtain

(Ao—/\I)/ngderBo/ledx:/Qfdx,

(5.3.2)
C'O/<pdx+(d0—)\)/¢dx:/gdx.
Q Q Q
Since s(ég ‘dgg) < 0, applying inequality (3.2.9), we have
(pda:+/¢dx\ (/fdx gdx)
Q Q (5.3.3)

<Ol (Ifllzew + llgllow)
with a constant C' > 0 independent of A\. Subtracting equations (5.3.2) multiplied by

ﬁ from equations (5.3.1) and denoting the averages

1
p=p- pde, p=14— — [ ¢da,
[ Jo |Q|

}:f—@/gfd% g}:g—ﬁ/ggdx,

we obtain L .
Ag—MN)p+ By = f, fi €,
o= Ao+ By =7, forz (5.3.4)
YA +Cop + (dg — ANy = g, for z € Q.
Thus, by first equation in (5.3.4) and by inequality (3.2.9), we have
B(@)] < |(40 =AD" (F(2) = Bov(@)) | < C(F (@) + () (5.3.5)

for all z € Q. Next, applying the elliptic regularity for A,, (see eg. [45, Thm. 3.1.3])

to the second equation in (5.3.4) we obtain the estimate

/|V¢|pdx< ¢ (/ |¢|pdx+/|f|pd:p+/ |g|pdm). (5.3.6)

Next, applying the Poincaré¢ inequality with a constant C' = C(|Q2], p)

[wirazc [jipa
Q Q

for each v large enough, we obtain

/\W\pdxgc(/ \}|de+/ygypdx>.

Consequently using (5.3.3) and (5.3.6) we estimate

[¥lhwsooy < 1oy + g [ 0e] < K (171 + ol

Finally, we get the required estimate for ¢ from inequalities (5.3.5) and (5.3.3). O
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Theorem 5.3.2. Assume that constant coefficient matrices Ag, Bg, Cy, dy satisfy

s(Ag) <0, s (ég 5;’) <0 (5.3.7)

and fix v > 0 so large as required in Lemma 5.5.1. Let (EP,D(,CP)) be the operator
defined in (3.2.3) with matrices A(-), B(-), C(-), d(-) as in (3.2.1)-(3.2.2). Assume,
moreover, that

s(A(+) <o0. (5.3.8)
There exist p > 0 such that if

|A — Ao|| v ) + [[B — Bol| vy + [|C — Col| vy + ||d — doll vy < p
then s (L,) < 0.

Proof. By Theorem 3.2.8, it suffices to show that for all A € C with Re A > 0, the

zero solution is the only solution to the problem
Ap + By = \p, forz € Q,
(5.3.9)
YA + Co + dip = N, for x € Q.

Notice that for each A € C with Re A > 0, by inequality (3.2.10) the function

p(r) = —(A(z) — M) "' B(z)(x)

satisfies
plo)| < (4 - \D)Bu(a)]| < Clo)l, (5.3.10)
for all z € Q. Now, we rewrite problem (5.3.9) in the following form
(Ag — M) +Boytp = —(A — Ag)p — (B — By)yp, forx € Q, (53.11)
YA+ Cop + (do — Np = —(C — Co)p — (d — do)b, for z € 2.

By Lemma 5.3.1, there exists a constant C' > 0 such that the solution of equa-
tion (5.3.11) satisfies
lellzo) + [P llwis@) < C (I(A — Ao)@llir) + (B — Bo)¥ || o))
+C ([(C = Co)pllry + I(d = do)¥l o)) -

For N > p, by the Hélder and Sobolev inequalities, we estimate

(B — Bo) ¢ o) + I(d — do)¥ || 2o(0)

< ||¢||L]§V_pp @ ([[(B = Bo) ||z q) + 1(d = do) | v ()

< COl|Yllwrey (B — Bo)llv@) + 11(d — do) || v @)
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and similarly, by the inequality (5.3.10) combined with the Sobolev inequality, we

obtain
[(A = Ao)pllr) + I(C = Co)ol e (o)
< ||90||LNL_P;(Q)(||(A — Aoy + I(C = Co)ll v )
< Clollwrag) (1A = Ao) Iy + I(C — Co)llvy) -

Choosing [[(A = Ao)||zx@) + (B — Bo)llzvo) + I[(C = Co)llrv@) + Id — doll v (o)
sufficiently small, we conclude that ¢ = 0 and ¢ = 0.

The proof for N < p is analogous using the Sobolev embedding W1?(Q) C L>(Q).

O

In the particular case of one ODE coupled with one reaction-diffusion equation,

we can formulate sufficient conditions for stability for every diffusion coefficient v > 0.

Proposition 5.3.3 (One PDE coupled with one ODE). Let (L,, D(L,)) be the op-
erator given by formula (3.2.3). Assume that n =1, thus A(x) = a(z), B(x) = b(z),
C(x) = c(z), d(x) are essentially bounded functions. If

s(a(-)) <0, S(ié; ZE))) <0, S(d()) <0
then s(L,) < 0.

Proof. Since s(a(-)) < 0, by Theorem 3.2.8, it suffices to study only eigenvalues of
the operator £,. We prove that (¢, ) = (0,0) is the only solution of the system

ap +bp = Xp, x€Q,

(5.3.12)
YA + cp +dp = M), x € €.

for all A € C with Re A > —k for some
K€ (0 min <—s(a(.)) _S(a(~) b(-)) —s(d(-))) )
! ey at) ) :

Since a(z) < s(a(-)) < 0 almost everywhere, first equation in (5.3.12) implies

b
a— A

Y= — v, for x €.

Substituting this expression into second equation in (5.3.12) we obtain

b
YA+ (—ac_—/\+d—)\)¢:0, for zeQ. (5.3.13)
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We introduce the function

h(x,A)zRe(—c—

_ c(x)b(z)a(x) — c(x)b(z)Re A
o (a(z) —ReA)2 + Im? \ Fd(z) — Red,
)

(5.3.14)

which, by equation (3.2.8), is also given by the formula

h(z,\) = Re (a(x);_)\det <“(“Z2x; A d(i(fz A)) :

It is well-known that zero is the only solution of equation (5.3.13) if

ess sup h(z,\) <O0.
€N, AeC, Re A\>—k

In order to prove this claim, first we consider A = o > —k, first. It follows from

assumption on « that

implies

et (" ) 2 (e La) >

for almost all = € 2. Thus, the inequalities a(x) < s(a()) < —a < 0 yields to

o U5 ) 5]

a(z) — o - [s(a)] + |ef

~

Since s(z(.) ZE))) < 0 it is clear that there exist hy > 0 such that

Ll é@a ) < et et a5

Finally, by formula (5.3.14), the function h(z,a + i) with fixed a > —k is even
with respect to 3 € R and monotone with respect to 2. Thus, for the number hy > 0
defined above and by formula (5.3.14) we have

h(z,\) < max(s(d(-)), —ho) <0,
for all A = o+ i with « > —k and 8 € R and almost all = € €. H

Remark 5.3.4. Proposition 5.3.3 can not be directly extended to systems with more
than one ODE, because the function hA(x,a + i) defined in (5.3.14) is no longer

monotone with respect to g > 0.



