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Abstract

This thesis is devoted to the study of Lie bialgebra and Hopf algebra structures related
to certain versions of non-commutative geometry constructed on infinite-dimensional Lie al-
gebras that arise in the context of asymptotic symmetries of spacetime. We prove a number
of theorems about cohomology groups that aid the classification of the Lie bialgebras and
explicitly construct and analyze selected Hopf algebras. Particularly interesting behavior was
found by studying the contraction limit of spacetimes with cosmological constant and the
inclusion of central charges on the level of Lie bialgebras and Hopf algebras. Phenomeno-
logical consequences, like deformed in-vacuo dispersion relations, known from the study of
κ-Poincaré quantum groups, are investigated. Furthermore, we examine how a new proposal
in the context of the black hole information loss paradox and counterarguments against it are
affected.
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A well-chosen generalization supplies for a theory the effect of a frame on a painting,
and enables it to be looked at ‘from the outside’ as it were.

Kirill C.H. Mackenzie
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Chapter 1
Introduction

After the dust had settled around the major scientific revolutions of the 20th century, gen-

eral relativity and quantum mechanics, these two are standing as firm as ever. Predictions

of general relativity, like the existence of black holes or gravitational waves, that seemed

preposterous when they were first made, have been spectacularly confirmed. The standard

model of particle physics, an incarnation of a quantum field theory, has passed (almost) all

high-precision tests with flying colors. While attempts to reconcile these frameworks, a noto-

riously difficult quest known as quantum gravity, certainly led to new insights and theoretical

progress, especially in String Theory and Loop Quantum Gravity, distinct predictions that

can be tested in current experiments, remain elusive. A main reason for this is that the

scale at which both general relativity and quantum mechanics are basically guaranteed to be

relevant, the Planck scale (or Planck mass) mPl ∼ 1019 GeV , is orders of magnitude larger

than what is currently obtainable in high energy experiments. This scale has its origin in a

famous thought experiment; if we want to probe ever shorter distances e.g. with photons,

their wavelength has to become shorter and thus the energy increases. When the Planck scale

is reached, with which we could achieve resolutions of about the Planck length lPl ∼ 1/mPl,

the energy in the collision region is so high that a black hole is formed. On the one hand,

this means that both general relativity and quantum mechanics are needed to describe the

experiment, but also that shorter distances than lPl are operationally meaningless.

Some theories and frameworks bundled under the notion of non-commutative geometry

can be seen as attempts to remedy parts of the problems mentioned above. In particular, the

κ-Poincaré quantum group and related constructions feature an observer independent scale

governing the breakdown of spacetime as a smooth manifold as heralded by the thought ex-

periment from the previous paragraph. Its origin lays in the mathematical advances around

Hopf algebras by the mathematical physicists Drinfeld, Fadeev, Jimbo and Woronowicz ([1],

[2], [3], [4]) which in turn were used by Lukierski, Ruegg, Majid and collaborators in [46], [5],
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[32]. While we leave a more detailed introduction to chapter 2, it should be noted that instead

of spacetime itself, its (deformed) symmetries play a fundamental role in κ-Poincaré. This

feature is also motivated by the fact that an observer does not have direct access to spacetime

coordinates and only measures the (angular) momenta of incoming particles associated with

the spacetime symmetries via the Noether theorem. On its own, κ-Poincaré is not a complete

theory of quantum gravity but rather aims to describe effective phenomena from such a (un-

specified) theory. It is expected that in various ways these phenomena already contribute at

some intermediate (“mesoscopic”) scale and thus provide some empirical clues to the nature of

quantum gravity. An important example, especially in the age of multi-messenger astronomy

[6], is the possibility of deformed in vacuo dispersion relations where effect sizes can be en-

hanced by cosmological length scales. As non-commutative geometry does not explicitly deal

with dynamical aspects, a key part of its study is to consistently formulate general relativity

and quantum field theory in terms of the non-commutative foundation. Considerable progress

has been made in the understanding of QFT on so-called Moyal non-commutative spaces ([7],

[8], [9] and references therein) but, despite several valiant efforts ([10],[11], [12], [13], [14], [15],

[16], [17], [18]), there was no matching success for a QFT description in κ-Poincaré. In [42] a

proposal for expressing the concepts underlying general relativity in a κ-Poincaré framework

(or at least some variant of it) was brought forward.

Seemingly unrelated, in recent years there has been a renewed interest in studying the

asymptotic symmetries of spacetime (cf. chapter 3), in part due to new theoretical under-

standing but also because of the prospect of testing phenomenological consequences like the

gravitational memory effect. Also in the endeavor to reformulate physics in the “bulk” of

spacetime in terms of a dual theory on the boundary, the so-called holographic principle with

its most prominent example, the AdS/CFT correspondence [19], the asymptotic symmetries

play a vital role. Furthermore, as reviewed in [61], they are deeply connected to infrared

phenomena like the soft theorems by Weinberg [130].

A hallmark of the corresponding symmetry algebras is that they are infinite dimensional

but always contain the Poincaré algebra (or its analogon in spacetimes with constant curva-

ture). Thus a natural question appears which will be at the heart of this thesis: How can

we consistently formulate deformed quantum groups like the κ-Poincaré if they are to be em-

bedded in the asymptotic symmetry algebras? And more generally, what kind of quantum

groups are possible on the infinite dimensional algebras? Armed with the technical constraints

coming from this analysis we can then investigate potential phenomenological consequences,

some of which are known from the study of quantum groups, while others arise only in the

setting of asymptotic symmetries. So far, the particular combination of non-commutative



3

geometry and asymptotic symmetry algebras has not been studied from a physical point of

view, however, several contributions to the relevant mathematical underpinnings have been

made, e.g. by [92].

Even though our universe exhibits a four dimensional spacetime, it is interesting to study

the three dimensional case as well beyond the obvious reason that many things are technically

easier. On the gravity side this has been particularly fruitful as the three dimensional general

relativity has no dynamical degrees of freedom and allows for quantization [84]. Similarly,

the study of three dimensional spacetime revealed connections between quantum gravity and

κ-Poincaré [20].

This thesis is structured as follows. In the second chapter, we start by motivating some of

the mathematical ideas behind quantum groups (Hopf algebras) and develop its framework

mainly following [21], [24]. We put special emphasis on deformations that can be obtained

from a so-called twist. Then the mathematical structures are endowed with a physical inter-

pretation focusing on the κ-Poincaré. In chapter 3, the derivation of the symmetry algebra

of asymptotically flat four dimensional spacetime is reviewed and related to the algebra of

the conserved soft charges. In a similar way the more recent constructions of symmetries of

asymptotically (anti) de Sitter spacetimes are introduced in three and four dimensions and

in the former case we highlight the possibility of viewing the asymptotically flat case as a

contraction limit.

After these introductory parts, the content of which is mostly well-known, chapter 4

features mainly original research by the author based on the publications [62], [63] and [64].

In particular, we classify Lie bialgebras on symmetry algebras of asymptotically flat and

(A)dS spacetimes in three and four dimensions building on recent work by [87], [95], [94] in

the finite dimensional cases. This rather technical part is supplemented by theorems about

certain cohomology groups for which we give elementary proofs in Appendix A. Some of the

theorems are already known in the mathematical literature [92], [89]. We then continue by

explicitly constructing several Hopf algebras in all orders of the deformation parameter and

analyze them. Thereby a special focus lies on the possibility of the so-called specialization,

a requirement that turns out to be rather restricting in the infinite dimensional setting. In

chapter 5, we apply the previously obtained structures to non-commutative geometry and

study potential phenomenological consequences. While the latter draws from results known in

the κ-Poincaré literature, its application to asymptotic symmetries constitutes novel research.

Furthermore, we review a potential solution to the black hole information loss paradox brought

forward by Strominger, Hawking and Perry in [115] and some critical responses to which we

in turn reply with a new proposal that could remedy the original argument.
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Finally, in chapter 6 the results are summarized and put in the context of the main goals

of the thesis. Some open questions and further research directions are highlighted.



Chapter 2
Quantum Groups and

Non-commutative Geometry

In this chapter, the underlying ideas of quantum groups are introduced, following [21], and the

mathematical framework is developed [21],[24]. We present the connection to non-commutative

geometry, focussing on the so-called κ-Poincaré formulation and highlight conceptual differ-

ences in various approaches to non-commutativity.

2.1 Quantum Groups

In classical mechanics the state of a system at time t is described as a point m(t) on a Poisson

manifold M . The evolution of functions f of this state, representing an observable, is governed

by the equation

df

dt
(m(t)) = {H, f}(m(t)) (2.1)

where H is the classical Hamiltonian and {, } denotes the Poisson bracket defined on smooth

functions on M (cf. next section for more details). For the coordinate functions, e.g. the

canonical momentum p and position q of a particle in one dimension it is given by

{p, q} = 1

and (2.1) become Hamilton’s equation. In contrast, the description of a state in quantum

mechanics is given by a (complex) ray in a Hilbert space V and observables of the system are
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represented by linear operators A on V . Their time evolution is governed by the commutator

dA

dt
= [H, A]

with the quantum Hamiltonian H. Passing from the classical to the quantum mechanical

description is known as the problem of quantization. Of course, there is no one to one corre-

spondence between these descriptions but one possibility, due to Moyal [22], is to reformulate

the problem in terms of finding a “deformed” product ⋆h on the algebra of functions of a

manifold so that the commutative product is obtained in the limit of vanishing deformation

parameter h and the first order deformation satisfies

lim
h→0

f1 ⋆h f2 − f2 ⋆h f1
h

= {f1, f2}. (2.2)

Equipped with such a product, the algebra of functions is related to non-commutative geom-

etry, as introduced by Connes [25], in the following way. A theorem by Gelfand and Naimark

[23] states that there is a one to one correspondence of commutative C∗ algebras and compact

Hausdorff spaces, i.e. there is a duality between the category of certain spaces and algebras

of functions on that space. Extending this concept, one can view quantum spaces as a dual

category of associative but not commutative algebras (see also [26] for a pedagogical introduc-

tion). These spaces are not necessarily manifolds and to describe the symmetries of them we

need to generalize the notion of a group as well. Therefore it is helpfull to focus on functions

on a group instead of the group itself, much like in the treatment of quantum spaces. As

will be discussed in section 2.1.4, this introduces coproduct and antipode as pullback from

the group multiplication and inverse as well as a counit and thus leads to the notion of a

Hopf-algebra.

It should be noted that different authors use varying more or less restrictive definitions of

what a quantum group is. For example [24] takes the stance to view every Hopf algebra with

interesting applications as a quantum group. In particular the deformations of enveloping

Hopf algebras of Lie algebras (see section 2.1.6) serve as a guiding example. Others have

focussed on objects with extra structure that put more emphasis on the origin as quantized

algebras of coordinate functions as e.g. the compact matrix pseudogroups of [4]. In this thesis

we adopt the former point of view and loosely use the terms quantum group and Hopf algebra

synonymously.
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2.1.1 Lie Bialgebras and Poisson Lie Groups

The concept of a Lie bialgebra can on the one hand be seen as an infinitesimal version of a

Hopf algebra, on the other hand it arises also naturally in the context of Poisson Lie groups,

as we will show in the following to motivate the definition [21].

A Poisson Lie group is a Lie group that is also a Poisson manifold. A Poisson

manifold in turn is a manifold M with a bilinear map defined for smooth real functions on

M

{, } : C∞(M) × C∞(M) → C∞(M),

which is antisymmetric, satisfies the Jacobi identity

{f1, {f2, f3}} + {f3, {f1, f2}} + {f2, {f3, f1}} = 0

and is a derivation

{f1f2, f3} = f1{f2, f3} + {f1, f3}f2.

Additionally the group multiplication µ and the Poisson structure of the Poisson Lie group

have to be compatible in the sense that µ is a Poisson map, i.e.

{f1, f2}(x0y0) = {f1(xy0), f2(xy0)}(x0) + {f1(x0y), f2(x0y)}(y0) (2.3)

Restricted to the maximal ideal I of functions vanishing at the unit e of M , I2, generated by

functions of second order in local coordinates that also vanish at e, is a Lie-ideal, i.e.

{, } : I ⊗ I2 → I2. (2.4)

Thus the bracket can be defined on the coset I/I2 consisting of equivalence classes {[f ] =

f + g, f ∈ I, g ∈ I2} and the result of taking a bracket does not depend on the representative

of the equivalence class. One can show that I/I2 is isomorphic to the cotangent space T ∗
eM

[27] which can be identified with the dual Lie algebra g∗ of M where {, } is therefore defining a

Lie bracket. Its dual {, }∗ ≡ δ : g → g⊗g is called the cobracket which satisfies the Co-Jacobi

identity

Cycl((δ ⊗ id)δ(x)) = 0 (2.5)

with Cycl(a ⊗ b ⊗ c) = a ⊗ b ⊗ c + c ⊗ a ⊗ b + b ⊗ c ⊗ a. As the Jacobi identity for a Lie

algebra encodes the concept of associativity, the co-Jacoby identity is said to express the dual
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coassociativity.

Duality here refers to the dual vector space V ∗ which can be seen as the vector space

of linear functionals on V . The evaluation of these functionals on elements of V defines a

nondegenerate bilinear form ⟨·, ·⟩ called the dual pairing.

Furthermore, (2.3) ensures a compatibility relation between the bracket and cobracket.

To see this, we note that expressed in terms of the Poisson bivector Π : M →
∧2 TM , defined

by

{f, g} = (df ⊗ dg)Π, (2.6)

(2.3) reads

(df ⊗ dg)Π(x0y0) = (d(f ◦Ry0) ⊗ d(g ◦Ry0))Π(x0) + (d(f ◦ Lx0) ⊗ d(g ◦ Lx0))Π(y0)

= (df ⊗ dg)(dx(Ry0) ⊗ dx(Ry0)Π(x0) + dy(Rx0) ⊗ dy(Rx0)Π(y0)), (2.7)

where Rx, Lx : M → M,y 7→ yx, xy are the left and right translation and the subscript on

the exterior derivative dx means that the resulting map, e.g. dxR, starts from the tangent

space at x. In order to turn the bivector into a map to the exterior product of the Lie algebra∧2 g ≃
∧2 TeM one can use the right translation

Π̃ : M →
2∧
g, Π̃(x) = de(Rx−1)Π(x). (2.8)

Applying this to (2.7) yields

Π̃(x0y0) = de(Ry−1
0 x−1

0
(dx(Ry0) ⊗ dx(Ry0)Π(x0) + dy(Rx0) ⊗ dy(Rx0)Π(y0))

= de(Rx−
0 1) ⊗ de(Rx−

0 1)Π(x0) + de(Rx−1
0

)de(Lx0)dy0(Ry−1
0

) ⊗ de(Rx−1
0

)de(Lx0)dy0(Ry−1
0

)Π(y0)

= Π̃(x0) + Adx0 ⊗ Adx0Π̃(y0) (2.9)

where we introduced the adjoint action1 Ad : g ⊗ g → g that is the derivative of the map

Φx : h 7→ xhx−1 = Lx(Rx−1(h)). Since M is also a Lie algebra we can write x0 = eta, y0 =

etb, a, b ∈ g and subtracting (2.9) from the same equation with x0 ↔ y0 gives in second order

of t

dΠ̃([a, b]) = [a⊗ 1 + 1 ⊗ a, dΠ̃(b)] − [b⊗ 1 + 1 ⊗ b, dΠ̃(a)] (2.10)

1Cf. section 2.1.5 for more details.
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and we identify the differential of the right-translated bivector dΠ̃ with δ. This compatibility

relation between bracket and cobracket is called cocycle condition since it has a cohomological

interpretation which will be explored in the next section.

To summarize, we showed that the Lie algebra g of a Poisson Lie group has the structure

of a Lie bialgebra (LBA), i.e. it is a Lie algebra with a cobracket δ : g → g ⊗ g satisfying

(2.5) and (2.10).

2.1.2 Coboundary and Triangular Lie Bialgebras

In the following, we will show that all cobrackets of Lie bialgebras are cocycles of certain

cohomology groups and introduce special coboundaries with properties that turn out to play

an important role in the construction of quantum groups [28].

Starting with a Lie algebra g and a g-module V (cf. 2.1.5) the vector spaces of cochains

are defined as Cn = Hom(Λng, V ), i.e. homomorphisms from the n-th exterior product of g

into V . The coboundary operators ∂n : Cn → Cn+1 are given by

∂n(f)(x1 ∧ ... ∧ xn + 1) =
n+1∑
i=1

(−1)ixi ▷ f(x1 ∧ ... ∧ x̂i... ∧ xn+1)

+
∑
i<j

(−1)i+jf([xi, xj ] ∧ x1... ∧ x̂i... ∧ x̂j ... ∧ xn+1), (2.11)

where x̂i means that the i-th tensor leg is dropped and ▷ denotes the left action on the module.

One can check that ∂n∂n−1 = 0 so that the image Im ∂n−1, the space of the n-coboundaries,

is contained in the Kernel Ker ∂n whose elements are called the n-cocycles. The quotient

Ker ∂n/Im ∂n−1 is the n-th cohomology group of g with values in V , denoted by Hn(g, V ).

Considering the case V =
∧2 g, we see that the condition that δ : g → g∧ g is a 1-cocycle,

i.e. ∂1(δ)(x) = 0 coincides with (2.10) justifying the name. The coboundaries can by definition

be written in the form

δr(x) = ∂0(r)(x) = [x⊗ 1 + 1 ⊗ x, r] (2.12)

for some r ∈
∧2 g and the cocycle condition is satisfied automatically because ∂n∂n−1 = 0.

We define a coboundary Lie bialgebra to be the triple (g, [, ], r) such that (g, [, ], δr) is a

Lie bialgebra. By directly calculating that

Cycl((δr ⊗ id))δr(x) + [x, [[r, r]]] = 0, (2.13)
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one can show that r defines a coboundary Lie bialgebra if and only if

[[r, r]] ≡ [r12, r13] + [r12, r23] + [r13, r23] = Ω, (2.14)

i.e. if its Schouten bracket [[, ]] :
∧2 g →

∧3 g is an ad-invariant (cf. section 2.1.5) element Ω.