70 CHAPTER 5. DISCONTINUOUS SOLUTIONS TO RD-ODE SYSTEMS

5.4 Conditions for nonlinear stability

Using stability results for the linear system from the previous section, we are in a

position to study a stability of the zero solution to the nonlinear problem

% (z) _ <7AOV¢) n (é S) (z) + (1}2223) for z€9Q, t>0, (5.4.1)

with arbitrary z-dependent matrices A, B, C, and d of the form (3.2.1)-(3.2.2) and

with the remainders

Ryi(p, )
Rl = . and R2 - R2<‘P7¢)a

Rin(p.¥)

satisfying the following typical assumption.

Assumption 5.4.1. There ezist constants K > 0 and Cx = C(K) > 0 such that for
all o € R™ and 1 € R satisfying |p| + || < K we have

Rilp, )] < Cic(lpl? + 1¥1%)  and [Ralp, )] < Cc(lP + [6P).  (5.4.2)

We supplement system (5.4.1) with an arbitrary initial condition

QO(,O) =0 € LOO(Q)v ¢(70) =1y € C<ﬁ)> (543)

and we assume that initial value problem (5.4.1)-(5.4.3) has a unique global-in-time

mild solution
pE C’([O, 00), LOO(Q)") and ¢ € C’([O, 00), C’(ﬁ)), (5.4.4)

namely, the functions (¢,1)) satisfying equations (5.4.6) and (5.4.8), below. Such
a unique local-in-time solution can be constructed following the reasoning from the
Theorem 3.1.1 and it can be extended to a global-in-time solution using a prior:

estimates below.

Theorem 5.4.2 (Stability of zero solution). Assume that
e s(L,) <0, where L, is defined by (3.2.3),
e s(d() <0,

o Assumption 5.4.1 holds true for some K > 0.
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Then the zero solution to system (5.4.1)-(5.4.3) is exponentially asymptotically stable
in L=(Q)"'. More precisely, there exist C > 1 and k > 0 such that if

K

o o) <
lollzoe @) + [[toll oo (@) 0

then
_k
lo() 2@y + ¥ (O)]=(2) < C(llpoll @) + o]l @) e =",
for allt > 0.

We precede the proof of Theorem 5.4.2 by a sequence of lemmas.

Lemma 5.4.3. Let (p,v) be a solution (5.4.4) to system (5.4.1)-(5.4.3) satisfying
sup o) |l ) + |V (E)||Le) < K for some T > 0.

telo,

For each p € (1,00) and each ky € (0, —s(L,)) there exists C = C(K, ki,p) > 0 such
that

lo(®)l| o) + 19 ()| o) < Ce™ (llgoll =) + 1Yol ()
t
+C/O ) (Jlo()[Fe (@) + 19() 120y (9)]]) s

for all t € [0, T.
Proof. We begin by the integral formulation of the Cauchy problem (5.4.1)-(5.4.3)

<P(t)) ¢ <<P0) /t (t—s)L (Rl (SO(S)W(S)D

=er + P ds. 5.4.5
(50) == () + [ e (Rt o)) & 649)

Since s(L£,) < 0, it is well-known (see e.g. [15, Ch. IV, Cor. 3.12] that for each
ki € (0, —s(L,)) there exist constant C' = C(k;) > 0 such that

tLy (PO o
‘ (w) (w>

Now, it suffices to compute the LP-norm of equation (5.4.5), apply the well known

< Cve—klt
Lr(Q)

for all ¢t > 0.

LP(Q)

inequality ||w||rr@) < ]Q]% |w]| oo (@) and use Assumption 5.4.1 for the remainders. [

Lemma 5.4.4. Let (p,v) be a solution (5.4.4) to system (5.4.1)-(5.4.3) satisfying
sup ()]l zoe) + |10 (E)]| o) < K for some T > 0.

te(o,

For each ky € (0, —s(A(-))) there exist a number C' = C(K, ky) > 0 such that

p(x,1)] < Ce ™™ po(z)] + C/O e P (o (a, 5)] + 9, 5)|” + (., 5)|%) ds,

for all t € [0, T] and almost all x € .
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Proof. We write the equation for ¢ in system (5.4.1) in the following way

o(z,t) = 4D (z) +/0 =A@ (B(2)(z, s) + Ri(p(x, s),¢(x,8))) ds.  (5.4.6)

By Theorem 3.2.8, the assumption s(£,) < 0 implies s(A(:)) < 0. Therefore, by

inequality (3.2.11) we have the exponential pointwise decay estimate
‘etA(r Yo (x)‘ < Cre ™po(x)| for all t > 0 and almost all z € €. (5.4.7)

To complete the proof, it suffices to apply inequality (5.4.7) to equation (5.4.6) and
use B € L>(Q)" together with Assumption 5.4.1 for the remainder. O

Lemma 5.4.5. Let (p,v) be a solution (5.4.4) to system (5.4.1)-(5.4.3) satisfying
sup le@ @) + ¥l < K for some T > 0.

telo,

For each ks € (0, —s(d(~))) and each p € (N/2, 00) there exist C = C(K, ks,p) > 0
such that

() |z < Ce™™ ol
t
+C/0 eIy (t — 5) (@ (s) | o + l@() |2 + 10(8) 17 () ds

for all't € [0, T, where m,(t) = max (tf%, 1).

Proof. We write the equation for ¢ from system (5.4.1) in the form

t
W(t) :et(vA,,+d)¢O_|_/ o(t=5)(Ay+d) (CSO+R2((p,1/J)) ds. (5.4.8)
0

Next, we recall the estimate for the Neumann heat semigroup (see e.g. [70, p. 25])
which holds true for all { € LP(Q):

e < Cmy()||C]lzr) forall t>0 and p e[l o0].

Combining this fact with the maximum principle we conclude that
Het(vé‘”d CHLOO(Q) Cmy(t)e ™|(||p) forall t>0 and p € [1,00]
for each ks € (0, —s(d(-))). Therefore, there exists a constant C' > 0 such that
€102 (1 % 4 42) [lmy < Cemy () (llriey + [@lEencay + (13010
<

Cemy(t) (plloiay + 10l + 103w

We complete this reasoning by calculating the L*°-norm of equation (5.4.8) and using

the assumption C' € L>(2)" as well as the Assumption 5.4.1 for the remainder. [
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Lemma 5.4.6. Let (¢,v) be a solution (5.4.4) to system (5.4.1)-(5.4.3) satisfying
sup lp(t) =) + 9Ol < K for some T 0.
tel0,T)

Choose the exponents ki € (0, —s(L,)) and ky € (0, —s(d)) from Lemmas 5.4.3
and 5./.5 respectively. For each k4 € (O, min(ky, k’3)> and every p > N/2 there exist
C =C(K, ky,p) > 0 such that

t
[ e = ()i ds < € (lgollmo + el
0

t
+0 [ Do)+ 1) ) .

for allt € [0, T, where m,(t) = max (tf%, 1).

Proof. We apply the estimate of |¢(t)||zr() from Lemma 5.4.3 to obtain

t
/ Ry (t = 8) ()| prods < I + b,
0

where

t
I = C(lloll =) + %ol =) / e m =) (t — s)e M2 ds,
0

t s
I = C/O e m, (t — 3)/0 e (7 W@y + 19(T)| 700 () A7 ds.

Since, m,(t — s) is integrable for s € [0, ¢] and p > % we estimate the integral in I;
by

t—1 t
e kst / my(t — s)eFsks ds 4 Cehat / m,(t — s)eF=Fs ds
0 t—1

t—1 t
< Ce st / my(t — s) max (1, e(kS’kl)s) ds + Ce kst / elka=h)s 45
0 - (5.4.9)

< C(eht+ ekt /tl my(t — s)ds+ C (e ™' + e ")
<Ct+1) (e_klt + 60_k3t) )
Therefore, for arbitrary ky € (0, max(ky, k:g)) there exists C' > 0 such that
I < Ce™™([lgollL=() + [[toll =) -

H%oo + ||v(s )HLOO the integral I, takes the form

(s)
t s
I :C/ ek?’(t‘s)mp(t—s)/ e MR (s) dr ds
0 0
:C/ h(T)elee_k3t/ eka=h0s (1 — s)dsdr.
0 T

Denoting h(s) = |je(s
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Next, choosing arbitrary k, € (O, max(k, k’g)) and following the calculations from (5.4.9)

we obtain the estimates
t
€k1‘rek3t/ e(ks*kl)smp@ i S) ds < ekl‘refkgtcf(l 4t — 7_) (e(ksfkl)t + e(k‘g*kl)T)
(I4+t—7)(e —ht=T) g e*k3(t77))

<C
<O€ ka(t—T)

which imply I, < C fo e R t=7) dr. 0
Lemma 5.4.7. Let (p,v) be a solution (5.4.4) to system (5.4.1)-(5.4.3) satisfying
S[UP] ()]l zoe) + |10 (E)]| o) < K for some T > 0.
telo,T

For each k € (0, min(ki, ko, k3)) there exist C = C(K, ky) > 0 such that
o)z + 10(E) |z < Ce ™™ ([lollze@) + 1%l L= (0))
+ 0 [ D (oo + 1) b5
for all t €0, T.

Proof. Applying Lemma 5.4.6 with p > N/2 and with arbitrary ks € (O min(ky, kg))
to the linear term containing ||¢|/zr) on the right-hand side of the inequality in

Lemma 5.4.5 yields to
19 ()] Lo () < Ce_k“t(H%HLw(Q) + llpoll L))

t
0 [ I o) iy + 1 mey) b

Next, we compute the L°°-norm of the inequality provided by Lemma 5.4.4 for a
constant k5 € (0, min(ks, k4)) and obtain

(5.4.11)

(Bl <0 < Ce*kStHonLoo

e / 5 (i (5) Lty + 190 e + 1005 e ) s
(5.4.12)
Now, it suffices to estimate the linear term in inequality (5.4.12) using inequality

(5.4.11). Therefore after changing the integrals we obtain

t
/ e (5) | (@) ds < Cte™[tol| <@
0
t S
o /0 T /0 e (M) 2oy + [9(T) |20 () d7 ds

t
<Ct6_k5t||¢o|lmo<m+c/ e D ([l (7)o 0y + 19 (T) [ () AT
0



5.4. CONDITIONS FOR NONLINEAR STABILITY 5

Thus, for arbitrary number k € (O, min(ky, k;5)), there exists a constant C' > 0 such
that

t
/ e [[(5) || oo () ds < Ce™ [ 1o (e
0

t
e / e (o (1) 2 iy + 1607 2o

(5.4.13)
By applying inequality (5.4.13) to inequalities (5.4.12) and (5.4.11) we complete the
proof of estimate (5.4.10). O

Next, let us recall the well-known fact from stability theory which we prove for

completeness of the exposition.

Lemma 5.4.8. Let h = h(t) be a nonnegative continuous function on R satisfying
t

h(t) < Ce ™h(0) + C’/ e *=9n%(s) ds  for each t>0 (5.4.14)
0

and some constant C > 1. If h(0) < k/(4C?), then h(t) < Ch(0)e~ 2! for all t > 0.

Proof. Let T' > 0 be such that h(t) < k/(2C) for every t € [0, T]. After multiplying
both sides of inequality (5.4.14) by e** we obtain

k t
h(t)e" < Ch(0) + 5/ ¢ h(s)ds for each t € [0, T]
0
and using the Grénwall inequality we conclude that h(t) < Ch(0)e~2" for all t € [0, T.
To show that this inequality holds true for all ¢ > 0 notice that h(t) < k/(4C).

Indeed, if there exist there exist ¢y € [0, T'] such that h(ty) = k/(4C) then

k k. k
IR < (O —_p— 3l ~
10~ M) S Cqme™” < 45

which is a contradiction. O
Proof of Theorem 5.4.2. Let (g, 1) be a solution (5.4.14) to problem (5.4.1) with an
initial condition (pg,10) € L=(2)" x C(Q). Fix a number K > 0 from Assump-

tion 5.4.1 and assume that the initial condition satisfies

K
lollzeo@) + [[toll o) < ok

By continuity in (5.4.4), we may choose maximal 7" > 0 such that

sup (@)@ + sup [[U(t)]|e@) < K.
te[0,T) te(0,T7]
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If T < oo then |[@(T)| L) + |¥(T)|| L (@) = K. On the other hand by Lemma 5.4.7

and Lemma 5.4.8, we obtain

k K
lp @l + 1)) < Clpollew + Wollie@)e™ < 75 (5:415)
for ¢t € [0, T'|] which is a contradiction for ¢ = T because C' > 1. Hence the inequal-

ity (5.4.15) holds true for all ¢ > 0. O

5.5 Stability of discontinuous stationary solutions

We are in position to apply theorems from Sections 5.3 and 5.4 to obtain a stability
of stationary solutions to the initial-boundary value problem for general reaction-
diffusion-ODE system (3.1.1)-(3.1.4).

Proof of Theorem 5.1.9. Let (U, V) € R™! be a constant solution to problem (5.1.1)
with the corresponding linearisation matrices (5.1.2) and satisfying Assumptions 5.1.2,
5.1.3, 5.1.6 and 5.1.7. Denote by p > 0 a constant required in Theorem 5.3.2.