This condition is the modified classical Yang Baxter equation (mCYBE) which can be seen

as the infinitesimal version of the quantum YBE introduced in section 2.1.7. Coboundary

Lie bialgebras with an r-matrix that satisfies the CYBE with a vanishing rhs are called

triangular, otherwise quasitriangular.

Consider two coboundary Lie bialgebras over g with r-matrices r1, r2 = ϕ̃(r1)) ≡ (ϕ⊗ϕ)(r1)

that are related by an Lie algebra automorphism, i.e. a linear map ϕ : g → g such that

[ϕ(xi), ϕ(xj)] = fk
ijϕ(xk), (2.15)

where {xi} is a basis of g and the structure constants fk
ij are those of (g, [, ]). These two Lie

bialgebras are then equivalent in the sense that the structure constants gijk of the cobracket

δr1 (in other words δr1(xi) = gkji xk ∧ xj) are identical to those of δr2 because we have

δr2(ϕ(x)) = [ϕ(x) ⊗ 1 + 1 ⊗ ϕ(x), r2] = ϕ̃(δr1(x)). (2.16)

Therefore we are interested in equivalence classes of coboundary Lie bialgebras that are the

orbits under Lie algebra automorphisms in the space of solutions to the mCYBE.

An important result about Lie bialgebras on semi-simple Lie algebras is the Whitehead

Lemma [29]. A Lie algebra is semi-simple if it is the direct sum of simple Lie algebras which

have no proper non-trivial ideals, i.e. subalgebras I ⊂ g such that [g, I] = I. The Lemma

states that all cohomology groups Hn(g, V ) of cocycles on a finite-dimensional semi-simple

Lie algebra g with values in any finite-dimensional module V vanish. In particular, this means

that all Lie bialgebras in a finite-dimensional semi-simple Lie algebra are coboundary.

2.1.3 Real Forms of Complex Lie Algebras and ∗-Structures

In the context of symmetry algebras of space-times with cosmological constant we will en-

counter algebras that can be written as different real forms of a single complex Lie algebra

which allows for a unified description.

A complex Lie algebra is simply a Lie algebra defined over the field of complex numbers

C. Starting from a real algebra W (defined over R) one can construct a complex algebra by

setting WC = C⊗R W as vector spaces. WC is called the complexification of W . We call any



11

real algebra whose complexification is a complex algebra A a real form of A. There is a one

to one correspondence between real forms and involutive antiautomorphisms, i.e. bijective

maps ∗ : A → A such that

(a∗)∗ = a, (αa)∗ = ᾱa∗, ∀a ∈ A,α ∈ C. (2.17)

This means that for a given ∗-map one can find a basis of A such that the structure constants

are real and a∗ = −a,∀a ∈ A.

A ∗-Lie bialgebra is a complex Lie bialgebra such that all the operations are

∗-homomorphisms [21]. In particular for the bracket we have

[a∗, b∗] = (ba)∗ − (ab)∗ = −[a, b]∗ (2.18)

and for the cobracket we demand

δ(a∗) = (δ(a))∗⊗∗, (a⊗ b)∗⊗∗ ≡ a∗ ⊗ b∗. (2.19)

For coboundary Lie bialgebras with r-matrix r = r1 ∧ r2 this condition implies

[a∗ ⊗ 1 + 1 ⊗ a∗, r] =[a∗, r1] ∧ r2 + r1 ∧ [a∗, r2]

!
=[a⊗ 1 + 1 ⊗ a, r]∗ = −[a∗, r∗1] ∧ r∗2 − r∗1 ∧ [a∗, r∗2] (2.20)

⇒ r∗1 ∧ r∗2 = − r1 ∧ r2 (2.21)

and by linearity all r-matrices have to satisfy

r∗⊗∗ = −r, (2.22)

i.e. the reality condition constrains the consistent coboundary Lie bialgebras and different

real forms of a complex Lie algebra might have different sets of allowed r-matrices.

Duality

The notion of a finite dimensional Lie bialgebra is self-dual in the sense of the following

proposition due to [28].

Proposition 1. Let (g, [, ], δ) be a finite dimensional Lie bialgebra, and [, ]∗ : g∗ → g∗⊗g∗, δ∗ :

g∗ ⊗ g∗ → g∗ the respective dual maps of [, ], δ. Then (g∗, [, ]∗, δ∗) is a Lie bialgebra.

As we will see in concrete examples later on, the condition that g is finite dimensional is
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indeed crucial.

To explicitly calculate the dual structures of a given Lie bialgebra one can make use of

the dual pairing ⟨·, ·⟩ : g∗ ⊗ g → C satisfying

⟨δ∗(f, g), x⟩ = ⟨f ∧ g, δ(x)⟩ , (2.23)

⟨[, ]∗(f), x ∧ y⟩ = ⟨f, [x, y]⟩ . (2.24)

2.1.4 Hopf Algebras

As motivated in the beginning of this chapter it is often useful to study the (algebra of)

functions F(G) on a group G instead of the group itself. The multiplication µ : G×G → G

then induces a map µ∗ ≡ ∆ : F(G) → F(G×G) ≃ F(G) ⊗F(G) by a pullback

∆(f)(a, b) = f(µ(a, b)), f ∈ F(G); a, b ∈ G (2.25)

and similarly from the inverse of the group ι : G → G one obtains ι∗ : F(G) → F(G) by

ι∗(f)(a) = f(ι(a)). (2.26)

Evaluating a function at the unit 1G of G gives rise to the so-called counit ε : F(G) → C

ε(f) = f(1G). (2.27)

Thus, we motivated the following definition [24].

A Hopf algebra (H,µ, η,∆, ε, S) over a field K is a unital algebra H with associative mul-

tiplication µ : H ⊗H → H, i.e.

µ ◦ (id ⊗ µ) = µ ◦ (µ⊗ id), (2.28)

unit η : K → H

η(λ) = λ1H , λ ∈ K, (2.29)

coassociative coproduct ∆ : H → H ⊗H, i.e.

(∆ ⊗ id) ◦ ∆ = (id ⊗ ∆) ◦ ∆, (2.30)
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a counit ε : H → K satisfying

ε(1H) = 1K (2.31)

and an antipode S : H → H which has to fulfill

µ ◦ (S ⊗ id) ◦ ∆ = µ ◦ (id ⊗ S) ◦ ∆ = η ◦ ε. (2.32)

Thus, H is an algebra with µ and η as well as a coalgebra with ∆ and ε. Furthermore, the

coproduct and the counit have to be algebra homomorphisms or, equivalently, the product

and unit have to be coalgebra homomorphisms, i.e.

∆ ◦ µ = µH⊗H ◦ (∆ ⊗ ∆), ε ◦ µ = µK(ε⊗ ε), (2.33)

where µH⊗H = (µ⊗ µ) ◦ (id ⊗ τ ⊗ id) with the flip τ : H ⊗H → H ⊗H, a⊗ b 7→ b⊗ a.

When writing down relations for the coproduct the Sweedler notation will be useful. In-

stead of

∆(a) =
∑
i

a1i ⊗ a2i, a, a1i, a2i ∈ H (2.34)

we write

∆(a) = a(1) ⊗ a(2), (2.35)

which implies the summation.

2.1.5 Modules, Comodules and Module Algebras

A representation of an algebra A with multiplication µ on a vector space V is an algebra

homomorphism φ mapping from A to the algebra of linear operators L(V ) on V [24]. This

entails linearity of φ as well as

φ(ab) = φ(a)φ(b), φ(1A) = 1L(V ), a, b ∈ A. (2.36)

The same concept is formulated with a linear map φ : A ⊗ V → V ,called a left action and

V , called a left A-module , satisfying

φ ◦ (id ⊗ φ) = φ(µ⊗ id), φ ◦ (η ⊗ id) = id. (2.37)
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Instead of φ(a⊗ v) we may also write a ▷ v. Similarly, a linear map φ : V ⊗A → V is a right

action and V a right A-module if

φ ◦ (id ⊗ φ) = φ(id ⊗ µ), φ ◦ (id ⊗ η) = id (2.38)

and a A-bimodule V is a left as well as a right module that are compatible in the following

sense

(a ▷ v) ◁ b = a ▷ (v ◁ b). (2.39)

Every associative algebra is a bimodule of itself with the algebra multiplication as the so-called

regular action.

A Hopf algebra H with antipode S canonically becomes a left H-module by endowing it

with the left adjoint action adL : H → L(H) defined as

adL(a)b = a(1)bS(a(2)), a, b ∈ H. (2.40)

In the case of a Lie algebra g (which can be turned into a Hopf algebra in a canonical way as

we will see in section 2.1.6) the adjoint action is just given by the Lie bracket

adL(a)b = [a, b], a, b ∈ g. (2.41)

We denote the invariant (under the action) elements of a module by

VA ≡ {v ∈ V : a ▷ v = 0, ∀a ∈ A}.

The dual notion to the module of an algebra is defined for a coalgebra B with coproduct

∆ and counit ε. A left B-comodule is a vector space V such that there exists a linear map,

the left coaction, φ : V → B ⊗ V satisfying

(id ⊗ φ) ◦ φ = (∆ ⊗ id) ◦ φ, (ε⊗ id) ◦ φ = id. (2.42)

Using the coproduct, B is itself a left B-module, i.e. ∆ : B → B ⊗ B is a left coaction since

(2.42) is then just the coassociativity condition (2.30).

Importantly, if A is a bialgebra one can construct the tensor product of representations,

i.e. a representation on the tensor product of A-modules. Given two such (left) A-modules V
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and W with corresponding (left) actions φV , φW V ⊗W is a (left) A-module with action

φV⊗W (a) = φV (a(1)) ⊗ φW (a(2)), a ∈ A. (2.43)

For the dual description of non-commutative spacetime the following concept of module

algebras is also of great importance. Consider a bialgebra B with counit ε. A left B-module

W which is also an algebra with multiplication µ and unit η is a B-module algebra if µ and

η are B-module homomorphisms, i.e. if

b ▷ µ(w, v) = µ(b(1) ▷ w, b(2) ▷ v), b ▷ 1W = ε(b)1W . (2.44)

2.1.6 Deformations of Universal Enveloping Algebras

An important class of Hopf algebras, especially for our purposes, are deformations of universal

enveloping algebras, which will be introduced in the following [24].

First, we need the notion of a topological extension of a vector space in order to allow for

formal power series in a formal parameter h, playing the role of a deformation parameter. Let

K be a field with characteristic 0. Then the set of

f =

∞∑
n=0

anh
n, an ∈ K (2.45)

with the addition and multiplication defined by

f + g =
∞∑
n=0

(an + bn)hn, fg =
∞∑
n=0

( ∑
r+s=n

arbs

)
hn (2.46)

is a ring called K[[h]]. For a K vector space V we analogously define V [[h]] as the set

f =
∞∑
n=0

anh
n, an ∈ V (2.47)

and multiplication and addition are given by (2.46), where the coefficients an, bn are elements

of V . On a K[[h]] vector space V one can introduce the so-called h-adic topology [30], i.e. the

topology in which the sets {hnV + v|n ∈ N0} are a basis of the neighborhood of v ∈ V . The

completion of the tensor product V ⊗K[[h]] W of two K[[h]] vector spaces V,W in the h-adic

topology is denoted by V ⊗̂W . One can show that V [[h]] is complete in the h-adic topology

and that V [[h]]⊗̂W [[h]] = (V ⊗W )[[h]].

Now we are ready to define the deformation of a Hopf algebra. For a Hopf algebra



(H,µ, η,∆, ε, S) a deformation is a Hopf algebra (Hh, µh, ηh,∆h, ε, Sh) such that Hh is

isomorphic to H[[h]] and

µh = µ mod h, ∆h = ∆ mod h. (2.48)

Two deformations Hh and H ′
h of H are said to be equivalent if there exists an isomorphism

of Hopf algebras fh : Hh → H ′
h that is the identity mod h.

As stated above, of particular interest are deformations of the universal enveloping

algebra (so-called quantum universal envelope QUE) U(g) of a Lie algebra g, i.e. the

free algebra of finite powers of elements of g with Lie bracket [, ] subject only to the relation

ab− ba− [a, b] = 0. U(g) is naturally a Hopf algebra with the coproduct ∆, antipode S and

counit ε defined on the primitive elements by

∆(x) = x⊗ 1 + 1 ⊗ x, S(x) = −x, ε(x) = 0, ∀x ∈ g. (2.49)

We will call this Hopf algebra the undeformed Hopf algebra of g. Note that U(g) also has a

unit.

The obstructions and uniqueness of constructing a full (all orders of h) deformation given

a first order (i.e. mod h) deformation are quantified by a cohomology derived from the

Hochschild cohomology of algebras and coalgebras (see [21] and references therein). For

deformations of a universal enveloping algebra of a semi-simple Lie algebra one finds e.g. that

U(g)[[h]] is isomorphic to U(g) as an algebra, i.e. one can set µh = µ for all deformations.

2.1.7 Quasitriangular Hopf Algebras and Quantum R-Matrices

In quantum mechanics the existence of indistinguishable particles is encoded by using multi-

particle states that are obtained from tensorproducts of one-particle states by

(anti)symmetrization. All permutations of a given tensorproduct of a vector space V (the

one-particle states) are related by (multiple) flips τ : v ⊗w 7→ w ⊗ v and our goal is to find a

quantum analog of this operation that will allow for covariant statistics on the multi-particle

states (cf. [31]).

As described in section 2.1.5, given a representation φ : H ⊗ V → V of a Hopf algebra H

on V , the map in (2.43) with φV = φW ≡ φ is a representation φ̃ : H ⊗ V ⊗ V → V ⊗ V .

For an analog of τ on this tensorproduct to be covariant we mean that it is an intertwiner of

this representation. In general, for two H modules V1, V2 an intertwiner is an isomorphism
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ϕ : V1 → V2 such that

ϕ(φV1(x, v)) = φV2(x, ϕ(v)). (2.50)

With V1 = V2 ≡ V ⊗ V and ϕ = τ this becomes

a(2) ▷ w ⊗ a(1) ▷ v = a(1) ▷ w ⊗ a(2) ▷ v ⇔ ∆op = ∆. (2.51)

It turns out that a general solution to this problem can be formulated by introducing qua-

sitriangular Hopf algebras, i.e. Hopf algebras (H,µ, η,∆, S, ε) with an invertible element

R ∈ H ⊗H such that

∆op(x) = R∆(x)R−1, (2.52)

(∆ ⊗ id)R = R13R23, (id ⊗ ∆)R = R13R12. (2.53)

R is called a universal quantum R-matrix and H is called triangular if R21 = R−1.

Then, given a representation TV : H → L(V ) the map R̃ ≡ τ ◦ (TV ⊗ TV )(R) is an

intertwiner of the action T̃V : H → L(V ⊗ V ) induced by the coproduct. Analogously the

problem of finding such an intertwiner can be formulated as finding representations of the

Artin braid group, defined by the relations among the generators σi, i ∈ N

σiσj = σjσi, for |i− j| > 1 (2.54)

σiσi+1σi = σi+1σiσi+1, (2.55)

since R̃ fulfills the cubic relations

R̃12R̃23R̃12 = R̃23R̃12R̃23 (2.56)

if R is a universal R-matrix and the quadratic relations are satisfied automatically. Further-

more, these cubic relations are equivalent to the so-called quantum Yang-Baxter equation

(QYBE) [24] for R

R12R13R23 = R23R13R12. (2.57)

The notation already hints at a connection with Lie bialgebras, the infinitesimal version

or classical limit of QUE. Indeed, if a Hopf algebra H is a QUE on a Lie algebra g, this Lie



algebra is a Lie bialgebra with cobracket given by

δ(x) =
∆(x) − ∆op

h
|h=0. (2.58)

If H is quasitriangular, so is the corresponding LBA as the linearized version of the QYBE

for R ∼ 1 + r implies the CYBE for r. Note that R is not necessarily anti-symmetric and a

non anti-symmetric r satisfying the CYBE does not imply that it defines a triangular LBA

but one can obtain an equivalent one with r′ = −r′21 satisfying the mCYBE. Furthermore,

the LBA is triangular iff H is triangular [21].

2.1.8 Specialization and Classical Limit of the Standard Deformation

In section 2.1.6 we encountered Hopf algebras with an h-adic topology with a formal parameter

h. While this is a useful concept, it is ultimately problematic for the application to physical

models where we want to interpret h as an observable energy scale e.g. the Planck scale. The

problem of finding a Hopf algebra (the so-called q-analog) with the same (co)algebra structure

where h can be specialized to a complex parameter q is known as specialization [21], [24], [36].

Given a topological Hopf algebra H[[h]] the q-analog is a subset H̃ ⊂ H[[h]] over the field

C[q, q−1] of finite monomials in q, q−1.

An instructive example of such a q-analog can be constructed in the case of the standard

deformation that we will analyze in the following [24]. Consider the simple Lie algebra sl(2,C)

spanned by {H,E+, E−} subject to the relations

[H,E±] = ±2E±, [E+, E−] = H. (2.59)

A deformation of the universal envelope of sl(2,C), called Uh(sl(2,C)) is defined on the set P

of polynomials in the generators endowed with the h-adic topology divided by the completion

Î (in the h-adic topology) of the ideal I generated by the deformed algebra relations

[H,E±] = ±2E±, [E+, E−] =
ehH − e−hH

eh − e−h
, (2.60)

i.e. Uh(sl(2,C)) = P [[h]]/Î. The coalgebra sector is given by

∆h(E+) = E+ ⊗ ehH + 1 ⊗ E+, ∆h(E−) = E− ⊗ 1 + e−hH ⊗ E−, (2.61)

∆h(H) = H ⊗ 1 + 1 ⊗H, Sh(E+) = −E+e
−hH , (2.62)

Sh(E−) = −ehHE−, Sh(H) = −H, εh(E±) = εh(H) = 0. (2.63)
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This construction can be generalized to any finite dimensional semi-simple Lie algebra and is

known as the standard or Drinfeld-Jimbo deformation [37], [38]. It is the first important tool

in the construction of quantum groups.

When trying to naively interpret h as a complex number and use the formulas (2.60)-(2.63)

verbatim for the q-analog one encounters two problems. First, the coproducts and antipodes

are infinite series in H and also in h and second that (2.60) is not defined for h = 0. Both of

these can be remedied by passing to a slightly different formulation of Uh(sl(2,C)) which we

will call Ũq(sl(2,C)). Define q = eh,K = ehH and

G =
K −K−1

q − q−1
. (2.64)

The relations in (2.60) (and an extra condition for G) for the new Hopf algebra with generators

E±,K,K−1, G then read

[G,E+] = E+(qK + q−1K−1), [G,E−] = −(qK + q−1K−1)E−, (2.65)

[E+, E−] = G, (q − q−1)G = K −K−1, (2.66)

which contains finitely many terms but is not linear. Similarly (2.61)-(2.63) can be rewritten

and we have the additional relations

∆(G) = G⊗K + K−1 ⊗G, ∆(K) = K ⊗K, ∆(K−1) = K−1 ⊗K−1, (2.67)

S(G) = −G, S(K) = K−1, S(K−1) = K, (2.68)

ε(G) = 0, ε(K) = ε(K−1) = 1, (2.69)

which are also finite polynomials in the new generators and defined for all values of q. With

these relation Ũq(sl(2,C)) is a suitable q-analog of Uh(sl(2,C)) and one can now try to find

a classical limit. In the algebra sector for q = 1 one finds that K is in the center and K2 = 1.

Indeed, Ũ1(sl(2,C)) is just the central extension of the universal envelope of sl(2,C) by a

central K with K2 = 1.

For the coalgebra sector the classical limit means the corresponding LBA (cf. previous

section) and one easily obtains that it has a cobracket defined with classical r-matrix

r = E+ ∧ E−. (2.70)



As the Schouten bracket yields the ad-invariant element

[[r, r]] = 4E+ ∧ E− ∧H, (2.71)

the LBA is quasitriangular.

2.1.9 Drinfeld Twist Deformation

In section 2.1.7 we saw that one can easily obtain a LBA from a quantum group and in the

previous section the first method of constructing a quantum group given a LBA was presented.

That method, however, only works for semi-simple Lie algebras. Another method of obtaining

new Hopf algebras that does not have this restriction is the so-called Drinfeld twist presented

in the following [39].

Let (H,µ, η,∆, ε, S) be a Hopf algebra and F = fα ⊗ fα an invertible element in H ⊗H

satisfying the 2-cocycle condition

F12(∆0 ⊗ 1)(F) = F23(1 ⊗ ∆0)(F) (2.72)

and the normalization

ε(fα)fα = 1. (2.73)

Then (H,µ, η,∆F , ε, SF ) with

∆F (x) = F∆(x)F−1, SF (x) = vS(x)v−1,

v = µ ◦ (id ⊗ S)(F), v−1 = µ ◦ (S ⊗ id)(F−1), ∀x ∈ H (2.74)

is a Hopf algebra as well. In particular, ∆F is coassociative

(∆F ⊗ id) ◦ ∆F =
(
F12(∆0 ⊗ id)F−1

12

)
◦
(
F∆0F−1

)
=F12

[
(∆0 ⊗ id)(F)(∆0 ⊗ id) ◦ ∆0(∆0 ⊗ id)

(
F−1

)]
F−1
12

=F23

[
(id ⊗ ∆0)(F)(id ⊗ ∆0) ◦ ∆0(id ⊗ ∆0)

(
F−1

)]
F−1
23

=(id ⊗ ∆F ) ◦ ∆F , (2.75)

where equation (2.72), the analog relation for the inverse twist element and the coassociativity

of ∆0 was used in the third line. If the original Hopf algebra was quasitriangular with universal

R-matrix R so is the twisted one with RF = F21RF−1.



21

Starting from the undeformed Hopf algebra of the universal envelope of some Lie algebra,

this construction can be used to construct deformed quasitriangular QUE with R = F21F−1.

We already know that the linearized and anti-symmetrized R yields a classical r-matrix r and

if it is given by a twist r is even triangular. Conversely, one can show that given a triangular

r-matrix r there is a twist such that the associated R-matrix has r as the classical limit [21].

A related, even more general result from [40], [41] states that all first order deformations

encoded in a LBA structure can be extended to a full deformation. In particular, it is stated

that the category of Lie bialgebra over a field with h-adic topology and the category of QUE

are equivalent.

2.1.10 Star Product

We saw in (2.1.5) that the action of a Hopf algebra H on a product in a module algebra A

with product µ involves the coproduct. If the coproduct is deformed one can ask how the

product in the module has to change so that the deformed action is compatible with it. In

the case of a twist deformation with twist F the answer can be explicitly given in the form of

the so-called star product ⋆ : A⋆ ⊗A⋆ → A⋆ where A = A⋆ as a vector space. It is defined by

[42]

a ⋆ b = µ
(
F−1 ▷ (a⊗ b)

)
(2.76)

and the compatibility with the action

h ▷ (a ⋆ b) =
(
h(1)F ▷ a

)
⋆
(
h(2)F ▷ b

)
, (2.77)

where the twisted coproduct is written in the Sweedler notation ∆F (h) = h(1)F ⊗h(2)F , follows

from the compatibility of the undeformed action with the product µ

h ▷
(
µ
(
F−1 ▷ (a⊗ b)

))
= µ

(
∆(h) ▷

(
F−1 ▷ (a⊗ b)

))
= µ

(
F−1 ▷

(
∆F (h) ▷ (a⊗ b)

))
=
(
h(1)F ▷ a

)
⋆
(
h(2)F ▷ b

)
. (2.78)

Furthermore, the star product is associative.

Two examples of star products on modules will be especially important in this work. The

first is the Hopf algebra itself via the adjoint action which we discuss in the following. Starting

from a universal envelope Ug of a Lie algebra g by a twist deformation one obtains a QUE



UgF . Using the adjoint action a star product

⋆ : Ug⊗ Ug → Ug, h ⋆ g = (f̄α ▷ h)(f̄α ▷ g) (2.79)

can be defined on Ug⋆ ≡ (Ug, ⋆). On the generators of g the star product can be used to

define a braided commutator

[u, v]⋆ = u ⋆ v −
(
R̄α ▷ v

)
⋆
(
R̄α ▷ u

)
, (2.80)

where R−1 = FF−1
21 ≡ R̄α ⊗ R̄α is the inverse R-matrix. The braided commutator closes in g

and satisfies braided antisymmetry and the braided Jacobi identity

[u, v]⋆ = −[R̄α(v), R̄α(u)]⋆, (2.81)

[u, [v, t]⋆]⋆ = [[u, v]⋆, t]⋆ + [R̄α(v), [R̄α(u), t]⋆]⋆, (2.82)

turning g⋆ ≡ (g, [, ]⋆) into a deformed Lie algebra. Furthermore, one can show that g⋆,

sometimes referred to as a quantum Lie algebra, generates Ug .

On Ug⋆ one can naturally define a Hopf algebra structure by

∆⋆(u) = u⊗ 1 + f̄αR̄βS−1(f̄α) ⊗ R̄β(u), S−1
⋆ (u) = −(R̄β ▷ u) ⋆ (f̄αR̄βS

−1(f̄α)), (2.83)

which is isomorphic to (UgF , µ,∆F , SF , ε) with the isomorphism

D : Ug⋆ → UgF , D(u ⋆ v) = D(u)D(v), (2.84)

D−1 : a 7→ D−1(a) = (f̄α ▷ a)f̄α ≡ aF . (2.85)

It will be useful to express the Hopf algebra structures of Ug⋆ in terms of aF , i.e.

[aF , bF ]⋆ = aF ⋆ bF − (R̄α ▷ b)F ⋆ (R̄α ▷ a)F , (2.86)

∆F (aF ) = aF ⊗ 1 + R̄α ⊗ (R̄α ▷ a)F . (2.87)

The deformed bracket can also be expressed as [43]

[aF , bF ]⋆ = aF(1F )b
FSF (aF(2F )). (2.88)

An important property of the deformed coproduct (2.83) is

∆⋆(g⋆) ⊂ g⋆ ⊗ 1 + Ug⋆ ⊗ g⋆, (2.89)
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which does not hold in general for e.g. ∆F . This property allows for the construction of a

deformed differential calculus in the sense of Woronowicz [44] (see also [45] for an explicit

construction for κ-Minkowski)which in [42] was used to define a theory of gravity in a non-

commutative setting. The deformed infinitesimal diffeomorphisms under which the theory

is invariant are described by Ug⋆ giving an argument that this form is preferred over other,

isomorphic forms like UgF . In particular, it is possible to define a deformed quadratic wave

operator on the algebra of the infinitesimal diffeomorphisms (vector fields) that can be ex-

pressed as [43]

□F ≡ D(□), (2.90)

where □ is the undeformed wave operator.

The second example for making use of the star product is directly related to non-commutative

geometry and will be discussed in the next section.

2.2 κ-Poincaré and Non-commutative Geometry

In this section, the κ-Poincaré quantum group is introduced and used to illustrate the relation

of non-trivial coalgebra structure and non-commutative geometry (see e.g. [47]).

In the seminal paper by Lukierski et.al. [46] the κ-Poincaré quantum group was first

introduced. They employed the Drinfeld-Jimbo deformation discussed in section 2.1.8 for the

symmetry algebra of anti de Sitter (AdS) spacetime (cf. chapter 3). That symmetry algebra

is the semi-simple so(3, 2) which is a real form of o(5,C). When taking the contraction limit

(which will also be discussed in greater detail in chapter 3 and 4) of so(3, 2), the Poincaré

algebra in four dimensions

[Mµν ,Mρλ] = i(ηµλMνρ − ηνλMµρ + ηνρMµλ − ηµρMνλ), (2.91)

[Mµν , Pρ] = i(ηνρPµ − ηµρPν), [Pµ, Pν ] = 0, (2.92)

with the Minkowski metric ηµν = diag(1,−1,−1,−1) is obtained on the algebraic level.

In the bicrossproduct formulation ([32]) the algebra and coalgebra relations of the κ-

Poincaré are both deformed, i.e. one has

[M0i, kj ] = iδij

(
κ

2

(
1 − e−2k0/κ

)
+

k2

2κ

)
− i

1

κ
kikj , (2.93)

for the algebra sector while the rest of the relations are undeformed. The coproducts take the



form

∆(ki) = k1 ⊗ 1 + ek0/κ ⊗ ki, ∆(k0) = k0 ⊗ 1 + 1 ⊗ k0. (2.94)

However, one can choose a basis (the so-called classical basis, also discussed in [33], [34], [35])

P0(k) =κ sinh

(
k0
κ

)
+

k2

2κ
e

k0
κ , (2.95)

Pi(k) =kie
k0
κ , (2.96)

so that the algebra relations are undeformed and the coalgebra sector can be expressed as [36]

∆τ (Pµ) =Pµ ⊗ Πτ + 1 ⊗ Pµ − τµ
κ
P ρΠ−1

τ ⊗ Pρ −
τµ

2κ2
CτΠ−1

τ , (2.97)

∆τ (Mµν) =Mµν ⊗ 1 + 1 ⊗Mµν +
1

κ
P ρΠ−1

τ ⊗ (τνMρµ − τµMρν)

− 1

2κ2
CτΠ−1

τ ⊗ (τµτ
ρMρν − τντ

ρMρµ), (2.98)

where the symbols

Πτ =
1

κ
τµPµ +

√
1 +

τ2

κ2
C, (2.99)

Cτ =
2κ2

τ2

(√
1 +

τ2

κ2
C − 1

)
, C = PµPµ, (2.100)

have been used2 and Cτ = C for τ = 0. The original version of Lukierski et.al. corresponds

to the choice τµ = (1, 0, 0, 0) → τ2 = 1 which is also called the time-like κ-Poincaré but other

choices are possible, i.e. the spacelike τ2 = −1 and light-like (or light-cone) τ2 = 0 versions.

The light-like form is special since it is triangular and can thus be obtained from a twist.

2.2.1 Non-commutative Geometry

From ordinary quantum mechanics we know that the operators for position and momenta

are dual to each other in the sense that e.g. the momentum operator can be represented as

2The quadratic element Cτ is argued to play the role of a deformed Casimir operator in [55] because it
satisfies [Cτ , xµ] = 2Pµ when acting on the dual non-commutative coordinates (cf. below). In chapter 4 we
will employ a different construction of deformed Casimir operators based on the generators discussed in section
2.1.10.
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Pµ ≡ −i∂µ and thus acts on the coordinates via

⟨Pµ, xν⟩ = Pµ ▷ xν = −iηµν , (2.101)

leading to the Heisenberg relation

[Pµ, xν ] ≡ ⟨Pµ, xν⟩ = −iηµν . (2.102)

This canonical action on the dual Minkowski algebra can be understood as dual to the regular

action, i.e. the first equality in (2.101) follows from

⟨Pν ⊗ Pρ,∆(xµ)⟩ = ⟨PνPρ, xµ⟩ = ⟨Pν , Pρ ▷
∗ xµ⟩ , (2.103)

Pρ ▷
∗ xµ = ⟨xµ(1), Pν⟩xµ(2), (2.104)

if we endow the dual algebra with a primitive coproduct ∆(x) = x⊗ 1 + 1 ⊗ x.

Now, as we saw in section 2.1.5, if the algebra of momenta is a Hopf algebra one can look

for a representation on the algebra of the form

Pµ ▷ (xν · xρ) = (Pµ(1) ▷ x
ν) · (Pµ(2) ▷ x

ρ). (2.105)

When comparing to (2.77) it becomes apparent that the product · that satisfies this module

algebra relation for a deformed coproduct is the star product which allows us to calculate

what we will interpret as deformed commutation relations for Minkowski space. For example,

with the coproduct from (2.94) one finds e.g.

kj ▷ [x0, xi] = (kj(1) ▷ x
0)(kj(2) ▷ x

i) − (kj(1) ▷ x
i)(kj(2) ▷ x

0) =
1

κ
δij, (2.106)

indicating that

[x0, xi] =
i

κ
xi. (2.107)

This relation (with the rest of the commutators vanishing) constitutes the time-like κ-Minkowski

algebra and the other variations can be included in the description again with the help of τµ

[xµ, xν ] =
i

κ
(τµxν − τνxµ) . (2.108)

Besides commutation relations of Lie algebra type that we just encountered there is also



the so-called canonical or Moyal-Weyl non-commutative spacetime defined by [22]

[xµ, xν ] = Θµν , (2.109)

which will be discussed in the next section. Note that in this situation the direct formulation

in terms of the star product (cf. below) is more suitable because the kj acting on a constant

would just be zero.

Another point of view to describe the relation between non-commutativity and quantum

groups is to start from the commutation relations (2.107) which form what is known in the

mathematical literature as the an(3) algebra. A five dimensional representation of an(3) is

given by the matrices [47]

x0 = − i

κ


0 0 1

0 0 0

1 0 0

 , xi =
i

κ


0 ϵTi 0

ϵi 0 ϵi

0 −ϵTi 0

 , (2.110)

where ϵi is the unit vector with a single entry at the i’th position. As usual, the associated

Lie group (AN(3)) is obtained by exponentiation and thus a generic group element can be

written as

êk = eikix
i
eik0x

0
, (2.111)

parametrized by the functions kµ on the group manifold, which becomes

êk =
1

κ


P̄4 −Pe−k0/κ P0

−P κ1 −P

P̄0 Pe−k0/κ P4

 (2.112)

in terms of the matrix representation. The momenta Pµ(k) are given by (2.95) and

P̄0(k) =κ sinh

(
k0
κ

)
− k2

2κ
e

k0
κ , P̄4(k) = κ cosh

(
k0
κ

)
+

k2

2κ
e

k0
κ , (2.113)

P4(k) =κ cosh

(
k0
κ

)
− k2

2κ
e

k0
κ . (2.114)

The vector (0,0, κ) ∈ R5, the origin of the momentum space, has norm κ2 and acting on it
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with êk gives

êk


0

0

κ

 =


P0

−P

P4

 (2.115)

so that the invariance of the norm implies

P 2
4 − P 2

0 + P2 = κ2, P0 + P4 = ek0/κ > 0. (2.116)

But this just means that the momentum space is a submanifold of the four dimensional de

Sitter space with curvature radius 1/κ.

From the group perspective the deformed coproduct acquires the interpretation of a non-

standard addition (+̂) of momenta in the group multiplication, i.e.

êk+̂l ≡ êkêl = ei(ki+e−k0/κli)x
i
ei(k0+l0)x0

, (2.117)

with the help of the Baker Campbell Hausdorff formula.

A connection between the non-commutative algebra as in (2.108) and a star product

between commutative coordinate functions xµ is given by a Weyl map (see e.g. [48]) Ω

Ω
(
ekµx

µ
)
≡ êk = eikix

i
eik0x

0
, (2.118)

(f ⋆ g) = Ω−1(Ω(f)Ω(g)), (2.119)

for coordinate functions f, g of xµ. Then the deformed commutator is written as

[xµ, xν ] ≡ xµ ⋆ xν − xν ⋆ xµ. (2.120)

Note that while for the star product we also have the unique prescription from the previous

section, the Weyl map is in general ambiguous, i.e. it depends on ordering ambiguities. For

a further star product construction related to κ-Minkowski see also [52].

2.2.2 Broken and Deformed Symmetries

Now that we saw how the formalism of Hopf algebras relates to spacetime non-commutativity

let us explore two different types of physical motivation of this phenomenon [110].