By the assumptions s(fu (k1(V),V)) < 0 and s(fu (k2(V),V)) < 0, we may
choose €; > 0 such that

sup_ s(fuki(w), w)) <0 and  sup_s(fulka(w), w)) <055

weB:, (V) wEBe, (V)

Similarly, by continuity we have

v |(Fukiw).w) foi(w)w) (A Bo\|_p
|Q| wEBsf)(V) (gu (k1<w), w) [ (kl(w)’ w)) (CO d0> < g (552)
Next, we choose 9; > 0 so small to have
* fu(k2(w), w) fo(k2(w), w) A, B 0
g w;l:f)(V) (gu (k2(w), w)  go (k2(w), w)) a (CE d(?)‘ < 8 (5.5.3)

Now, we consider a discontinuous solution (U, V') to problem (5.1.1) constructed
in Theorem 5.1.4 with ¢ < min(gg,e1) and || < min(d, ;). Let us check that the
assumptions of Theorem 5.3.2 are satisfied in the case of matrices from Remark 5.1.1.
Indeed, Assumptions 5.1.6, 5.1.7 and inequality (5.5.1) imply inequalities (5.3.7) and
(5.3.8). Moreover, inequalities (5.5.2) and (5.5.3) provide

|A — Ao||n <A — Aoy + [[A = Aol Ly @)
U | fulkr(V), V) = Aol oe(y) + Qo] ¥ || Fulka(V), V) = Aol 1)
< p/4.
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We show analogously the following inequalities
1B = Bolliniey <p/4 [IC = Collivy < p/4 and [l — dollun e < p/4.

By Theorem 5.3.2, the stationary solution (U,V') is exponentially asymptotically
stable in L?(€)™ ™" for each p € (1, 00). O

Proof of Theorem 5.1.11. Tt suffices to check assumptions of Theorem 5.4.2 in the
case of problem (5.1.6)-(5.1.7). By Remark 5.1.5, a stationary solution constructed
in Theorem 5.1.4 satisfies (U,V) € L>(Q)" x C(Q). Thus, problem (5.1.6)-(5.1.7)

has a solution
p=u—-UecC([0,T], L®(Q)") and ¢ =v-V €C([0, T], C(Q)),

for some T" > 0 by applying Theorem 3.1.1. Due to the properties of the Taylor
remainders, Assumption 5.4.1 holds true for each K > 0. By Theorem 5.1.9, the cor-
responding linearisation operator (£,, D(L,)) satisfies s(£,) < 0 for each p € (1, 00).
It remains to prove that s(g,(U(-), V(-)) < 0 provided ¢ > 0 is sufficiently small.
This however is an immediate consequence of condition (5.1.9), inequalities (5.1.5)
and the C?-regularity of nonlinear terms. By Theorem 5.4.2 applied to ¢ = u — U
and Yy =v -V, if

[ug — Ull oo + [0 = V(o) < K/(4C?),
then
kg

2

[ —Ul|zoe) + Jv = Vzoo() < C(|[ig — Ull ooy + [[vo — VL)) e 2,

for all t € [0, T']. Since the constants here are independent of 7" this solution and the
inequality can be extended to all ¢ > 0. O



Chapter 6

Reaction-diffusion-ODE systems with
classical nonlinearities

6.1 Statement of the problem

We discuss stationary solutions to certain particular systems consisting of a single
ordinary differential equation coupled with one reaction-diffusion equation:
u = f(u,v), reQ, t>0,
(6.1.1)
vy = yAv + g(u,v), r€Q, t>0,
with unknown functions u = u(z,t) and v = v(z,t). System (6.1.1) is considered in
a bounded, open domain @ C RY with C2-boundary 9€2. Moreover, the reaction-

diffusion equation in (6.1.1) is supplemented with the Neumann boundary condition

d,v=0 for z€0Q, t>0, (6.1.2)

where 0, = v-V with v denoting the unit outer normal vector to 0€2. The letter v > 0
is a constant diffusion coefficient. In the following, we denote by A, the Laplacian
operator together with the Neumann boundary condition (6.1.2).

In this chapter, we explain how to apply general results from Chapters 3-5 to
systems of types (6.1.1) with particular well-known nonlinearities which appear in

Turing models. Recall that a system of reaction diffusion-equations
ur = A+ f(u,v), v =7A + g(u,v) (6.1.3)

(in a bounded domain and with the Neumann boundary condition) exhibits a Turing
instability if it has a constant stationary solution which is stable if ¢ = v = 0 and
unstable for ¢ > 0 and v > 0. In his work [78|, Turing showed that this kind

of instability may occurs in some particular reaction-diffusion systems with ¢ > 0

78
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sufficiently small. Due to the different non-zero diffusion rates, the system gives rise
spontaneously to stationary pattern formation with a characteristic length scale from
an initial configuration (see e.g. [81] and the references therein). In this chapter,
we apply theory from previous chapters to study nonconstant stationary solutions of
some reaction-diffusion models with the Turing instability in the diffusion degenerated

case, namely, when € = 0 and v > 0.

6.2 General results summary on RD-ODE

Here, we review briefly results from Chapters 4-5 formulating them in a form which
is suitable to deal with a system consisting of one ODE coupled with one reaction-
diffusion equation.

We deal with a weak solution (U, V) = (U(z),V(z)) to the boundary value prob-

lem

f{UV)=0, x€q,

(6.2.1)
YAV +g(UV)=0, z€Q,

with arbitrary C2-functions f and g, with constant v > 0, and in a open bounded and
domain Q C R¥ with a C?-boundary. Recall that, a weak solution has the following
properties: U € L>®(Q), V € W2(Q), first equation in (6.2.1) holds true almost
everywhere and the second equation is satisfied in th usual weak sense in W'2(Q).

We require that problem (6.2.1) has a constant solution, namely, a couple
(U,V) € R* suchthat f(U,V)=0 and g(U,V)=0.
In this chapter, we use the following notation
ag = fu (U, 7) . bo=f, (U, V) . Co= Gy (U, V) . do =g, (U, V) (6.2.2)
and we always impose the following assumption.

Assumption 6.2.1. We assume that ag = f,(U,V) # 0.

6.2.1 Regular stationary solutions to RD-ODE

A solution (U(z), V(z)) of system (6.2.1) is called regular if there exists a C-function
k:R — R such that U(z) = k(V(x)) for all z € Q and

fU(@),V(z)) = f(k(V(z)),V(z)) =0 foral ze€Q,
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where V' = V(z) is a solution of the elliptic Neumann problem
YAV +h(V)=0 for ze€Q

with 2(V) = g(k(V),V). Now we recall a result from Chapter 4 on the existence of
regular stationary solutions in the case of one ODE coupled with one reaction-diffusion

equation.

Theorem 6.2.2 (Existence of regular stationary solutions). Let N < 6 and let
(U, V) € R? be a constant solution of problem (6.2.1) satisfying Assumption 6.2.1. If

1
— det (ao 20> = Y > 0, (6.2.3)
0

ap Co
for some py eigenvalues of —A,, then there exists a sequence of real numbers dy — 1

such that the following “perturbed” problem
fU,v)y=o, r e qQ,
A AV + (1 —d)(V-=V)+g(U,V)=0, 2€Q
has a nonconstant regular solution.