An instructive analogy for this distinction is the treatment of the speed of light in Galilean

relativity, where the laws of motion (Newton’s law) hold in all frames related by a galilean



transformation. Such transformations relate frames that differ by constant relative motion and

velocities simply add as vectors. When Maxwell introduced his equations for electromagnetism

the speed of light c was introduced and two different ways of incorporating it into Galilean

relativity are conceivable. First, one could treat c just as a ordinary velocity that transforms

like a vector. Such a view breaks the relativistic symmetry as the Maxwell equation would

have a different form in distinct inertial frames, singling out a frame where c has the value

that one measures in our universe (ether). Alternatively, Einstein postulated that c has the

same value in all inertial frames. This deforms the Galilean into special relativity, e.g. the

addition of velocities is no longer vectorial but no frame is singled out.

When spacetime non-commutativity of the form [49]

[xµ, xν ] =
1

κ2
Θµν(κx) (2.121)

is introduced, where the rhs is expanded as [51]

Θµν(κx) = Θµν
(0) + κΘµν

(1)ρx
ρ + κ2Θµν

(2)ρτx
ρxτ + ..., (2.122)

one similarly has the choice how to treat the energy scale κ or the coefficients Θ. One possi-

bility is to assume that Θµν transforms as an ordinary tensor. This choice can be motivated

by a simple system of quantum mechanical particles in a strong magnetic field as follows [54].

Consider the Lagrangian of a particle in the x, y plane with mass m, charge q and velocity v

in the magnetic field B

L =
mv2

2
+ qBxvy. (2.123)

The canonical momenta are simply given by

px =
∂L

∂ẋ
= mvx, py = mvy + qBx (2.124)

and the canonical commutation relations [py, y] = i yield for large B

i

qB
=

1

qB
[py, y] =

1

qB
[x,mvy + qBx] ≃ [y, x]. (2.125)

The physical interpretation of this emerging effective non-commutativity is that even though

the model allows for states in which both x and y can be measured sharply simultaneously

these states correspond to high energy if B is very large and thus a low-energy observer

can not excite them. An analogous mechanism was discovered in string theory where the
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Kalb-Ramond field Bij (which generalizes the electromagnetic potential) plays the role of the

magnetic field [53] [54]. This low-energy effective non-commutativity was mostly studied in

the case of constant Bij corresponding to the zeroth order in (2.122) and is also known as

canonical or Moyal non-commutativity [22].

Another possibility consists in postulating that the scale κ, often identified with the Planck

mass mPl, is observer independent. Such a scenario is called doubly special relativity [50]

because of the status as a fundamental constant of nature both of the speed of light and κ

and it has been mostly studied in the context of κ-Poincaré [47],[117] introduced above (the

first order in (2.122)) but is not limited to it [57]. Usually the interpretation is that the

momentum space described by a Hopf algebra is more fundamental in the sense that it is

immediately accessible by experiments whereas the spacetime (module algebra) is emergent

and properties like locality are generally relative for different observers. Thus, the classical

notion of a local continuous spacetime is recovered only in a limit.

In this thesis we will adopt the latter point of view and focus mainly on the Lie al-

gebra type non-commutativity but also the zeroth order (which we will also call canonical

non-commutativity and second order (called quadratic non-commutativity, cf. [51]) terms in

(2.122) can be consistently described in this framework.

Let us close with a general remark on the motivation for deformation. If a new physical

theory is discovered the old ones are not fully abandoned, they usually remain valid as an

approximation, i.e. they can be seen as limits of the new theory. The parameter(s) controlling

the limit are often new constants of nature. Deformations, as we met them in this chapter, are

in some sense the attempt to reverse this procedure, to look for new physics in the “vicinity”

of established theories. Also special relativity and quantum mechanics are, in hindsight,

motivating examples for this strategy.





Chapter 3
Asymptotic Symmetries of

Spacetime

In the following chapter, we review the symmetries of spacetimes with certain asymptotic

behavior in the framework of general relativity. We mainly focus on the algebraic features and

investigate four and three dimensional spacetimes with different values for the cosmological

constant. Also the corresponding conserved charges and their respective algebras are studied.

3.1 4D Gravity

In the three spatial and one time dimensions of spacetime the phenomenon of gravity is

described by Einsteins theory of general relativity (GR). This theory is formulated in terms

of a differentiable manifold representing spacetime endowed with a semi-Riemannian metric

gµν that is affected by the energy-momentum tensor Tµν via the Einstein field equations

Rµν −
1

2
Rgµν + Λgµν = 8πGTµν (3.1)

where Rµν and R are the Ricci curvature and scalar determined by the metric. The theory

is, as the name suggests, relativistic in the sense of special relativity, i.e. physical laws

hold equally in all inertial frames and do not single out a preferred one. This implies that

in the absence of sources and a cosmological constant the symmetry group of the vacuum

is the Poincaré group. GR generalizes the relativity principle even further by postulating

that it holds for non-rotating, freely falling frames of reference which locally can not be

distinguished from a uniformly moving frame in the absence of a gravitational field. Therefore



Figure 3.1. A Penrose diagram of Minkowski space. Red lines indicate surfaces of constant time t
and blue lines surfaces of constant radius r [61].

the metric can be expanded locally around the Minkwski metric of flat space and it transforms

covariant under general coordinate transformations. In (3.1) Λ denotes the cosmological

constant and can be interpreted as the energy density of spacetime. Its origin is still not

very well understood and observations suggest that it has a small but positive value in our

universe. On shorter scales the effect of Λ is negligable but it has important implications for

the global structure of spacetime as we will explore later.

3.1.1 Asymptotic Flatness

As already mentioned above, (3.1) also suggests that in the absence of sources and vanishing Λ

the curvature vanishes and it is well-known that the resulting flat spacetime is invariant under

Lorentz transformations and translations which form the Poincaré group whose Lie algebra

we encountered in the previous chapter. When Bondi, Metzner, Sachs and van der Burgh

[58], [59], [60] studied the symmetries of a spacetime that is arbitrary in a finite region but

approaches flat space in the limit of infinite radial coordinate r, they probably also expected

to find the Poincaré group. However, it turned out that the symmetry group of such an

asymptotically flat spacetime is enhanced to an infinite dimensional group.

In the following we will shortly review this finding. It is useful to first introduce Penrose di-

agrams which allow for a visualization of the infinite distances of spacetime while highlighting

the causal structure (see e.g. [61]).

As figure 3.1 shows in the example of an eternal Minkowski spacetime the infinite region
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is squished into a finite one by a conformal transformation in such a way that lightrays move

in a 45◦ angle. Every pair of points with the same radial coordinate r and time t is actually a

two-sphere and the lightrays start from the lower boundary called past light-like infinity I−,

where r = ∞ = t but the advanced time v = t + r is finite, and move to the future light-like

infinity I+ parametrized by the retarded time u = t − r. Massive particles that start from

the time-like infinity i− on the other hand will always be overtaken on their way to r = ∞ by

all lightrays and end up in the future time-like infinity i+. The sphere i0 labels the so-called

spatial infinity.

Bondi Metric

Because of the (gauge) invariance of GR under general coordinate transformations one has to

make a gauge choice fixing some of the metric components. The choice

grr = 0, grA = 0, ∂rdet(gAB/r
2) = 0, (3.2)

defining the Bondi gauge, implies that u is labeling null hypersurfaces as the normal nµ =

gµν∂νu is null. Furthermore, the angular coordinates xA = (z, z̄) are defined such that their

directional derivative along nµ vanishes. Here z and its complex conjugate z̄ are coordinates

of a stereographic projection of the two-sphere into the complex plane. A general metric in

the Bondi gauge

ds2 = −Udu2 − 2eβdudr + gAB

(
dxA +

1

2
UAdu

)(
dxB +

1

2
UBdu

)
(3.3)

is parametrized by functions U,UA, β which can depend on all coordinates. In order to

obtain a metric that describes asymptotically flat spacetime one thus has to impose fall-off

conditions on these functions that restricts their behavior for large r. Even though there is no

general consensus as to what exactly these conditions should be, they are ultimately tied to

observation and should allow for phenoma that are known to exist but exclude the unphysical

ones. We will first adapt some of the loosest restrictions and discuss possible objections later

on (see also [65])1. After imposing the fall-off conditions the general metric reads

ds2 = − du2 − 2dudr + 2r2γzz̄dzdz̄

+
2mB

r
du2 + rCzzdz

2 + rCz̄z̄dz̄
2 + DzCzzdudz + Dz̄Cz̄z̄dudz̄

1We will sometimes use the term BMS algebra to loosely refer to asymptotic symmetry algebras and name
specific algebras with calligraphic letters.



+
1

r

(
4

3
(Nz + u∂zmB) − 1

4
∂z(CzzC

zz)

)
dudz + c.c. + O(1/r2), (3.4)

with the Bondi mass aspect mB describing the mass of a system as measured at null infinity,

the angular momentum aspect NA and the traceless and symmetric tensor CAB. CAB is

related to the Bondi news tensor by NAB = ∂uCzz whose square is proportional to the energy

flux of gravitational waves (propagating disturbances in the curvature) across I+. On the

sphere one has the metric γzz̄ = 2
(1+zz̄)2

and DA denotes the covariant derivative with respect

to γAB.

Supertranslations and Superrotations

Gauge transformations of (3.3) that preserve the Bondi gauge are infinitesimal diffeomor-

phisms ξ satisfying [61]

Lξgrr = 0, LξgrA = 0, Lξ∂rdet
(
gAB/r

2
)

= 0, (3.5)

where Lξ denotes the Lie derivative with respect to ξ and the asymptotic requirements

Lξguu = O
(
r−1
)
, Lξgur = O

(
r−2
)
, LξguA = O

(
r0
)
, LξgAB = O

(
r1
)
. (3.6)

We have

ξ(f,RA) =
(
f +

u

2
DAR

A + O(r0)
)
∂u +

(
RA − 1

r
DAf + O(r−1)

)
∂A

+

(
−r + u

2
DARA +

1

2
DAD

Af + O(r0)

)
∂r (3.7)

and we call these solutions of (3.5) and (3.6) asymptotic Killing vectors as they leave the form

of (3.3) invariant. The asymptotic Killing vectors are parametrized by functions f and RA

on the sphere. While f is unconstrained, the last equation in (3.6) enforces the conformal

Killing equation on the two-sphere for RA

DARB + DBRA = γABDCR
C (3.8)

which in turn implies that Rz (respective Rz̄) is holomorphic (antiholomorphic),i.e ∂zR
z̄ =

0(∂z̄R
z = 0). The Lie derivative of vector fields naturally defines a Lie bracket via Lξ(ξ

′) ≡
[ξ, ξ′] that reads in first order

[ξ(f,RA), ξ(f ′, R′A)] = ξ(f̂ , R̂A), (3.9)
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f̂ = RADAf
′ +

1

2
fDAR

′A −R′ADAf − 1

2
f ′DAR

A, (3.10)

R̂A = RBDBR
′A −R′BDBR

A (3.11)

for the asymptotic Killing vectors. The vector fields ξ(f, 0) form an ideal of the Lie algebra

and are called supertranslations. Acting on the Minkowski vacuum defined by mB = NAB =

CAB = 0 with a supertranslation does not change the mass or angular momentum aspect but

it transforms

LfCzz = −2D2
zf. (3.12)

The vanishing of the curvature requires that

Czz = −2D2
zC (3.13)

for some function C(z, z̄) and because one has LfC = f , supertranslations preserve this

condition and lead to a degeneracy of the gravitational vacuum already at the classical level.

Only the modes that are annihilated by D2
z are not spontaneously broken in this sense and

are just the usual spacetime translations.

Expanding into monomials in z, z̄ according to fmn ≡ zmz̄n

1+zz̄ ≡ Tmn and similar for the

superrotations Rz
n ≡ zn+1 ≡ ln, R

z̄
n ≡ z̄n+1 ≡ l̄n [66], one can write (3.9) as

[lm, ln] = (m− n)lm+n, [lm, Tpq] =

(
m + 1

2
− p

)
Tm+p,q, (3.14)

[l̄m, Tpq] =

(
m + 1

2
− q

)
Tp,q+m, [Tmn, Tpq] = [lm, l̄n] = 0, (3.15)

the infinite dimensional BMS algebra in four dimensions denoted by B4 in the following. It

is the semi-direct product of two copies of the algebra of vector fields on the sphere, the

Witt algebra (denoted by W) defined by the first equation in (3.14) and the abelian ideal

V4 generated by the Tpq. Restricting to m,n, p, q ∈ {0,±1} the algebra (3.14) is indeed just

the ordinary Poincaré algebra which is therefore a subalgebra of B4. However, there exist

infinitely many subalgebras generated by

{l0, l̄0, l±(1−2m), l̄±(1−2m), Tmm, T1−m,m, Tm,1−m, T1−m,1−m|m ∈ Z}



that are isomorphic to the Poincaré after the rescaling

li →
li
n
, l̄i →

l̄i
n
, (3.16)

where n = 1 − 2m. These so-called embeddings correspond to classical vacua which are left

invariant by a unique subgroup of the BMS group [61]. An observer describes the symmetry of

the vacuum he/she is in with the Poincaré algebra (n = 1) and transitions to another vacuum

by supertranslations/-rotations.

A useful basis for B4 is obtained by the transformation

kn = ln + l̄n, k̄n = −i(ln − l̄n), (3.17)

Smn =
1

2
(Tmn + Tnm), Amn = − i

2
(Tmn − Tnm), (3.18)

and the algebra relations then read

[kn, km] = (n−m)kn+m, [k̄n, k̄m] = −(n−m)kn+m, (3.19)

[kn, k̄m] = (n−m)k̄n+m, (3.20)

[kn, Spq] =

(
n + 1

2
− p

)
Sp+n,q +

(
n + 1

2
− q

)
Sp,q+n, (3.21)

[k̄n, Spq] =

(
n + 1

2
− p

)
Ap+n,q −

(
n + 1

2
− q

)
Ap,q+n, (3.22)

[kn, Apq] =

(
n + 1

2
− p

)
Ap+n,q +

(
n + 1

2
− q

)
Ap,q+n, (3.23)

[k̄n, Apq] = −
(
n + 1

2
− p

)
Sp+n,q +

(
n + 1

2
− q

)
Sp,q+n. (3.24)

In this basis the Poincaré algebra in light-cone coordinates

P± =
P0 ± P3√

2
, M± 1/2 =

M0 1/2 ±M3 1/2√
2

, M+− = M03 (3.25)

is embedded according to

k0 =
i

n
M+−, k̄0 = − i

n
M12, kn =

i

n

√
2M+1, (3.26)

k−n =
i

n

√
2M−2, k̄n =

i

n

√
2M+2, k̄−n =

i

n

√
2M−1, (3.27)

Smm =
i

n

√
2P−, S1−m,1−m = − i

n

√
2P+, (3.28)

Sm,1−m = − i

n
P1, Am,1−m = − i

n
P2. (3.29)
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Phenomenology

One might ask now whether the enlargement of the Poncaré algebra has any observable

consequences. This is indeed the case and the easiest way to confirm it is by considering

the degenerate vacua related by supertranslations [67]. An experiment might consist of two

inertial detectors near I+ such that the Bondi news vanishes at early and late times but in

the intermediate time the passing of a gravitational wave results in non-zero Bondi news.

From the geodesic equation one finds that their relative separations (sz, sz̄) are altered by the

gravitational wave and after it has passed the spacetime is flat but characterized by a different

Czz, i.e. it was supertranslated. The residual change in the separations is proportional to

∆sz̄ =
γzz̄

2r
∆Czzs

z (3.30)

and yields a finite result. This effect is called the gravitational displacement memory effect

(cf. also chapter 5).

In the case of the superrotations the situation is a bit more subtle. With the general

parametrization where m ∈ Z there are singularities at z = 0,∞, i.e. the functions are

only meromorphic. Only the ordinary Lorentz rotations and boosts with m = 0, 1, 2 are

holomorphic on the entire sphere and thus globally well defined as the vector fields Rm ≡
zm∂z,m < 0 and, after redefining ω = z−1,Rm = ω2−m∂ω,m > 2, have a singularity at

the origin [68]. A general superrotation will thus map a flat spacetime to one that is flat

everywhere except at the singularities which is then called asymptotically locally flat (ALF)

[70]. While some authors argued that superrotations have to be excluded because of the

singularities, others suggested that they might have a physical interpretation related to cosmic

strings. Cosmic strings are one-dimensional topological defects which were linked to the

following construction due to Penrose [71], [70]. Consider a Minkowski spacetime that is cut

along the light-cone u = 0. After performing a diffeomorphism on the patch with u > 0 it is

glued together such that the metric is continuous across the cut. This procedure introduces

singularities, e.g. at z = 0,∞ which describe a cosmic string. In our universe such strings

might exist if at some early time the universe was not simply connected yet (cf. also section

5.4.2). Vacua with strings would then be ALF spacetimes and the snapping of a string can

therefore be seen as a transition from an ALF spacetime to an inequivalent asymptotically

flat one which is indeed just a superrotation. In analogy to the supertranslations a further

consequence of the existence of superrotations was suggested to be the (sub-leading) spin-

memory effect [135].



3.1.2 Surface Charges

A cornerstone of theoretical physics is the principle that continuous symmetries lead to con-

served quantities as expressed by the Noether theorem. In the case of a “rigid” or global

symmetry of a field theory on the D-dimensional manifold M with a parameter ϵ [72]

x 7→ x + δϵx, ϕ 7→ ϕ + δϵϕ, (3.31)

one can obtain the associated Noether current jµ by replacing ϵ with an arbitrary function

ϵ(x) and reading it off from the variation of the action

δS = −
∫
M

dDxjµ∂µϵ. (3.32)

If the transformation (3.31) is indeed a symmetry of the theory the variation vanishes on-shell,

i.e. if the fields satisfy the equations of motion, which in turn implies that jµ is conserved.