All regular stationary solutions are unstable except the degenerate case when
fu(U(x), V(x)) < 0 for all z € Q and fu(U(xo), V(xo)) = ( for some z, € , see the

following theorem.

Theorem 6.2.3 (Instability of all regular stationary solutions). Let (U,V) = (U(z), V()

be a nonconstant regqular stationary solution of problem (6.1.1)-(6.1.2) such that

e cither f,(U(zo), V(z0)) > 0 for some xo € Q,

e or f,(U(z),V(z)) <0 for all x € Q and the domain Q is convex.

Then (U, V') is nonlinearly unstable.

6.2.2 Discontinuous stationary solutions to RD-ODE

We impose additional assumption on a constant stationary solution using the notation
from (6.2.2).

for each eigenvalue py of —A,.
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Notice that if ag = f, (U, V) # 0, by the Implicit mapping theorem, there exist
an open neighbourhood ¥V C R of V and a function k € C?(V,R) such that

E(V)=U and f(k(w),w)=0 forallwe V.

In the following assumption, the equation f(U,V) = 0 is required to have two

different branches of solutions with respect to U on a common domain V.

Assumption 6.2.5. We assume that there exists an open set V C R and ki, ky €
C?*(V,R) such that

e VeV,
o U=k(V), k(V)#k(V),
o f(ki(w),w)) = f(ka(w),w)) =0 for allw € V.

Such two branches ki, ky allow us to construct discontinuous solution of prob-
lem (6.2.1).

Theorem 6.2.6 (Existence of discontinuous stationary solutions). Assume that

e problem (6.2.1) has a constant solution (U, V) € R? satisfying Assumption 6.2.1
and 6.2./,

o Assumptions 6.2.5 holds true,
o O C Oy Uy for arbitrary disjoint open sets €1 C Q and Qs C Q.

There is g > 0 such that for all ¢ € (0, gg) there exists 6 > 0 such that if |Qs] < §

then problem (6.2.1) has a weak solution with the following properties:
o (U V) e L®(Q) x W2P(Q) for each p € [2,0),
o V =V(z) is a weak solution to problem,
YAV +g(UV)=0 for z€Q,

where

L (V(IL’)), x € Qy,
Ulz) = {k’z (V(z)), z€Q,

satisfies f(U(z),V(x)) =0 for almost all z € Q.
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e the solution (U, V) stays around the points (U,V) and (ki(V),V) in the follow-

mg sense
||V — VHLOO(Q) <e and ||U — UHLoo(Ql) + ”U - kQ(V)||Lw(QQ) < Ce (624)
for a constant C = C(f, g).

Next, we discuss a stability of discontinuous stationary solutions by the lineariza-
tion procedure. Here, we say that (U, V) is linearly stable (unstable) if the zero

solution to the following system

5 (0)-Gaw) (D)) =5() e
with the bounded (and possibly z-dependent) coefficients
a=fu(UV), b=[f(UV), c=g.UV), d=g UV),
is stable (unstable).

Theorem 6.2.7 (Instability of discontinuous solutions). Let (U,V) be an arbitrary
weak stationary solution to problem (6.1.1)-(6.1.2). If

fu(U(x), V(x) >0 for x from a set of a positive measure (6.2.6)
then (U, V) is linearly unstable in LP(Q)* for each p € (1,00).

The assumption (6.2.6) is called the autocatalysis condition in the work [50]. It
appears in models with the Turing instability and it leads to an instability of the
both: constant and nonconstant stationary solutions. Theorem 6.2.7 is an immediate
consequence of the results either from Theorem 3.2.8 or [50, Thm. 4.5], where the
spectrum of the operator £, defined in (6.2.5) and acting on the space LP(Q2)? is
described.

Next, we discuss a stability of discontinuous stationary solutions and we require
from the constant solution (U, V) € R? used in Theorem 6.2.6 to have the following

property.

Assumption 6.2.8. Assume that the following inequalities holds true

ag <0, dy <0 and the matrix (ao bo)
Co d07

has both eigenvalues with strictly negative real parts.
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Theorem 6.2.9 (Stability of discontinuous stationary solutions). Let the assumptions

of Theorem 6.2.6 holds true. If, moreover,
o Assumption 0.2.8 is valid,
e ¢ >0 and || > 0 are small enough in Theorem 6.2.6,

e the following inequalities are satisfied

fulko(V), V) <0 and  g,(k2(V),V) <O0. (6.2.7)

then the stationary solution (U, V') constructed in Theorem 6.2.6 is exponentially sta-
ble in L>=(Q).

Theorem 6.2.9 can be obtained from results in Chapter 5 in the following way.
First, we apply Proposition 5.3.3 to linear system (6.2.5) to show that the stationary
solution is linearly exponentially stable in LP(€2). Here, our system consists of one
ODE coupled with one PDE, thus Assumption 6.2.8 and the condition dy < 0 imply
that Assumptions 5.1.6 and 5.1.7 are satisfied by Remark 5.1.14. Next, the nonlineary
stability in L>(2) is a direct consequence of 5.1.11 which proof does not require for

~v > 0 to be large enough.

Remark 6.2.10. Other discontinuous stationary solutions can be constructed under
following more general version of Assumption 6.2.5, where we postulate an existence
of a set V C R and different branches ky,--- ,k; € C(V,R) of solutions to equation
f(U,V) = 0. Then for arbitrary decomposition

Qc | @ nQ;=0 for i#£j and [ <4 for i€{2,-- T},
ie{l,-,J}

we can construct a discontinuous stationary solution of the form

ki(V(z)), =€,
U(z) = :
kJ(V(ZL‘)), T € QJ,

using the same reasoning as in Theorem 6.2.6. If
fu(ki(V), V) <0 and g,(ki(V),V) <0 foreach i€ {l,---,J}

then this solution is linearly and nonlinearly stable.
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6.3 Unstable stationary solutions

We apply results from Section 6.2 to particular reaction-diffusion-ODE systems. The
following two models with classical nonlinearities have stationary solutions (U, V),
the both regular and discontinuous. For each stationary solution the autocatalysis

condition (6.2.6) is satisfied, hence the solution is unstable.

6.3.1 Gray-Scott type model

First, we deal with the reaction-diffusion-ODE model with the Gray-Scott nonlinear-

ities .
u = u?v — o, re, t>0,
(6.3.1)
v, = YAV — u*v + B(1 — v), re, t>0,

with arbitrary constants o > 0, § > 0 and the diffusion coefficient v > 0. This is
the diffusion degenerate case of the classical Gray-Scott model introduced in [22| and
studied in e.g. [13,36] and in the references therein.