For a space-like slice Σ of M the associated conserved Noether charge then reads

Q =

∫
Σ
dD−1xnµj

µ, (3.33)

where nµ is the time-like normal vector field of Σ. If, however, we are dealing with a gauge

symmetry then ϵ will be depending on the spacetime coordinates from the start and thus the

rhs of (3.32) vanishes identically leaving us with no possibility to determine jµ. The situation

can be rescued by noting that we can modify the current jµ → jµ + ∂νk
µν and (3.32) is

unaffected if kµν is antisymmetric. The Noether charge then receives a contribution

Qsurface =

∫
Σ
dD−1xnµ∂νk

µν =

∫
∂Σ

dD−2nµn
′
νk

µν , (3.34)

where n′
ν is normal to ∂Σ. We can now associate a two-form kµν to the symmetry by using

(3.32) with ∂νk
µν and take (3.34) as a definition for the charge, it is conserved if ∇µk

µν = 0

on-shell, where ∇µ is the covariant derivative.

Conserved charges Q of a symmetry described by a group G generate infinitesimal sym-

metry transformations in the following way [72]. Let M′ be a Poisson manifold with Poisson

bracket {, }, the classical phase space of a theory and F an observable, i.e. a function on M′.

One can identify the infinitesimal generator ξX of the action of G on M′, which is a vector

field on M′ related to an element X of the Lie algebra g associated to G by

[ξX , ξY ] = −ξ[X,Y ], (3.35)
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with the charge via

−{Q[ξX ], } ≡ ξX ,→ {Q[ξX ], F} = ξXF ≡ δXF. (3.36)

One says that Q2 is a momentum map of the action of G on M′.

For the symmetry transformation on the fields ϕ we can write

{Q[ξ], ϕ} = −δξϕ (3.37)

and the Jacobi identity for the Poisson bracket implies (using (3.35))

{ϕ, {Q[ξ], Q[ζ]}} = −{Q[ζ], {Q[ξ], ϕ}} − {Q[ξ], {ϕ,Q[ζ]}} = [δξ, δζ ]ϕ = {ϕ,Q[[ξ, ζ]]}. (3.38)

As this has to hold for arbitrary fields, one can conclude that the terms in the bracket have

to coincide up to a constant term

{Q[ξ], Q[ζ]} = Q[[ξ, ζ]] + c(ξ, ζ) (3.39)

such that {c, ϕ} = 0. The Jacobi identity then enforces

c({Q[ξ1], Q[ξ2]}, Q[ξ3]) + cycl. = 0, (3.40)

which is the condition that c is a 2-cocycle of the Chevalley-Eilenberg cohomology with values

in the field C 3. Also, if c were a coboundary derived from a 1-cocycle c′ we could redefine

Q′[·] = Q[·] + c′(·) (3.41)

→ {Q′[ξ1], Q
′[ξ2]} = Q[[ξ1, ξ2]] + c(ξ1, ξ2) = Q[[ξ1, ξ2]] + c′([ξ1, ξ2]) = Q′[[ξ1, ξ2]] (3.42)

so we find that the algebra of the surface charges is in general a central extension of the

algebra of the symmetry generators classified by the cohomology group H2(g,C).

In the flat (Λ = 0) case one finds for the surface charges associated to the supertranslations

[61]

Q[f ] =
1

4πG

∫
d2zγzz̄fmB, (3.43)

where the integration is over the boundary of a space-like slice, e.g. a sphere on I± which is

2Or rather the map Q̃ : M′ → g∗, ⟨Q̃(), X⟩ ≡ Q[ξX ].
3The first line in (2.11) vanishes because the action of the field is trivial and thus we obtain (3.40)



a point on the boundary of the Penrose diagram. Defining Q+[f ] and Q−[f ] as the charges

from integration over I+
− and I−

+ , one has a matching condition implying the conservation of

the charges, i.e.

Q+[f ] = Q−[f ]. (3.44)

Similarly, for the superrotations we have

Q+[RA] =
1

8πG

∫
I+
−

d2z(Rz̄Nz + RzNz̄) =
1

8πG

∫
I−
+

d2z(Rz̄Nz + RzNz̄) = Q−[RA], (3.45)

where the conservation follows from a matching condition for the angular momentum aspect

NA.

For the B4(eq. (3.14)-(3.15)) it was shown in [73] that the only consistent central exten-

sions are those of the Witt subalgebras. There, the second cohomology group with values in

the trivial module is one-dimensional and given by the Gelfand-Fuks cocycle leading to the

Virasoro algebra (Vir), i.e. the centrally extended Witt algebra

[lm, ln] = (m− n)lm+n +
cl
12

(m3 −m)δm+n,0 (3.46)

with central charge cl. We denote this surface charge algebra by B4,c ≡ V4 ⋊ (Vir⊕Vir). In

four dimensions the calculation of these charges (cl, cl̄) in general is quite involved as they are

non-integrable in the presence of gravitational waves [74].

3.1.3 Asymptotically (Anti) de Sitter Spacetimes

As the solutions to the Einstein equations for a globally source-free configuration are, besides

the Minkowski spacetime, also (Anti) de Sitter ((A)dS) spacetimes depending on the cosmo-

logical constant it is natural to investigate the concept of asymptotic symmetries for these

solutions. Recently, this has been done in [75], where the symmetry group of a spacetime

that is asymptotically Anti de Sitter was investigated. Even though the de Sitter case is alge-

braically very similar there are several unresolved conceptual difficulties in the gravitational

description of its asymptotics as described for example in [76]. The main issue appears to be

that the null infinities I± are space-like for Λ > 0 which makes it difficult to even formulate

boundary conditions.

In [75], just as in the asymptotically flat case, a generic spacetime metric is constrained

by fall-off conditions in the radial coordinate r such that in the limit r → ∞ the AdS metric

is recovered. The Killing vectors ξf,R = f∂u +RA∂A of this asymptotically AdS metric satisfy
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in first order of 1/r

[ξ1, ξ2] = ξ̂ = f̂∂u + R̂A∂A, (3.47)

f̂ = RA
1 ∂Af2 +

1

2
f1∂AR

A
2 − (1 ↔ 2), R̂A = RB

1 ∂BR
A
2 +

Λ

3
f1γ

AB∂Bf2 − (1 ↔ 2). (3.48)

Parametrizing the Killing vector fields by whole numbers

ξfpq ,0 ≡ Tpq ≡
zpz̄q

1 + zz̄
∂u, ξ0,Rz

n
≡ ln ≡ −zn+1∂z, ξ0,Rz̄

n
≡ l̄n ≡ −z̄n+1∂z̄, (3.49)

yields the following structure

[Tp,q, Tm,n] = Λ
zpz̄q

1 + zz̄

(1 + zz̄)2

2

(
∂z̄

zmz̄n

1 + zz̄
∂z + ∂z

zmz̄n

1 + zz̄
∂z̄

)
− (mn ↔ pq)

= Λ((n− q)zp+mz̄q+n−1∂z + (m− p)zp+m−1z̄q+n∂z̄) (3.50)

[lm, ln] = (m− n)lm+n, [l̄m, l̄n] = (m− n)l̄m+n (3.51)

[lm, Tp,q] =

(
m + 1

2
− p

)
Tp+m,q, [l̄m, Tp,q] =

(
m + 1

2
− q

)
Tp,q+m. (3.52)

Thus, the result (3.50) can not be written as the sum of basis elements ξfmn,RA
p

but is a general

vector field on the sphere, i.e. the four dimensional Λ-BMS is a Lie algebroid. Technically

this is a consequence of the appearance of the coordinate dependent metric on the sphere in

(3.48). However, it is still true that the ordinary symmetry algebra of Anti de Sitter spacetime

(denoted by AdS4)

[K+,K−] = −iΛM+−, [K+,Ka] = −iΛM+a, (3.53)

[K−,Ka] = −iΛM−a, [Ka,Kb] = −iΛMab, (3.54)

[Mµν ,Mρσ] = i(ηµσMνρ − ηνσMµρ + ηνρMµσ − ηµρMνσ), (3.55)

[Mµν ,Kρ] = i(ηνρKµ − ηµρKν), (3.56)

is embedded into (3.50) which can be seen by considering the subalgebras spanned by

l0, l1−2m, l−1+2m, l̄0, l̄1−2m, l̄−1+2m, Tmm, T1−m,m, Tm,1−m, T1−m,1−m,

with the rescaling

ln → ln
1 − 2m

, l̄n → l̄n
1 − 2m

, Λ → (1 − 2m)2Λ. (3.57)



We have e.g.

[K−,K+] = [Tmm, T1−m,1−m] = Λ(1 − 2m)(z∂z + z̄∂z̄)

= (1 − 2m)2Λ(ξl0 + ξl̄0) = i(1 − 2m)2ΛM+−, (3.58)

and similar for the rest of the AdS4.

Although there are attempts to define generalizations of bialgebras on some versions of

algebroids, e.g. in [77], [78], there is no established notion of quantum groups on a Lie algebroid

and therefore deformations of asymptotically (A)dS spacetime symmetries in four dimensions

will not be studied directly in this work. Nonetheless, one can hope to infer valuable insights

from the three dimensional theory of gravity.

3.2 3D Gravity

As we will see, Einsteins theory of GR in two spatial and one time dimension is a useful

toy model for studying asymptotic symmetries as well as other problems that are harder to

address in four dimensional gravity. On the first glance, the theory seems to be rather trivial

and completely different from what one would associate with gravity because it does not have

a Newtonian limit and massive particles do not attract each other [79], [80], [81]. In fact,

there are no local gravitational degrees of freedom at all in three dimensions! This means

in particular that no gravitational waves exist and gravitational energy can not be radiated

away. Formally this is a consequence of the fact that the three dimensional Riemann tensor,

which can be expressed in terms of the Ricci and the Weyl tensor, has the same number of

degrees of freedom as the Ricci tensor. Thus, the Weyl tensor vanishes leading to the peculiar

features mentioned above.

Nonetheless, because of topological and asymptotic properties, there are still interesting

physical phenomena. For example particles can be introduced in the form of topological

defects with the geometry of a cone [82]. The fact that topological but no local gravitational

degrees of freedom exist is also exemplified by the equivalence to Chern-Simons theory which

is a topological field theory [83]. Because Chern-Simons theory can be quantized, it is hoped

that the reformulation can shed light on the problem of quantum gravity [84]. It was also

shown that black hole solutions with an event horizon exist [85]. These so-called BTZ black

holes admit (if they are non-extremal) a finite temperature implying that they decay like their

four dimensional counterparts.
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3.2.1 Asymptotic Symmetries

Depending on the value of the cosmological constant, the three dimensional spacetime is

locally isometric to either Minkowski, de Sitter or Anti de Sitter space. We will start the

discussion of the asymptotic symmetries in the case of curved spacetime (following [72]) and

then view the asymptotically flat spacetime as a contraction limit Λ → 0.

Analogously to the four dimensional case one can start from a general metric

ds2 = −
(
1 − r2Λ

)
dt2 +

(
1 − r2Λ

)−1
dr2 + r2dϕ2 (3.59)

and impose fall-off conditions so that it asymptotically approaches (A)dS. The Killing vectors

are ξf,R = f∂u + R∂z where R = R(z), f = T (z) + u∂zR and we have

[ξ1, ξ2] = ξ̂ ≡ f̂∂u + R̂∂z (3.60)

f̂ = R1∂zf2 + f1∂zR2 − (1 ↔ 2), R̂ = R1∂zR2 − Λf1∂zf2 − (1 ↔ 2). (3.61)

Here, u = t − r is again the retarded time and z = eiϕ with the angular coordinate ϕ.

Parametrizing fm ≡ Tm = zm+1 and Rm ≡ lm = zm+1, we find

[lm, ln] = (m− n)lm+n, [lm, Tn] = (m− n)Tm+n, (3.62)

[Tm, Tn] = −Λ(m− n)lm+n. (3.63)

As in the four dimensional case the symmetry algebra of the globally AdS spacetime (AdS3)

[P̃+, P̃−] = −iη+−ΛM+−, [P̃±, P̃2] = −iη+−ΛM±2, (3.64)

[M+2,M−2] = i(−η22)M+−, [M+−,M±2] = ±iη+−M±2, [M+−, P̃±] = ±iη+−P̃±, (3.65)

[M±2, P̃2] = iη22P̃±, [M±2, P̃∓] = −iη+−P2, (3.66)

where we choose the metric to be η+− = 1, η22 = −1, is a subalgebra of (3.62) and there are

infinitely many embeddings of the form

P̃2 = −i
T0

n
, P̃± = i

T±n√
2n

, M+− = −i
l0
n
, M±2 = ± i√

2n
l±n. (3.67)

The embeddings are indeed isomorphic to (3.64) with the rescaling Λ → n2Λ. Alternatively,

one could set n = 1 in (3.67) and rescale the ambient metric ηµν → ηµν
n2 instead of Λ.



(3.64) can also be obtained from the four dimensional Lorentz algebra

[Mµν ,Mρλ] = i(ηµλMνρ − ηνλMµρ + ηνρMµλ − ηµρMνλ) (3.68)

if M±3,M23 is identified with K±,K2. Here the metric is given by η+− = 1, η22 = −1, η33 =

−1. Ki has to be rescaled according to

P̃i = R−1Ki, (3.69)

where R−1 =
√
|Λ| is the inverse AdS radius. Thus, the generators P̃i are actually boosts

in a higher dimensional spacetime and acquire the interpretation as momenta only in the

contraction limit Λ → 0 when they commute among themselves and form an ideal.

(A)dS3 as real forms

On the algebraic level one can also obtain the de Sitter case by simply setting Λ > 0. De-

pending on the choice of Λ, (3.62) is a different real algebra with one reality condition4

l†m = −lm, T †
m = −Tm. (3.70)

These two algebras can also be expressed as two different real forms of the complex Lie algebra

W⊕W(C) 5 defined by

[Lm, Ln] = (m− n)Lm+n, [L̄m, L̄n] = (m− n)L̄m+n, [Lm, L̄n] = 0. (3.71)

This is established by the isomorphism

Lm =
1

2

(
lm +

1√
−Λ

Tm

)
, L̄m =

1

2

(
lm − 1√

−Λ
Tm

)
. (3.72)

The embeddings now take the form

L0, L̄±n, L̄0, L̄±n, (3.73)

Lm → Lm

n
, L̄m → L̄m

n
, (3.74)

4We warn the reader that keeping it real might also go wrong, as exemplified in [86].
5In the following, if no real form is specified, we often refer to the complex algebra without making it explicit

in the notation.
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they are isomorphic to the algebra o(4,C)

[L0, L±1] = ∓L±1, [L+1, L−1] = 2L0, (3.75)

[L̄0, L̄±1] = ∓L̄±1, [L̄+1, L̄−1] = 2L̄0. (3.76)

For negative Λ, i.e. the AdS case, we have from (3.72) and (3.70) that

L†
m = −Lm, L̄†

m = −L̄m, (3.77)

whereas for the de Sitter case one finds

L‡
m = −L̄m, L̄‡

m = −Lm. (3.78)

Restricted to (3.75), which is related to the standard Cartan-Weyl form

[H,E±] = ±E±, [E+, E−] = 2H, (3.79)

[H̄, Ē±] = ±Ē±, [Ē+, Ē−] = 2H̄, (3.80)

via

H = −L0, E± = iL±1, H̄ = −L̄0, Ē± = iL̄±1, (3.81)

the real forms correspond to two copies of sl(2,R) ≃ o(2, 1) for AdS and the Kleinian algebra

o(2, 2) ≃ o(2, 1) ⊕ ō(2, 1) for dS expressed by

H† = −H, E†
± = E±, H̄† = −H̄, Ē†

± = Ē±, (3.82)

H‡ = −H̄, E‡
± = Ē±. (3.83)

This can be identified with the real structures listed in [87] with the automorphism E± →
−E±, Ē± → −Ē±. Note that this automorphism of the sl(2)

Φ(E±) = −E±, Φ(H) = H,→ Φ(L±1) = −L±1, Φ(L0) = L0, (3.84)

can be extended uniquely to an automorphism of the Witt algebra. On the algebraic level

we thus can describe both dS and AdS spacetime symmetries simultaneously by switching

between the two real forms.



3.2.2 Algebra of AdS3 Surface Charges

Following [72], one can also introduce light-cone coordinates x± = t√
−Λ

± ϕ leading to the

metric (in Fefferman-Graham gauge)

ds2 = − 1

r2Λ
dr2 −

(
rdx+ − 4G√

−Λr
p̄(x−)dx−

)(
rdx− − 4G√

−Λr
p(x+)dx+

)
(3.85)

and instead of f and R the Killing vectors are then parametrized by X(x+) and X̄(x−). In

analogy to (3.45) one has

Q[X, X̄] =
1

2π

∫ 2π

0
dϕ
(
X(x+)p(x+) + X̄(x−)p̄(x−)

)
. (3.86)

The algebra of these charges is a central extension of the algebra of the Killing vectors, i.e.

W⊕W. As noted at the end of section 3.1.2, the Witt algebras only have one possible central

extension and so the general form of the central charge algebra is

[Lm, Ln] =(m− n)Lm+n +
cL
12

(m3 −m)δm+n,0, (3.87)

[L̄m, L̄n] =(m− n)L̄m+n +
cL̄
12

(m3 −m)δm+n,0, (3.88)

[Lm, L̄n] =0. (3.89)

Brown and Henneaux calculated explicitly that [56]

cL = cL̄ =
3

2G
√
−Λ

. (3.90)

3.2.3 Asymptotic Flatness

One possibility of obtaining the symmetry algebra of asymptotically flat spacetime in three

dimensions would be to consider a general metric, impose fall-off conditions and analyze the

algebra of the Killing vectors just as it was done for the four dimensional case. However,

since we already know the symmetry algebra of asymptotically (A)dS spacetime and it has

the form of a Lie algebra, we can simply calculate the contraction limit6 Λ → 0 [68]. Starting

from the algebra of the surface charges (3.87)-(3.89) and using (3.72) with the automorphism

L̄m → −L̄−m, i.e.