Notice that problem (6.3.1) has the constant solution (U, V1) = (0,1). Two

others constant solutions (Uy, V), (Us, V3) satisfy the relations

a2

U= and 0 =V -V + 7 (6.3.2)

<lI=

and they exist if o/ < 1/4.

Theorem 6.3.1. For a certain choice of coefficients a, 3 > 0 and for a discrete
sequence of diffusion coefficients v > 0 problem (6.3.1) has a regular stationary solu-
tion. All reqular stationary solutions (not only those obtained via Theorem 6.2.2) are

nonlinearly unstable.

Proof. We choose a,3 > 0 such that a?/8 < 1/4 and consider a solution V3 of
the quadratic equation in (6.3.2) satisfying V3 < 1/2. We apply Theorem 6.2.2
with the constant stationary solution (U,V) = (Us,V3), where Us = a/V3. The
Assumption 6.2.1 holds true, because ag = f,(Us,V3) = a > 0. Moreover, for

numbers ay, by, ¢, dp as in (6.2.2), we have

(o i) (e ) ~o (o= vE) o

where the last inequality follows form an explicit formula for V5. Thus, we may

choose v > 0 to satisfy equation (6.2.3) for some eigenvalue iy, > 0.
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Next, we show that every stationary solution satisfies fu( x),V(x) ) # 0 for each
x € Q. Indeed, notice that either U(z) = 0 for all z € Q or U(z) = o/V(z) for
all z € Q. Thus, since, f,(U,V) = 2UV — a we have either f,(U(z),V(z)) = « or
fu(U(z),V(2)) = —c.

Hence by Theorem 6.2.3 we conclude that all regular solutions to problem (6.3.1)

are unstable. N

Theorem 6.3.2. For arbitrary o > 0, 3 > 0 and for each diffusion coefficient v > 0
except of a discrete set, there exists a family of discontinuous stationary solutions to
problem (6.3.1). All discontinuous stationary solutions (not only those obtained via

Theorem 6.2.6) are linearly unstable in LP(Q)* for each p € (1,00).

Proof. First, we apply Theorem 6.2.6 to construct discontinuous stationary solutions
to problem (6.3.1). Assumption 6.2.4 is satisfied for each stationary point (U, V),
(Uy,V3), (Us, V3), possibly except of a discrete set of diffusion coefficients v > 0. To
check Assumption 6.2.5, we notice that the equation 0 = U(UV —«) has two branches

of solutions
U=k(V)=0 and U=k(V)= % for all v # 0.

Thus, for arbitrary sets ; € Q and Qy C Q with Q, N Qs =0 and Q C Q; UQ, and
|2 > 0 sufficiently small, there exist a family of discontinuous stationary solutions
around the points either (U, V) or (Us, V) or (Us, V3) as stated in Theorem 6.2.6.

Each discontinuous stationary solution (U, V') satisfies k»(V (z)) = a/V (z) for x
from a set of positive measure. Thus, f,(k2(V (2)),V(z)) = & > 0 and this solution
is linearly unstable in L?(Q)* for each p € (1,00) by Theorem 6.2.7. O

6.3.2 Brusselator type model

Next, we deal with the reaction-diffusion-ODE model with a nonlinearity as in the
Brusselator system
w=a+uv*v—(f+Du, x€Q, t>0,
(6.3.3)
vy =AU+ fu—utv, xEQ, t>0,
with arbitrary constants o > 0, § > 0 and the diffusion coefficient v > 0. This is
the diffusion-degenerate case of the classical Brusselator model which was introduced
in [64] as a model for an autocatalytic oscillating chemical reaction. It has been shown
(e.g. in [16,35,61]) and references therein) that the Brusselator system with the both

non-zero diffusion coefficients (as in (6.1.3)) exhibits the Turing instability.
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Notice that a constant stationary solution (U, V) € R? of problem (6.3.3) satisfies

the equations
0=a+0V-@+1)U, 0=pU-0UV

with the only solution

(U, V1) = (o, B/a).

Theorem 6.3.3. For each o > 0 and > 1 and for a discrete sequence of diffu-
sion coefficients v > 0 problem (6.3.3) has a reqular stationary solution. All reqular
stationary solutions (not only those obtained via Theorem 6.2.2) are nonlinearly un-
stable.

Proof. We use the notation from (6.2.2) with the constant stationary solution (Uy, V1)

and we notice that

_a_ ap bo _ 2
apg =L —1 and det<CO do)—a.

Thus, for # > 1 the proof may be completed in the analogous way as the proof of
Theorem 6.3.1 O]

Theorem 6.3.4. For arbitrary o > 0, § > 0, 8 # 1, and for each diffusion coeffi-
cient v > 0 except of a discrete set, there exists a family of discontinuous stationary
solutions to problem (6.3.3). All discontinuous stationary solutions (not only those

obtained via Theorem 6.2.6) are linearly unstable in LP(Q)* for each p € (1, 00).

Proof. We choose coefficient « > 0, > 0 and 7 > 0 such that Assumptions 6.2.1
and 6.2.4 are satisfied (notice that ay = 5 — 1 # 0). The equation

fUV)=a+U?V - (B+1)U =0

has two different branches of solutions given by the explicit formulas

B+ 14+/(B+1)2—4aV
N 2V ’

for V< (8 +1)?/(4a). Note that

CBH1=(B+1)?—4daV
B 2V

U=k(V) U =ky(V)

Vi=p/a< (B+1)*/(4a) and U, =k (V).

Thus, for arbitrary sets Q; € Q and Q, C Q with QN Qy =0 and Q C Q; UQ, and
|€22| > 0 sufficiently small, there exist a family of discontinuous stationary solutions
around point (U1, V) and (ky(V1), V1) as stated in Theorem 6.2.6.
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Each discontinuous stationary solution (U, V) satisfies U(z) = ki(V(z)) for

from a set of positive measure. Thus,

fu(k1(V(2)),V(2)) =/ (B+1)2 —4aV(z) > 0

and this solution is linearly unstable in L?(Q)” for each p € (1, 00) by Theorem 6.2.7.
[

6.4 Stable discontinuous stationary solutions

Now, we discuss reaction-diffusion-ODE models with stable discontinuous stationary

solutions.

6.4.1 Oregonator type model

The following reaction-diffusion-ODE model

ut:u—u2+avﬁ_u, reQ t>0,
B+ u (6.4.1)
vy = YA v +u — v, re, t>0,

contains nonlinearities as in the classical Oregonator system with parameters o > 0,
£ > 0 and the diffusion coefficient v > 0. A general version of this model was
introduced in [17,18,79] to describe a general FKN-Belousov reaction. It is known that
system (6.4.1) may exhibit the Turing instability for a certain choice of parameters
and diffusion coefficients, see e.g. [62,84]| and the references therein.

System (6.4.1) has the zero constant solution (Uy,V;) = (0,0) and two other

constant solutions have the form
(U, Vs) = (U2,Us) (U3, V) = (U3, Us),
where U, and Us satisfy the quadratic equation
UQ—l—U(B—i-a—l)—@(a—i-l) =0.