Tm =
√
−Λ(Lm + L̄−m), lm = Lm − L̄−m, (3.91)

6On the algebraic level such a procedure is also called Inonu-Wigner contraction [69].
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we obtain

[Tm, Tn] = − Λ([Lm, Ln] + [L̄−m, L̄−n]) = −Λ(m− n)lm+n

+ δm+n,0(m
3 −m)

cL
12

+ δ−m−n,0((−m)3 + m)
c̄L
12

, (3.92)

[lm, ln] =(m− n)lm+n + δm+n,0(m
3 −m)

cL
12

+ δ−m−n,0((−m)3 + m)
c̄L
12

, (3.93)

[lm, Tn] =(m− n)Tm+n +
√
−Λ

(
δm+n,0(m

3 −m)
cL
12

− δ−m−n,0((−m)3 + m)
c̄L
12

)
. (3.94)

Now the contraction limit and (3.90) yields the algebra of the surface charges in three dimen-

sions

[Tm, Tn] = 0, [lm, ln] = (m− n)lm+n, (3.95)

[lm, Tn] = (m− n)Tm+n + δm+n,0(m
3 −m)c′L, (3.96)

with c′L = 1
4G , which we denote B3,c in the following. Without the central extension terms,

(3.95)-(3.96) defines the three dimensional BMS algebra B3.

The three dimensional Poincaré algebra (P3)

[M+2,M−2] = iη11M+− , [M+−,M±2] = ∓iη+−M±1 , (3.97)

[M+−, P±] = ∓iη+−P± , [M±2, P2] = −iη22P± , (3.98)

[M±2, P∓] = iη+−P2 , (3.99)

is infinitely often embedded in B3 with

M+− = −il0, M±2 = ± i√
2
l±n, P2 = −iT0, P± =

i√
2
T±n, (3.100)

if the metric is rescaled as η+− = η−+ = −η22 = n, otherwise the Lorentz generators have to

be rescaled by 1/n.

Note that while the symmetry algebras without central extension in three dimensions are

subalgebras of their four dimensional counterparts, this is not true for the centrally extended

algebras, i.e. B3,c ̸⊆ B4,c. Thus, arguments that results from the three dimensional theory

can be transferred to four dimensions as one is a subset of the other, have to be particularly

wary of the influence of contributions from the central extension.

An overview over all the relevant algebras related to the three dimensional symmetry

algebras is given in figure 3.2.
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W⊕W, †
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Figure 3.2. Schematic overview of algebras relevant to asymptotic symmetries in three dimensions.
The following properties/relations are encoded in the boundaries of the vertices: round shape =̂ semi-
simple, red =̂ infinite dimensional, blue =̂ finite dimensional, and the arrows: violet =̂ real forms,
green =̂ finite dimensional embeddings, yellow =̂ contraction limit, light-blue =̂ central extension.



Chapter 4
Quantum Groups on Asymptotic

Symmetry Algebras

In this chapter, the consistent quantum groups on the symmetry algebras of three dimen-

sional asymptotically (anti) de Sitter spacetimes are analyzed. To this end, we first classify

Lie bialgebra structures and for several examples we will explicitly construct the associated

Hopf algebras and investigate their properties and also restrictions they might impose on the

symmetries themselves based on both physical and mathematical constraints. Subsequently

the asymptotically flat limit and the four dimensional case are considered and compared.

4.1 Deformations of Asymptotically (Anti) de Sitter Symme-

tries in 3D Gravity

4.1.1 Lie Bialgebra Structures on W⊕W

Recall from section 2.1.2 that all Lie bialgebra structures on an algebra g are either coboundary

or have a cobracket from the cohomology group H1(g,
∧2 g). In Appendix A, the following

theorems are proven1

Theorem 1. The first cohomology group H1
(
W,
∧2W

)
vanishes.

Theorem 2. The first cohomology group H1
(
W⊕W,

∧2W⊕W
)
vanishes.

Therefore all LBA can be obtained from a classical r-matrix satisfying the mCYBE (2.14).

This is also true for the LBA on the symmetry algebra of globally (A)dS space, the real forms

1In [89] the authors independently prove a slightly more general result than our first theorem at the cost of
a longer proof. The proofs presented here conceptually follow the proof of H1(W,W) = {0} in [90].



of o(4,C), as a consequence of the Whitehead lemma. What is different, though, is that in the

infinite dimensional algebras W and W⊕W there is no ad-invariant element Ω ∈
(∧3W

)
W

,

resp.
(∧3(W⊕W)

)
W⊕W

anymore. This follows easily from

0
!

=Lm ▷
∑
i

αiLpi ∧ Lqi ∧ Lsi

=
∑
i

αi((m− pi)Lpi+m ∧ Lqi ∧ Lsi + (m− qi)Lpi ∧ Lqi+m ∧ Lsi

+ (m− si)Lpi ∧ Lqi ∧ Lsi+m) (4.1)

if we choose m > 0 and focus on the term with si′ > si, pi, qi without loss of generality for the

Witt algebra. Similarly, one shows that(
3∧

(W⊕W)

)
W⊕W

= {0},

(
2∧
W

)
W

=

(
2∧

(W⊕W)

)
W⊕W

= {0}. (4.2)

The latter implies that the map from an r-matrix to the cobracket derived from it is injective.

Otherwise, i.e. if there was an ad-invariant element a ∧ b ∈
∧2W, the cobrackets from r and

r+a∧ b would be identical. Furthermore, as noted in section 2.1.2, only r-matrices belonging

to different orbits under automorphisms of the algebra lead to inequivalent LBA.

Thus, one can conclude that all LBA on W ⊕ W are uniquely given by triangular r-

matrices that are classified up to automorphism. The simple observation that, in contrast to

the situation for the embedded o(4,C), only triangular LBA are coassociative will exclude a

wide range of deformations.

4.1.2 Classification of Triangular r-matrices

Since the Witt algebra and its central extension, the Virasoro algebra, play a vital role in

various parts of math and physics, including string theory [91], there were attempts to clas-

sify all LBA structures on them, most notably by [92]. These results remained incomplete

though except for some subalgebras, including the one-sided Witt algebra W+ (generated by

{Lm,m ≥ −1}), where all r-matrices were shown to be r-matrices of one of the embeddings.

For the two copies of the Witt algebra that are studied here it is also easy to see that e.g.

any element of the form

(∑
i

αiLi

)
∧

∑
j

βjL̄j

 (4.3)



51

is a triangular r-matrix.

However, one has to take into account that the asymptotic symmetry is spontaneously

broken in the bulk in the sense that the vacua related by supertranslations and superrotations

are physically distinguishable (cf. section 3.1.1 and [61]). There is a correspondence between

these vacua and the embeddings of Poincaré or (A)dS subalgebras which leave the associated

vacuum invariant. Therefore, we require that the restriction of the Hopf algebra deformed by

the twist associated with a given r-matrix to the (A)dS algebra (which is the n = 1 embedding

for an observer) is a sub-Hopf algebra and we are interested in r-matrices from (real forms of)

o(4,C), where {H,E±, H̄, Ē±} is replaced with the embedding2. Note that while in the case

of positive Λ the involution mixes left and right-handed elements, this is not happening for

negative Λ, leaving the potential possibility to use different embeddings for them.

The classification of r-matrices of (real forms of) o(4,C) was done in [95] and has been

discussed as well in [94] and [87]. Filtering out the quasi-triangular r-matrices we are left with

rI = χ(E+ − Ē+) ∧ (H + H̄), (4.4)

rII = χE+ ∧H + χ̄Ē+ ∧ H̄ + ζE+ ∧ Ē+, (4.5)

rIII = ηH ∧ H̄. (4.6)

rV = χ̄Ē+ ∧ H̄ + ρH ∧ Ē+. (4.7)

An important caveat remains; the classification (4.4)-(4.7) is up to automorphisms of the

o(4,C) but not all of these automorphisms are also automorphisms of W ⊕ W, only the

inverse statement holds in general3. Therefore, in Appendix B the classification of triangular

r-matrices on o(4) is revised along the lines of [95] but using only the W⊕W automorphisms

φ(γ,γ̄,ϵ,ϵ̄)(Lm) = γmϵLϵm, φ(γ,γ̄,ϵ,ϵ̄)(L̄m) = γ̄mϵ̄L̄ϵ̄m, (4.8)

φ′(Lm) = L̄m, φ′(L̄m) = Lm, (4.9)

where 0 ̸= γ, γ̄ ∈ C, ϵ, ϵ̄ = ±1. As a result we obtain the following classes of r-matrices

r1′ = β(L1 + L−1 + 2L0) ∧ (L̄1 + L̄−1 + 2L̄0) + a1 + ā1, (4.10)

r2′ = βL1 ∧ L̄0 + a2, (4.11)

2In the following, we often leave the embedding characterized by the index n unspecified. Also note that
from a mathematical point of view there is no reason the generators that appear in the r-matrix have to be
part of a specific embedding and we will comment on this possibility later on.

3Here we understand the automorphisms of W ⊕ W to be restricted to the subalgebra o(4) and write
Aut′(W⊕W) for this (and similar) restriction(s) so that quotients are well defined.



r3′ = β(L1 + ϵL0 + ϵ′L−1) ∧ (L̄1 + L̄−1 + 2L̄0) + ā1 + (1 − ϵ)(1 − ϵ′)a2, (4.12)

r4′ = β1L1 ∧ L̄1 + β2(L1 + L̄1) ∧ (L0 + L̄0), (4.13)

r5′ = β(L1 + L−1) ∧ (L̄1 + L̄0) + a1, (4.14)

r6′ = (βL1 + β0L0 + ϵβL−1) ∧ (β̄L̄1 + β̄0L̄0 + ϵ̄β̄L̄−1), (4.15)

r7′ = L1 ∧ (β̄L̄1 + β̄L̄0 + ϵβ̄L̄−1) + a2, (4.16)

r8′ = βL1 ∧ L̄1 + a2 + ā2, (4.17)

where ϵ, ϵ′, ϵ̄ ∈ {0, 1} and

a1 = α(L1 ∧ L0 + L1 ∧ L−1 − L−1 ∧ L0), a2 = αL1 ∧ L0, (4.18)

ā1 = ᾱ(L̄1 ∧ L̄0 + L̄1 ∧ L̄−1 − L̄−1 ∧ L̄0), ā2 = ᾱL̄1 ∧ L̄0. (4.19)

In the complex W⊕W all the parameters in 4.10-4.17 can take values in C but for the real

forms associated with the involutions †, ‡ (3.77), (3.78) constrains the choice of parameters.

For † in all classes except r6′ this enforces β, β1, β2, α, ᾱ ∈ iR and in r6′ one can restrict

β, β0, β̄, β̄0 ∈
√
iR without loss of generality. In the case of positive Λ, i.e. the involution ‡,

the reality condition is more restrictive. In particular,

r1′ : α = ᾱ ∈ iR, β ∈ R, r2′ : β = 0, α ∈ iR,

r3′ : ᾱ = 0, ϵ = ϵ′ = 1, β ∈ R, r4′ : β1 ∈ R, β2 ∈ iR,

r5′ : excluded, r6′ : ϵ = ϵ̄, β0β̄ = −β∗

β∗
0

or (β0 = β̄0 = 0, β, β̄ ∈ R),

r7′ : excluded, r8′ : β ∈ R, α = ᾱ ∈ iR.

As the r-matrices from (4.10)-(4.17) that are not included in (4.4)-(4.7) are at least in o(4)

automorphism orbits containing them, one can always use the inverse of the automorphisms

to obtain the full twists. For example, r = (L1 − L−1) ∧ (L̄1 − L̄−1) (being automorphic to

r6′ with β0 = β̄0 = 0, ϵ = ϵ̄ = 1 ) is automorphic to L0 ∧ L̄0=̂rIII by

φ(L1) = −1

2
(L1 + L−1) + L0, φ(L−1) = −1

2
(L1 + L−1) − L0, φ(L0) =

1

2
(L1 − L−1).

(4.20)

From the abelian twist for rIII

FIII = exp(ηL0 ∧ L̄0) (4.21)
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one then gets the twist

F =
(
φ−1 ⊗ φ−1

)
FIII = exp(η(L1 − L−1) ∧ (L̄1 − L̄−1)). (4.22)

4.1.3 Full Deformations via Twist

From section 2.1.9, it is known that all triangular LBA can be extended to a deformation

in all orders by a twist satisfying the 2-cocycle condition (2.72). This does not necessarily

entail an explicit method of constructing the twists but for (the real forms of) o(4,C) all of

them are given in [87]. By the final remark in the previous section it follows that the twists

corresponding to the r-matrices (4.10)-(4.17) can be obtained.

Abelian Twist

The first example we construct in detail is the abelian twist (see [93]) corresponding to the

r-matrix rIII from (4.7). Its name is motivated by the fact that the two elements used for its

construction are commuting. While there are several other r-matrices with this feature (like

(4.3)), rIII is special in the sense that it is the only r-matrix from elements that are contained

in all embeddings. Thus, the abelian twist deformation does not single out any particular

embedding.

The full abelian twist can be expressed as

FA = exp
(
ηL̄0 ∧ L0

)
exp

(
η(L0 ⊗ L0 − L̄0 ⊗ L̄0)

)
, (4.23)

which factorizes into the twist F3′′ from [87] and a factor that only contributes symmetric

deformations of the coproduct. This particular construction is chosen to make contact with

the deformations in the flat limit (Λ → 0). Explicitly, by making use of the Hadamard formula

eABe−A =

∞∑
n=0

1

n!
[A, [A, ...[A,︸ ︷︷ ︸

n times

B]...] (4.24)

for general elements of an algebra A and B one finds the deformed coproducts

∆F3′′ (Lm) = e−mηL̄0 ⊗ Lm + Lm ⊗ emηL̄0 , (4.25)

∆F3′′ (L̄m) = emηL0 ⊗ L̄m + L̄m ⊗ e−mηL0 (4.26)



and

∆FA
(Lm) = e−mη(L̄0+L0) ⊗ Lm + Lm ⊗ emη(L̄0−L0) (4.27)

∆FA
(L̄m) = emη(L̄0+L0) ⊗ L̄m + L̄m ⊗ e−mη(L0−L̄0) (4.28)

∆FA
(L0) = L0 ⊗ 1 + 1 ⊗ L0, ∆FA

(L̄0) = L̄0 ⊗ 1 + 1 ⊗ L̄0. (4.29)

The antipodes can also be inferred easily from

m ◦ (S ⊗ id) ◦ ∆ = 1 ◦ ϵ (4.30)

and turn out to be

SF3′′ (Lm) = − Lm, SF3′′ (L̄m) = −L̄m (4.31)

SFA
(Lm) = − Lme−2mηL0 , SFA

(L̄m) = −L̄me2mηL̄0 . (4.32)

The abelian twist thus induces non-cocommutative coproducts, and consequently the an-

tipodes are non-trivial, except on L0 and L̄0. Before discussing further properties let us

consider another example of a twist.

Jordanian Twist

One of the first known examples of twists besides of the abelian twist was the Jordanian

twist. In a two dimensional Lie algebra with elements X,Y and (the only non-abelian)

bracket [X,Y ] = αY one has

F = exp (X ⊗ log (1 + αY )) . (4.33)

Because the Lorentz sector ( containing (super)rotations and boosts) of all the relevant asymp-

totic symmetry algebras is semi-simple, there are always Cartan elements, e.g. L0, L̄0 for

W ⊕ W, that diagonalize the adjoint action and thus have the structure of the two dimen-

sional example. As a result, many of the consistent twists are of this prototypical Jordanian

form or have it as a building block.

For the r-matrix rI one has

FJ,n = exp

(
− 1

n
(L0 + L̄0) ⊗ log

(
1 + ã(Ln − L̄n)

))
, (4.34)
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so that

∆FJ,n
(L0) = L0 ⊗ 1 + 1 ⊗ L0 −

1

n
(L0 + L̄0) ⊗

dσn
d(Ln − L̄n)

nLn

= L0 ⊗ 1 + 1 ⊗ L0 − ã(L0 + L̄0) ⊗ LnΠ−1
+n, (4.35)

∆FJ,n
(L̄0) = L̄0 ⊗ 1 + 1 ⊗ L̄0 + ã(L0 + L̄0) ⊗ L̄nΠ−1

+n, (4.36)

where

σn ≡ log
(
1 + ã(Ln − L̄n)

)
, Π+n = eσn . (4.37)

Using (4.30) and the previous equations we find

SFJ,n
(L0) = − (L0 + ã(L̄0Ln + L0Ln))

Π−1
+n

1 − Π−1
+n(Ln − L̄n)

= − (L0 + ã(L̄0Ln + L0Ln)), (4.38)

SFJ,n
(L̄0) = − (L̄0 − ã(L̄0L̄n + L0L̄n)). (4.39)

For general generators we find

∆FJ,n
(Lm) = FJ,n(Lm ⊗ 1 + 1 ⊗ Lm)F−1

J,n

= Lm ⊗ Π
m
n
+n +

∞∑
l=0

1

l!

(
L0 + L̄0

n

)l

⊗
[
σn,
[
...,
[
σn, Lm

]
...
]
, (4.40)

with

[σn, Lm] =

[
−

∞∑
j=0

(−ã)j

j
(Ln − L̄n)j , Lm

]
(4.41)

[ (
Ln − L̄n

)j
, Lm

]
=

j−1∑
s=0

(Ln − L̄n)s(n−m)Lm+n(Ln − L̄n)j−s

=

j∑
k=1

( j−1∑
s1=k−1

...

sk−1−1∑
sk=0

Lm+kn(Ln − L̄n)j−k
k−1∏
p=0

(n− (m + pn))

)
, (4.42)

where in the last line we iteratively commuted the s terms in front of Lm+kn to the right.