Fig. 6.4.1 presents a location of the nullclines defined by the following equation for
B > 1 and for sufficiently small a > 0:

g—=U
p+U

fUV)=U-U*+aV =0 and g(U,V)=U-V =0. (6.4.2)
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Figure 6.4.1: The nullclines (6.4.2) for the Oregonator model with 5 = 2 and suffi-
ciently small @« > 0. The point (—2,0) is excluded because it does not satisfy the
equation f(U,V) =0.

Theorem 6.4.1. For > 1 and a > 0 sufficiently small such that the nullclines has
the form as on Fig. 6.4.1, there exist a family of discontinuous stationary solutions

to problem (6.4.1).

Proof. Here, we check assumptions of Theorem 6.2.6 for the stationary points either
(U1, V1) or (Uy, V) or (Us, V3) in the cases shown on Fig. 6.4.1. First we notice that
for k € {ky, ks, k3}, we have

£ﬁ®wmﬂ=ﬁ@wmdmm+ﬁwwquu (6.4.3)
Since s v
fu(U,V) = aﬂ—i—U’

choosing a constant stationary solution (U, V) € R? satisfying U # 3 and k'(V) # 0
we obtain ag = f,(U,V) # 0 as required in Assumption 6.2.1. This is the case of all
constant stationary solutions (Uy, V), (Us, V) and (Us, V3) shown on Fig. 6.4.1.
To apply Theorem 6.2.6, we need a constant stationary solution (U;, V), an open
set V C R with V; € V and two branches of solutions k;, k; € C(V,R) to equation
f(U,V) = 0. On Fig 6.4.1, we may choose each constant stationary solution with
corresponding branches, namely (U;,V;) with the branches k; and k,, the point
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(Us,, V) with the branches ky and either k; or k3 as well as (Us, V3) with the branches
ks and either k; or ky. We do not choose the point (Uy, V1) with the branch k3 in
order to avoid the singular point (-4, 0).

Thus, for v > 0 satisfying Assumption 6.2.4, arbitrary sets 2; C 2 and Qs C Q
with ©; N Qy = 0 and Q C Q; UQ, and [Qy] > 0 sufficiently small, there exist a
family of discontinuous stationary solutions around point (U, V) = (k;(V),V) and

(k;(V),V) as stated in Theorem 6.2.6.

By Remark 6.2.10, we can construct also a discontinuous stationary solution with
all three branches ky, ko, k3 and arbitrary partition §2;, 25, €23 of €. n

Theorem 6.4.2. Fiz 8 > 1 and sufficiently small o« > 0 such that the nullclines (6.4.2)
has the form as on Fig. 6.4.1. Then, there exist discontinuous stationary solutions
constructed around the points (Us, V) and (kg(VQ),VQ) which are stable.

Proof. Consider problem (6.4.1) with the nullclines as on Fig. 6.4.1. Let (U, V) be a
discontinuous stationary solution constructed around points (Us, V) and (k3(V3), V)
via Theorem 6.2.6.

First we check Assumption 6.2.8. Since |Uy| < 8 and ky(V) is increasing in the
neighbourhood of V, (see Fig. 6.4.1) we have ag < 0 by equality (6.4.3). In order to
show that the matrix (‘clg Zg) has both eigenvalues with negative real parts it suffices
to show that

ap+do <0 and agdy — bycy > 0.

Since ¢ = 1 and dy = —1, the first inequality is immediately satisfied. Moreover,
since k'(V3)) < 1 by identity (6.4.3) we have

aodo — boCo = —ao(l — k’/(VQ)) > 0.

Finally, |k3(V2)| < 3 (see Fig. 6.4.1) and the function ks3(V') is increasing in the
neighbourhood of V5 which implies that f, (k'g (VQ),VQ) < 0.

By Theorem 6.2.9, the discontinuous stationary solution (U, V') is stable provided
e > 0 and [€3] > 0 are small enough. O

Remark 6.4.3. On the other hand, all discontinuous stationary solutions constructed
in Theorem 6.4.1 around the points (U;,V;) and (Us,V3) are unstable. Indeed,
analogously as in the proof of Theorem 6.4.1, we analyse the graph of nullclines (6.4.2)
presented on Fig. 6.4.1. Following the calculations from equation (6.4.3) we obtain,
that f,(k(V),V) is positive if either

Ul <pB and K(V)<0 or |U/>8 and K(V)>0.
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Since the constant solutions given by explicit formulas satisfy U, = 0, Us < —f3
and the function k(V) is decreasing in the neighbourhood of U; and increasing in
the neighbourhood of Us (see Fig. 6.4.1) we obtain that every solution constructed
around points (U, V1) and (Us, V3) is linearly unstable by Theorem 6.2.7.

6.4.2 FitzHugh-Nagumo type model
We apply results from this dissertation to the following reaction-diffusion-ODE model

u=u(l —uw)(u—p)—v, forzeQ, t>0,
s = u(l = u)(u— B) o
vy =vA,v+ou—ov—p, forzx e t>0,

where 3, o, J, p are positive constants. Here we are motivated by the FitzHugh-

Nagumo system
Up = E2Upp +u(l —u)(u—B) —v, v =ou—dv—p,

which was used to model pulse propagation in excitable media, see e.g. [20,39,55,69].

The following generalisation of the FitzHugh-Nagumo system
u = e*Aju+u(l —u)(u—08)—v, v, =700+ 0u—dv—p (6.4.5)

was studied in the context of pattern formation ([12,32,60]). This system has traveling
wave solutions and other types of solutions with a complex behavior (see, e.g., [6,7,
68] and references therein). In particular, the work [60] contains some results on a
behaviour of solutions to system (6.4.5) when ¢ — 0.

A study of the one dimensional version of the reaction-diffusion-ODE system (6.4.4)
can be also motivated by series of papers [28,40,41,43,46-48| where similar receptor-
based models were considered.

The paper [44] contains a construction of a family of discontinuous steady states
of system (6.4.4) in the one dimensional case and the proof of their stability. Below,
we explain how using theory developed in this work we obtain analogous results in
higher dimensions.

An analysis of stationary solutions to system (6.4.4) begins by the assumption

that it has a constant stationary solution, namely a vector (U, V) € R? satisfying
U1l-U0)U-B)-V=0 and oU -0V —p=0.

On Fig. 6.4.2, we choose the parameters (3, 0, d, p in such a way to have three constant

solutions (Ul,Vl), (UQ,VQ) and (53,73).
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Figure 6.4.2: The nullclines for the FitzHugh-Nagumo system (6.4.4), namely, the
curves f(U,V)=U1-U)({U—-p)—V =0and g(U,V) =0U — 6V — p=0.

Theorem 6.4.4. For positive constant o, 6, p and 5 € (0,1) such that the nullclines
has the form as on Fig. 6./.2, there exist a family of discontinuous stationary solutions
to problem (6.4.4).