From this formula, it can be seen that in general there is an infinite number of terms in the

coproduct involving a tower of infinitely many different generators. In the h-adic topology

this is well defined but in the light of the comments in section 2.1.8 one could ask in which



cases finite expressions are obtained. We find that this can be achieved when restricting to

(two copies of) the one-sided Witt algebra (W−) spanned by {Lm, L̄m;m ≤ 1}. In that case

there are only two possible embeddings with n = ±1 and by choosing n = 1 the sum over k in

(4.41) terminates after min{1 −m, j} terms, instead of when k = j which is not finite as we

sum j to infinity. As a consequence also the sum over l terminates after (1 −m) terms, only

a finite number of generators appear and as we will see also only a finite number of terms.

In that case we proceed from (4.40) with the identity

j−1∑
s1=k−1

...

sk−1−1∑
sk=0

=
j!

(j − k)!k!
=

(
j

k

)
. (4.43)

It is straightforward to see that it holds for k = 1. Now assume that it holds for k = k′, 1 ≤
k′ < j and it follows that the lhs for k = k′ + 1 is

j−1∑
s′1=k′

s′1−1∑
s′2=k′−1

...

s′
k′−1

−1∑
s′
k′=0

=

j−1∑
s′1=k′

(
s′1
k′

)
=

(
j

k′ + 1

)
, (4.44)

where in the last step the hockey stick identity was used. Thus, we proved (4.43) by induction.

Therefore,

[σ1, Lm] = −
∞∑
j=0

(−ã)j

j

[ (
Ln − L̄n

)j
, Lm

]
=Lm −

∞∑
j=1

min{j,1−m}∑
k=1

(−ã)j

j

(
j

k

)
Lm+k(L1 − L̄1)

j−k
k−1∏
p=0

(1 − (m + p)) (4.45)

and comparing with

dkσ1

dLk
1

= −
∞∑
j=k

(−ã)j

j

j!

(j − k)!
(L1 − L̄1)

j−k, (4.46)

one finds that the summand in (4.45) and

Lm +

1−m∑
k=1

Lm+k
dkσ1

dLk
1

1

k!

k−1∏
p=0

(1 − (m + p)) (4.47)
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are identical. Splitting the sums in (4.45) and (4.47) according to1−m∑
j=1

j∑
k=1

+

∞∑
j=2−m

1−m∑
k=1

 ...

1−m∑
k=1

1−m∑
j=k+1

+

1−m∑
k=1

∞∑
j=2−m

 ...

and using

1−m∑
j=1

j∑
k=1

... =

1−m∑
k=1

1−m∑
j=k

..., (4.48)

it follows that (4.41) is indeed given by (4.47) if the one-sided Witt algebra with n = 1 is

considered. Plugging the result into (4.40) yields

∆FJ,1
(Lm) =Lm ⊗ Πm

+ +
1−m∑
l=1

1

l!

( 1−m∑
k1=0

1

k!

k1−1∏
p1=0

(1 − (m + p1))

×
( 1−(m+k1)∑

k2=0

1

k2!

k2−1∏
p2=0

(1 − (m + k1 + p2))

×
(
...

( 1−(m+k1+...kl−1)∑
kl=0

1

kl!

kl−1∏
pl=0

(1 − (m + k1 + ... + kl−1 + pl))A⊗B

)
...

)
,

(4.49)

where

A⊗B =
(
L0 + L̄0

)l ⊗ Lm+k1+...+kl

dk1σ1

dLk1
1

...
dklσ1

dLkl
1

, (4.50)

dkσ1

dLk
1

= − (−ã)kΠ−k
+ k! (4.51)

and all sums are finite for m ≤ 1. Similarly for L̄m one finds

∆FJ,1
(L̄m) =L̄m ⊗ Πm

+ +
1−m∑
l=1

1

l!

( 1−m∑
k1=0

1

k!

k1−1∏
p1=0

(1 − (m + p1))

×
( 1−(m+k1)∑

k2=0

1

k2!

k2−1∏
p2=0

(1 − (m + k1 + p2))



×
(
...

( 1−(m+k1+...kl−1)∑
kl=0

1

kl!

kl−1∏
pl=0

(1 − (m + k1 + ... + kl−1 + pl))Ā⊗ B̄

)
...

)
,

(4.52)

where

Ā⊗ B̄ =
(
L0 + L̄0

)l ⊗ L̄m+k1+...+kl

dk1σ1

dL̄k1
1

...
dklσ1

dL̄kl
1

. (4.53)

Then the antipodes follow from (4.30) and read

SFJ,1
(Lm) = −

1−m∑
l=1

1

l!

( 1−m∑
k1=0

1

k!

k1−1∏
p1=0

(1 − (m + p1))

×
( 1−(m+k1)∑

k2=0

1

k2!

k2−1∏
p2=0

(1 − (m + k1 + p2))

×
(
...

( 1−(m+k1+...kl−1)∑
kl=0

1

kl!

kl−1∏
pl=0

(1 − (m + k1 + ... + kl−1 + pl))S(A) ⊗B

)
...

)
Π−m

+ ,

(4.54)

and S(A) can be inferred from (4.38)

S(A) = S((L0 + L̄0)
l) = (−(L0 + L̄0)Π+)l. (4.55)

We summarize that for the full W⊕W as well as the one-sided W−⊕W− the coproducts

deformed by the Jordanian twist are non-cocommutative for all the generators. In the latter

case the algebra and coalgebra relations contain only a finite number of generators.

4.1.4 Specialization and One-sided Witt Algebra

In section 2.1.8 it was argued that physical applications of a Hopf algebra H, entailing a

numeric value for the deformation parameter, require the so-called specialization of H.

Let us study the specialization (or q-analog) on the examples of the abelian and the

Jordanian twist respectively. For the abelian twist the formulas (4.27)-(4.29) show that only

a finite number of generators appear in the coproducts but there are infinite power series in

a ≡ i
κ . Thus, the full W⊕W can be turned into the q-analog by adding the elements

eaL0 ≡ K, e−aL0 ≡ K−1, eaL̄0 ≡ K̄, e−aL̄0 ≡ K̄−1, (4.56)
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to the algebra. Furthermore, define q = ea and the extra commutation relations become

eaL0Lme−aL0 =

∞∑
j=0

aj

j!
[L0, [..., [L0, Lm]...] = e−amLm = q−mLm (4.57)

⇒ [K,Lm] =q−mLmeaL0 − LmeaL0 = (q−m − 1)LmK (4.58)

and similarly

[K−1, Lm] =(qm − 1)LmK−1, [K, L̄m] = 0, (4.59)

[K−1, L̄m] =0, [K̄, L̄m] = (q−m − 1)L̄mK̄ (4.60)

[K̄−1, Lm] =0, [K̄−1, L̄m] = (qm − 1)L̄mK̄−1, (4.61)

[K,K−1] =[K, K̄] = [K, K̄−1] = 0. (4.62)

It is also easy to compute

∆FA
(K) =K ⊗K, ∆FA

(K−1) = K−1 ⊗K−1, (4.63)

SFA
(K) = −K, SFA

(K−1) = −K−1 (4.64)

and reexpressing (4.27)-(4.29) gives

∆FA
(Lm) =KmK̄m ⊗ Lm + Lm ⊗K−mK̄m, (4.65)

∆FA
(L̄m) =K−mK̄−m ⊗ L̄m + L̄m ⊗KmK̄−m. (4.66)

Endowed with this algebra and coalgebra structures the set of polynomials in the generators

{Lm, L̄m,K,K−1, K̄, K̄−1} does indeed form a q-analog of the twisted Hopf algebra and it

can be defined for any q ∈ C. In particular, the classical limit κ → ∞ ↔ q → 1 gives simply

the Lie algebra W⊕W, but extended by the central elements K, K̄.

In the case of the Jordanian twist the situation is different. We discovered in (4.40) that

for Lm with m ∈ Z the coproduct contains infinitely many different generators and thus it

would be impossible to define a q-analog. However, by restricting to two copies of the one-

sided Witt algebra W− containing Lm with m ≤ 1 it was shown that all coproducts contain

finitely many terms. Similarly, one could use the embedding corresponding to n = −1 and

restrict to W+ containing Lm,m ≥ −1. In order to express all algebra and coalgebra relations

involving only finite powers of 1/κ the elements Π+, defined in (4.37), and its inverse Π−1
+ are



used. The additional commutation relations then read

[Π+, Lm] =ã(1 −m)Lm+1, (4.67)

[Π−1
+ , Lm] =

∞∑
j=0

(−1)j

j!
ãj [(L1 − L̄1)

j , Lm]

=

∞∑
j=0

min{1−m,j}∑
k=1

(−1)j

j!

(
j

k

)
Lm+kã

j(L1 − L̄1)
j−k

(
k−1∏
r=0

(1 −m− r)

)

=

1−m∑
k=1

Lm+k
dke−σ1

dLk
1

(
k−1∏
r=0

(1 −m− r)

)

=
1−m∑
k=1

(−1)k

k!
ãkLm+kΠk−1

+

(
k−1∏
r=0

(1 −m− r)

)
(4.68)

and similarly

[Π+, L̄m] = − ã(1 −m)L̄m+1, (4.69)

[Π−1
+ , L̄m] =

1−m∑
k=1

(−1)k

k!
(−ã)kL̄m+kΠk−1

+

(
k−1∏
r=0

(1 −m− r)

)
. (4.70)

From (4.49) one has in particular

∆FJ
(L1) = L1 ⊗ Π+ + ⊗L1, ∆FJ

(L1) = L̄1 ⊗ Π+ + ⊗L̄1, (4.71)

leading to

∆FJ
(Π+) = Π+ ⊗ Π+, ∆FJ

(Π−1
+ ) = Π−1

+ ⊗ Π−1
+ , (4.72)

SFJ
(Π+) = −Π+, SFJ

(Π−1
+ ) = −Π−1

+ . (4.73)

All these formulas are well defined for ã ∈ C and for κ → ∞ the elements Π+,Π
−1
+ become

central. Thus, similar to the abelian twist, the classical limit is the centrally extended Lie

algebra W− ⊕W−.

It turns out that all twist deformations except for the abelian twist do not have a q-analog

on the full Witt algebra. However, these q-analogs can always be constructed on the one-

sided Witt algebras similar to the Jordanian twist if and only if the corresponding twist (or

r-matrix) does not contain both L1 and L−1 or L̄1 and L̄−1 simultaneously. Removing the

r-matrices that do not admit a q-analog when quantized yields a set that is still bigger than

(4.4)-(4.7). E.g. the r-matrix r4′ can be obtained from rI by an o(4) automorphism of the
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form

φ(L0) = βL1 + β′L0, φ(L1) = β′′L1, φ(L̄m) = (−1)mL̄m (4.74)

but this is not an automorphism of W⊕W, and also not of W− ⊕W−, as can be seen from

the impossibility of solving

[φ(L0), φ(L−2)] = 2φ(L−2). (4.75)

It is not hard to prove (cf. Appendix A), although it does not directly follow from theorem

2, that also all LBA on W+ ⊕W+ are coboundary, i.e. we have4

Theorem 3. The first cohomology group H1
(
W+ ⊕W+,

∧2 (W+ ⊕W+)
)
vanishes.

Some physical consequences of considering one-sided subalgebras will be discussed in sec-

tion 5.4.2.

4.1.5 Deformations of the Surface Charge Algebra

From a physical point of view we are interested in the conserved charges and their algebra

is the central extension of W ⊕W given in section 3.1.2. A natural question is whether the

central charges have any impact on the allowed deformations or on their precise form which

will be investigated in the following.

We show in Appendix A that the theorems stated at the beginning of the chapter generalize

to the Virasoro algebra, i.e. one has5

Theorem 4. The first cohomology group H1
(
Vir⊕Vir,

∧2 (Vir⊕Vir)
)
vanishes.

To see how the classification of the r-matrices is affected let us first note that on the

entire Vir⊕Vir there is no automorphism that mixes central elements and other generators.

Furthermore, it is easy to see that any

rc = cL ∧X, (4.76)

where X is any linear combination in W⊕W, is triangular. Then we only have to calculate

the Schouten brackets of combinations of rc with (4.10)-(4.17) and find triangular r-matrices

r = cL ∧ Lp + Lp ∧

(∑
q

L̄q

)
, r = cL ∧ Lp + r̄, r = cL ∧ Lp + αLp ∧ L0, (4.77)

4The same result obviously also holds for W− ⊕W−.
5For one copy of the Virasoro algebra this was already shown in [92] independently.



where r̄ is a triangular r-matrix generated by L̄q. The only exception is that a1 with an

embedding (L±1 → L±n, n ̸= 1) (and thus r-matrices containing it) is no longer triangular in

Vir⊕Vir, i.e. one has

[[a1, a1]] =
(n3 − n)

6
(Ln ∧ cL ∧ L−n + Ln ∧ cL ∧ L0 + L−n ∧ cL ∧ L0). (4.78)

The central extension thus can impact the LBAs. For example with r = cL∧Lp we obtain

δr(Lm) = cL ∧ (m− p)Lm+p, δr(L̄m) = 0. (4.79)

But also Lie bialgebras from r-matrices that contain no central element can contribute extra

terms, e.g. r = χL0 ∧ Ln yields

δr(L−n) = −nχL−n ∧ Ln − χ
(n3 − n)

12
L0 ∧ cL. (4.80)

For all r-matrices from (4.77) we can write down the twist. This is easy to see in the first

two cases as everything is abelian. In the last case note that we can obtain the twist from a

Jordanian twist by simply redefining L0 → L0 − αcL which leaves [L0, Lp] invariant.

From the twists we can directly compute the coalgebra structures. In general these will

contain infinite expressions which, as we did before, could be tried to remedy by considering

one-sided algebras. Even though this works in the case of the Witt algebras, with a central

extension the one-sided algebra is pointless to consider as the central elements do not appear

in the algebra sector. Thus, out of (4.77) only r = cL∧ (χL0 + χ̄L̄0) leads to a finite coalgebra

sector. In particular the twist F = exp(cL ⊗ (χL0 + χ̄L̄0)) yields

∆(Lm) = Lm ⊗ 1 + exp(−mχcL) ⊗ Lm, ∆(L̄m) = L̄m ⊗ 1 + exp(−mχ̄cL) ⊗ L̄m (4.81)

and the specialization is straightforward with adding Π ≡ exp(χcL), Π̄ ≡ exp(χ̄cL) and the

respective inverse elements.

4.2 Deformations of Asymptotically Flat Symmetries in 3D

Gravity

Following the analysis of deformations on asymptotically (anti) de Sitter spacetimes, we will

now focus on the flat limit. From a physical intuition one might expect that there is a smooth

limit Λ → 0 implying that this case is qualitatively similar to Λ ̸= 0. However, as addressed
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in the beginning of section 3.1.3, there are indeed conceptual differences in the asymptotic

analysis of different values for Λ. Also, from a mathematical perspective the fact that the

BMS algebra in three dimensions (B3) is not semi-simple complicates some of the results from

the previous sections.

4.2.1 Lie Bialgebra Structures on B3

As stated above the B3 is not semi-simple but it has the form of a semi-direct product of the

semi-simple Witt algebra and the ideal of supertranslations. Using this fact in combination

with theorem 1 of section 4.1.1 in Appendix A, we prove the following

Theorem 5. The first cohomology group H1(B3,
∧2B3) vanishes.

Additionally, all the results about ad-invariant elements carry over, i.e. one has(
3∧
B3

)
B3

=

(
2∧
B3

)
B3

= {0}. (4.82)

We again conclude that the LBA structures on B3 are uniquely defined by triangular r-

matrices classified up to automorphism.

4.2.2 Contraction Limit and Classification of Triangular r-matrices

In order to obtain r-matrices in B3 one can perform a contraction limit Λ → 0 on the r-

matrices of W ⊕ W. For the finite dimensional embeddings this has been done in [94] and

the results were compared to the classification of r-matrices in the three dimensional Poincaré

algebra given by [88].

It was claimed that the latter r-matrices can all be obtained from a contraction of o(4,C)

r-matrices. It should be noted that the contraction is ambiguous, i.e. the contraction of a

class of r-matrices can be performed in different non-equivalent ways (cf. below) and not

injective, i.e. there are r-matrices in the 3D Poincaré that can be obtained as a contraction

from distinct o(4) r-matrices. Whether the contraction is actually surjective is an interesting

question because an affirmative answer could grant us a constructive recipe for quantization

as we will see below.

Let us examine the previous points by explicitly contracting the r-matrices from (4.10)-

(4.17) starting from r1′ . To this end, r1′ is expressed in terms of lm, Tm with the help of (3.72)

and subsequently expanded in powers of 1/
√
−Λ

r1′ =
α + ᾱ

−Λ
(T1 ∧ T0 − T1 ∧ T−1 − T−1 ∧ T0)



+
β√
−Λ

(l1 + l−1 + 2l0) ∧ (T1 + T−1 + 2T0) +
α√
−Λ

(...) + β(...) (4.83)

In order to obtain a finite result we have to rescale (α + ᾱ) → (α̂ + ˆ̄α)(−Λ) and β → β̂
√
−Λ.

Then taking the limit Λ → 0 yields

r̂1′,a = (α̂ + ˆ̄α)(T1 ∧ T0 + T1 ∧ T−1 − T−1 ∧ T0) + β̂(l1 + l−1 + 2l0) ∧ (T1 + T−1 + 2T0).