Proof. 1t is sufficient to apply Theorem 6.2.6 in the same way as in Theorem 6.4.1,
namely we may choose constant stationary solution (U, V) with the branch %k, and
the branches either ks or ks, the point (UQ,VQ) with the branch ks and the branches
either kK or k3 as well as (Ug,Vg) with the branch k3 and the branches either ks or
k1 (or the both, see Remark 6.2.10). O

Theorem 6.4.5. Fiz positive constants o, §, p and € (0,1) such that the null-
clines has the form as on Fig. 6.4.2. Then, there exist discontinuous stationary solu-
tions constructed either around the points (U1, V1) and (k?g (71),71) or (U, V3) and
(/{:1 (Vg),Vg) which are stable.

Proof. Let (U, V) be a stationary solution constructed around the points (U, V1) and
(k:g (Vl),Vl) via Theorem 6.2.6. The proof in the second case is analogous. Since

gy = —0 < 0 then Assumptions 6.2.8 and condition (6.2.7) reduce to the inequalities

30 +2U1(1+B8) =B <0, —3ko(V1)2+2ks(V1)(1+8) — B <0,

) (—?ﬂf + 26(17(1 +B)— :(1$) 0. (6.4.6)
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The first two hold true because the function U(1 — U)(U — f) is strictly decreasing
around points U; and ky(V1), see Fig. 6.4.2. The matrix in the third inequality has
eigenvalues with negative real parts if its trace is negative and the determinant is

positive which is equivalent to the inequalities
3T+ 20 (1+8)—B—6<0 and —06(=30; +2U,(1+B) — B) + 0o > 0.

Both of them are immediately obtained from first inequality in (6.4.6). Choosing e > 0
and Q] > 0 sufficiently small we obtain by Theorem 6.2.9 that the solution (U, V)
is stable. O

Remark 6.4.6. The function U(1 — U)(U — ) is decreasing in the neighbourhood of
the point (Us, V3) and hence every discontinuous stationary solution containing the

branch k3 is linearly unstable by Theorem 6.2.7.

6.4.3 Predator-Prey model

Finally, we discuss stationary solutions to the following model of predator-prey inter-

actions which is a particular case of a system considered in [53]:
_ u? Q

Uy = U u3+1—v , ref), t>0

v =7Av+vleu—v—0) zeN, t>0.

(6.4.7)

which o > 0 and 3 > 0. Here, the couple (Uy, V) = (0,0) is the constant stationary
solution and the second constant stationary solution (U;, V) satisfies the system
U2

f(U,V):U3+1—V:0 and ¢g(UV)=aU -V —=0. (6.4.8)

The nullclines defined by equations (6.4.8) are sketched on Fig. 6.4.3. Notice that the
function U?/(U? + 1) attains a global maximum for U > 0 at some point which we
denoted by U,,.

Theorem 6.4.7. Assume that a > 0 and 8 > 0 are such that the constant stationary
solution (Us,,Vy) satisfies Uy # U,,. Then there exist a family of discontinuous

stationary solutions to problem (6.4.7).

Proof. 1t is sufficient to apply Theorem 6.2.6 in the same way as in Theorem 6.4.1
with the stationary point (Uy, V) with the branch ky and the branches either k; or
ks (or the both, see Remark 6.2.10). O
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Figure 6.4.3: The nullclines (6.4.8) for the predator-prey model with U, > U,,

Theorem 6.4.8. Assume that o > 0 and 5 > 0 are such that the constant stationary
solution (UQ,VQ) satisfies Uy > U,,. Then there exist stable discontinuous stationary

solutions to problem (6.4.7).

Proof. Following the reasoning form Theorem 6.4.2 we obtain that the function
fu(U3,V5) is negative because the function ky(V) is decreasing in the neighbour-
hood of V; (see Fig. 6.4.3). Moreover, since by < 0, ¢ > 0 and dy < 0 (with the
notation from (6.2.2)) we obtain that

ap+do <0 and agdy — bocg >0
and Assumption 6.2.8 holds true. By a direct calculation, we obtain that
fu(0,V3) ==V5y<0 and g,(0,Vy) =—-2Vy—3<0

and hence the solution is stable by Theorem 6.2.9. O

6.4.4 Numerical illustrations of discontinuous stationary solu-
tions

We conclude this work by numerical simulations of solutions to problems (6.4.4)
and (6.4.7). We choose systems coefficients as on Fig. 6.4.2 and Fig. 6.4.3. We used

the explicit finite difference Euler method and we choose the initial conditions (ug, v)
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in the following way. We decompose the domain Q = [0,1]? = Q; U Qy with |Qy] > 0
sufficiently small. In the case of Fig. 6.4.4 and 6.4.5, we choose an initial conditions

(10, vg) as a small perturbations of the constant solution (Us, V3).

up < Us and vg < V3 on Q; aswell as wug > Uz and vy > V3 on €. (6.4.9)
On the other hand for Fig. 6.4.6 we set

up=U; and vg =V, 0onQ; aswellas uy=0and vg =V, on Q. (6.4.10)

We choose the m-shape set €25 on Fig. 6.4.4, a random small set €25 on Fig. 6.4.5
and UWr-shape set {2 on Fig. 6.4.6. The graphs of the corresponding solutions
on all figures were obtained for large values of ¢t > 0 and, by stability results from
this dissertation, they are good approximations of discontinuous stationary solutions.
Here we observe a graphical ilustration of inequalities (6.2.4), namely, U stays close
to U; = ki(V1) on the set € and close to either ky(V) (Fig. 6.4.4 and 6.4.5) or
k3(V1) =0 (Fig. 6.4.6) on the set Q.
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Figure 6.4.4: The solution u, v to problem (6.4.4) for sufficiently large ¢ > 0 and with
the initial condition satisfying inequalities (6.4.9). The solution u stays close to 1 on
a m-shape set (), (gray) and close to U; on a set ; (blue-green-yellow). The solution
v is a m-perturbation of the constant solution V. Here, we choose the particular
m-shape set {25 to emphasize that every shape is allowed.

Figure 6.4.5: The solution u,v to problem (6.4.4) for sufficiently large ¢ > 0 and
for a random initial condition. The solution u stays close to 1 on a random set €2,
(gray) and close to U; on a set ; (blue-green-yellow). The solution v is a random
perturbation of the constant solution V5. Here, we choose the particular 7-shape set
)5 to emphasize that every shape is allowed.
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U Vv
5.0 'i.CICIHI
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Figure 6.4.6: The solution u, v to problem (6.4.7) for sufficiently large ¢ > 0 and with
the UWr-shape initial condition satisfying equations (6.4.10). The solution u is equal
to 0 on an UWr-shape set (), (black) and stays close to U; on a set € (blue-green-
yellow). The solution v is an UWr-perturbation of the constant solution Vs.
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