(4.84)

This is not the only possibility to obtain a finite limit, in the case α = −ᾱ one can also rescale

α → α̂
√
−Λ to get

r̂1′,b =β̂(l1 ∧ T1 + l−1 ∧ T−1 + 4l0 ∧ T0) + (2β̂ + α̂)(l1 ∧ T0 + l0 ∧ T−1)

+ (2β̂ − α̂)(l0 ∧ T1 + l−1 ∧ T0) + (β̂ + α̂)l1 ∧ T−1 + (β̂ − α̂)l−1 ∧ T1. (4.85)

Similarly, one obtains the contraction limits for the rest of the r-matrices, i.e.

r̂2′,a = (α̂− β̂)T1 ∧ T0, (4.86)

r̂2′,b = −2α̂l0 ∧ T1, (4.87)

with α = β for r̂2′,b,

r̂3′,a = (ˆ̄α + α̂(1 − ϵ)(1 − ϵ′) − 2β̂)T1 ∧ T0 + (ˆ̄α− β̂(1 − ϵ′))T1 ∧ T−1

+ (− ˆ̄α + β̂(ϵ− 2ϵ′))T−1 ∧ T0, (4.88)

r̂3′,b = r̂1′,b(α̂ = 0), (4.89)

with ᾱ = 0 for r̂3′,b (if ϵ = ϵ′ = 1 ⇒ r̂3′,a ⊂ r̂1′,a),

r̂4′,a = β̂1l1 ∧ T1 + β̂2l1 ∧ l0, (4.90)

r̂5′,a = (α̂− β̂)T1 ∧ T0 + (α̂ + β̂)T1 ∧ T−1 − (α̂ + β̂)T−1 ∧ T0, (4.91)

r̂6′,a = (β̂T1 + β̂0T0 + ϵβ̂T−1) ∧ ( ˆ̄βT1 + ˆ̄
0βT0 + ϵ̄ ˆ̄βT−1), (4.92)

r̂6′,b = (β̂l1 + β̂l−1 + β̂0l0) ∧ (β̂T1 + β̂T−1 + β̂0T0), (4.93)

with β0 = β̄0, ϵ = ϵ̄, β = β̄ for r̂6′,b,

r̂7′,a = (β̂ + α̂)T1 ∧ T0 + ϵβ̂T1 ∧ T−1, (4.94)

r̂7′,b = α̂T1 ∧ (l1 + l0), (4.95)
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with ϵ = 0, β̄ = α for r̂7′,b,

r̂8′,a = (α̂ + ˆ̄α)T1 ∧ T0 − 2β̂l1 ∧ T1, (4.96)

r̂8′,b = −β̂l1 ∧ T1 + α̂(l1 ∧ T0 − l0 ∧ T1), (4.97)

with α = −ᾱ for r̂8′,b. One easily checks that the reality condition is satisfied under the

involution

lm 7→ −lm, Tm 7→ −Tm, (4.98)

if the parameter restrictions from † are adopted but not necessarily for those from ‡. In

particular, the r-matrices corresponding to the Jordanian and extended Jordanian twist

(r̂2′,b, r̂8′,b(β̂ = 0)) are incompatible with the restrictions listed in section 4.1.2 for ‡.
The contraction results can be compared to the classification of r-matrices in P3 up to P3

automorphisms from [88]. Considering only the triangular parts these read6,

r1 = l0 ∧ (l1 − l−1) − l1 ∧ l−1, (4.99)

r2 = l0 ∧ T0 + T0 ∧ (Θ1T1 + Θ−1T−1), (4.100)

r3 = (l1 − l−1) ∧ (T1 − T−1) + T0 ∧ (Θ1T1 + Θ−1T−1), (4.101)

r4 =
χ

2
(l1 ∧ T0 − l0 ∧ T1) −

ζ

2
l1 ∧ T1 + T1 ∧ (Θ1T0 + Θ0T−1) + δζ,χ

2
Θ−1T0 ∧ T−1, (4.102)

r5 = l0 ∧ T1 + T1 ∧ (Θ1T0 + Θ0T−1). (4.103)

Following the argumentation from section 4.1.2 we are interested in r-matrices up to Aut(B3)

and we see that e.g. the r-matrix r̂1′,b is in fact not B3-automorphic to any r-matrix from

(4.99)-(4.103) as e.g. the term l0∧T0 is not contained there. This term could only be obtained

from r3 by a P3 automorphism. As we will see in section 5.1.2, terms in the r-matrices of

the form T ∧ T , l ∧ T and l ∧ l correspond to canonical, Lie algebra type and quadratic

non-commutativity, respectively.

Surjectivity of the Contraction Limit

To address the question of surjectivity, i.e. whether all triangular B3 r-matrices can be

obtained from a contraction limit of a triangular o(4) r-matrix, there are two more aspects

that have to be taken into account. First, there might be quasitriangular r-matrices in o(4)

6After removing the quasitriangular part, the r-matrices r2, r3 are P3-automorphic but this does not extend
to B3.
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∧2 o(4)

up to Aut′(W⊕W)
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triangular

r ∈
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Figure 4.1. Schematic depiction of r-matrices in three dimensional asymptotic symmetry algebras.
The red arrow represents the quotient Aut(o(4))/Aut′(W⊕W) and the green arrow Aut(P3)/Aut′(B3).
All the r-matrices inside the yellow and blue circle are triangular.

that contract to triangular B3 r-matrices. As shown in [94] this is indeed happening but in

this case there is always also a triangular o(4) r-matrix with the same limit. Secondly, it is

possible to perform the contraction limit along different axis as explained in the following.

The (anti) de Sitter algebra (3.64)-(3.66) is isomorphic to

[MAB,MCD] = δACMBD − δBCMAD + δBDMAC − δADMBC , (4.104)

where the indices range from 1 to 4 and

M+− = M13, M+2 = M12 + M32, M−2 = M12 −M32, (4.105)

K± = M14 ±M34, K2 = M24, (4.106)

i.e. the fourth axis is chosen for contraction. With the isomorphism

H = − i

2
(M12 + M34), H̄ =

i

2
(M12 −M34), (4.107)

E± = − i

2
(M23 + M14) ∓

1

2
(M24 −M13), (4.108)

Ē± =
i

2
(M23 −M14) ∓

1

2
(−M24 −M13), (4.109)
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one can express the r-matrices in terms of MAB. Depending on which axis is chosen the result

of the contraction differs, e.g. when choosing the second instead of the fourth axis

Ki = Mi2, Ji = ϵijkMjk (4.110)

one finds for

r = (E+ + Ē+) ∧ (H + H̄), (4.111)

which is automorphic to rI ,

r =
i

2
(iJ3 + J4) ∧ J1, (4.112)

where the contraction limit can be taken without rescaling. The Ji satisfy

[J1, J3] = J4, [J1, J3] = J4, [J3, J4] = J1 (4.113)

and can thus be related to the three dimensional Lorentz sector via

J3 = −l0, J1 =
l1 + l−1

2
, J4 =

l1 − l−1

2
, (4.114)

leading to

r̂ = l1 ∧ l−1 + l0 ∧ (l1 + l−1). (4.115)

Note that this r-matrix of the P3 can not be obtained from a contraction of (4.10)-(4.17)

which are associated with the fourth axis, so the consideration of different axis actually makes

a difference. But even after taking into account the possibility to contract along different axis

it turns out that there are triangular r-matrices in P3, e.g.

r = l0 ∧ T1 + Θ1T1 ∧ T0 + Θ2T1 ∧ T−1, (4.116)

that can not be obtained in its general form from a contraction of a triangular r-matrix. It

can, however, be obtained from the sum of two different contraction limits, a possibility also

mentioned in [94].

To summarize, in this weak sense (including sums of contractions and contractions along

different axis) all r-matrices in
∧2P3 up to Aut(P3) (the intersection of the green and dark-

blue circle in figure 4.1) can be obtained from a contraction of r-matrices from
∧2 o(4) up to



Aut′(W ⊕W) (the orange circle in figurefig4.1). In fact these contractions form a larger set

as we saw with explicit examples. The full set represented by the light-blue circle in figure

4.1 could in principle be derived using the quotient of automorphisms Aut(P3)/Aut′(B3) or

alternatively by redoing the classification using only Aut(B3. Since we did not explicitly carry

out these procedures, it remains an open question whether the contraction of r ∈
∧2 o(4) up

to Aut′(W⊕W) is surjective.

Contraction of Twists

As stated above, the surjectivity might be relevant for obtaining the associated Hopf algebras.

Namely there is the possibility in performing the contraction limit on the level of the full twist

[96]. As an example let us consider the light-cone twist (the name will be justified later)

FLC = eL0⊗log(1+aLn)eL̄0⊗log(1−aL̄n) (4.117)

corresponding to (4.5) with a = χ = −χ, ζ = 0. We express the Lm, L̄m in terms of lm, Tm

FLC = exp

(
1

2

(
l0 +

T0√
−Λ

)
⊗ log

(
1 +

a

2

(
ln +

Tn√
−Λ

)))
× exp

(
1

2

(
l0 −

T0√
−Λ

)
⊗ log

(
1 − a

2

(
ln − Tn√

−Λ

)))
. (4.118)

In order to obtain a finite contraction limit we have to rescale a → a′ = a/
√
−Λ. Expanding

the first exponent of the twist in powers of
√
−Λ and taking the limit then results in

1

2

(
l0 +

T0√
−Λ

)
⊗
∑
j=1

−(−a′)j

j

(√
−Λln + Tn

)j
=

1

2
l0 ⊗ log(1 + a′Tn) +

1

2
T0 ⊗

∑
j=1

−(−a′)j

j
jlnT

j−1
n + O(

√
−Λ)

=
1

2
l0 ⊗ log(1 + a′Tn) +

1

2
T0 ⊗ lna

′ (1 + a′Tn

)−1
. (4.119)

After repeating this procedure for the second exponent the final twist is given by

FLC = exp
(
l0 ⊗ log(1 + a′Tn) + T0 ⊗ a′ln

(
1 + a′Tn

))
. (4.120)
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It automatically satisfies the 2-cocycle condition in B3 since the twist (4.118) satisfies it in

W⊕W. The associated classical r-matrix turns out to be

rLC = a′(l0 ∧ Tn − ln ∧ T0), (4.121)

which corresponds indeed to the three dimensional version of the light-cone κ-Poincaré (for

some embedding).

But such a simple procedure is not always possible. As an example, we could try to use

the same rescaling for the twist of r2′ as for the r-matrix r̂2′,b. The o(4) twist for r2′ reads [87]

F = exp

(
−β

α
L̄0 ∧ log(1 + αL1)

)
exp (−L0 ⊗ log(1 + αL1)) (4.122)

and after rescaling we obtain in first order in the deformation parameters

F = 1 ⊗ 1 +
1√
−Λ

(β̂T0 ∧ T1 − α̂T0 ⊗ T1) + O(1), (4.123)

i.e. the result diverges because the relevant terms only cancel in the antisymmetrized r-matrix

but not in the twist. Even though we know the twist for r̂2′,b (being just a Jordanian twist),

this illustrates the limitations of the contraction on the level of the twist. In particular, we

notice that for r-matrices of the form l∧T +T ∧T this means, together with the fact that some

r-matrices of this form can only be expressed as a sum of different contractions7, that there

is no simple recipe to obtain all the twists for the LBA’s on P3 up to B3 automorphisms.

However, it is possible to explicitly write down the twists for r-matrices of the form l ∧ T .

In the classification (4.99)-(4.103) this remains to be shown only for r4(Θ1/0/−1 = 0)=̂r8′,b,

other twists for r-matrices that are not equivalent in B3 can always be obtained from a P3

automorphism. For r8′,b one can contract the twist of r8′=̂rII , which is given by [87]

F = e
β

−α2 log(1+αL1)∧log(1−αL̄1)eL0⊗log(1+αL1)eL̄0⊗log(1−αL̄1). (4.124)

Apart from the first exponent, this is just our example (4.117) and the contraction is done

analogously. The first exponent becomes simply exp
(

2β̂l1 ∧ T1

)
and thus

Fr8′,b = exp
(

2β̂l1 ∧ T1

)
exp (l0 ⊗ log(1 + α̂T1) + T0 ⊗ α̂l1 (1 + α̂T1)) . (4.125)

7Note that there is also no B3 automorphism that mixes superrotations and -translations after the contrac-
tion.



4.2.3 Uniqueness of Twist Deformation

In the previous subsection a twist for the light-cone r-matrix (4.121) was found via contraction.

From [63] (cf. also [36], [97]) it is known that the extended Jordanian twist of the form

FeJ = exp

(
a′′

2
ln ⊗ T0

)
exp

(
− l0
n
⊗ log

(
1 + a′′nTn

))
(4.126)

exists for the same r-matrix. However, the inequivalence is only superficial as we have to take

into account automorphisms on the universal envelope. We find there exist invertible elements

ω ∈ UB3[[1/κ]] inducing the automorphisms

f(lm) = ω−1lmω, f(Tm) = ω−1Tmω (4.127)

by a similarity transformation (see [99] and references therein for a detailed discussion). In

general for every twist deformed Hopf algebra with F one can obtain a “gauge equivalent”

twist via Fω = ω−1⊗ω−1F∆(ω). The new twist then satisifies the 2-cocycle condition because

Fω12(∆ ⊗ 1)(Fω) = (ω−1 ⊗ ω−1)F12(∆(ω) ⊗ ω)∆(ω−1) ⊗ ω−1)(∆ ⊗ 1)F(∆(ω) ⊗ ω)

= (ω−1 ⊗ ω−1)F23(1 ⊗ ∆)F(∆(ω) ⊗ ω)

= Fω23(1 ⊗ ∆)Fω (4.128)

and f(x) ≡ ωxω−1 establishes the isomorphism between the twisted Hopf algebras

∆F ◦ f = (f ⊗ f) ◦ ∆Fω . (4.129)

If the untwisted Hopf algebra admits a ∗-structure, the twist has to satisfy

F∗⊗∗ = F−1, (4.130)

i.e. be unitary in order to preserve the ∗-structure. On the invertible element ω this enforces

the unitarity condition

F∗⊗∗
ω = ∆(ω∗)F−1(ω∗−1 ⊗ ω∗−1)

!
= F−1

ω = ∆(ω−1)F−1(ω ⊗ ω) (4.131)

⇔ ω∗ = ω−1. (4.132)

In our particular example we find that in first order of 1/κ the isomorphism induced from
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the element

ω = e−
a′
4
(lnT0+T0ln) (4.133)

relates the extended Jordanian and the contraction limit of the light-cone twist for a′′ = −a′.

It is easy to see that it is hermitian with respect to the reality condition l∗m = −lm, T ∗
m = −Tm

and a′ ∈ iR.

Such a resolution as a “gauge equivalence” of the apparent ambiguity is in line with the

statement that the full deformation is already determined by the first order quoted at the end

of section 2.1.9.

4.2.4 Full Deformations via Twist

Even though we did not find a general recipe for all twists, let us construct and examine the

full quantum group structures in some example cases where it is possible. A special focus will

again be put on the possibility of finding a q-analog. We also noted in section 2.2 that the

fate of the light-like κ-Poincaré is of interest as it has been studied in the finite dimensional

Poincaré algebra.

Abelian Twist

There is again a unique abelian r-matrix, i.e. r2(Θ = 0) from eq.(4.100), that does not single

out any embedding as its constituents are present in each of the embeddings. It is associated

with the twist

FA = exp (ηl0 ⊗ T0) , (4.134)

which does not come from a contraction of a o(4) twist but the construction is straightforward

since it is abelian. The twisting element (4.134) induces the coalgebra relations

∆FA
(lm) = 1 ⊗ lm −mηl0 ⊗ Tm + lm ⊗ exp (−mηT0) , (4.135)

∆FA
(Tm) = 1 ⊗ Tm + Tm ⊗ exp (−mηT0) . (4.136)

Because the coproduct is cocommutative (only for) l0, T0 we infer

SFA
(l0) = −l0, SFA

(T0) = −T0 (4.137)



and then

SFA
(lm) = −(lm + mηl0Tm)emηT0 , SFA

(Tm) = −TmemηT0 . (4.138)

One can see that the qualitative behavior is very similar to the abelian twist in the W ⊕W

algebra (eq.(4.23) and following).

Jordanian and Extended Jordanian Twist

In the following, we will first construct a Jordanian twist in B3 since a lot of the consistent

twists are either of this form or have it as a building block, which we already noted in section

4.1.3. Furthermore, the extended Jordanian twist will be investigated as it will turn out to

exhibit qualitatively different behavior and also because of its relevance in the context of

κ-Poincaré (cf. section 2.2 and 5.1).

For the r-matrix r5 from (4.103) with Θ1/0 = 0 one obtains the Jordanian twist

FJ = exp

(
− l0
n
⊗ log (1 + χTn)

)
, (4.139)

leading to the coproducts

∆FJ
(lm) = 1 ⊗ lm − n−m

n
χl0 ⊗ Tm+nΠ−1

+n + lm ⊗ Π
m
n
+n, (4.140)

∆FJ
(Tm) = 1 ⊗ Tm + Tm ⊗ Π

m
n
+n, (4.141)

where

Π+n = (1 + χTn) . (4.142)

From

∆FJ
(l0) = 1 ⊗ l0 + l0 ⊗ (1 − χTn)Π−1

+n, → SFJ
(l0) = −l0(1 − χTn)Π−1

+n, (4.143)

we infer

SFJ
(lm) = −(lm − n−m

n
χ(1 − χTn)Tm+nΠ−2

+n)Π
−m

n
+n , (4.144)

SFJ
(Tm) = −TmΠ

−m
n

+n . (4.145)

We can already note that, in contrast to the asymptotically (A)dS symmetry, the coalgebra
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structures of the Jordanian deformation only involve a finite number of generators for the

entire algebra. As a consequence there is no necessity to restrict to a subset of the algebra

and thereby to a specific embedding.

For the light-cone deformation described by the r-matrix (4.121) it was already noted that

there are two possibilities for a twist. To perform the calculations we choose the extended

Jordanian twist

FeJ = exp
(χ
n
ln ⊗ T0

)
FJ (4.146)

which, as the name suggests, also contains the Jordanian twist. Using again the Hadamard

formula we calculate

∆FeJ
(lm) = exp

(χ
n
ln ⊗ T0

)
∆FJ

(lm) exp
(
−χ

n
ln ⊗ T0

)
,

=∆FJ
(lm) − m

n
χln ⊗ Tm +

n−m

n
χ2ln ⊗ T0Tm+nΠ−1

+n

+
∞∑
k=1

χk

nkk!

k−1∏
p=0

(n− (m + pn))lm+kn ⊗ T k
0 Π

m
n
+n, (4.147)

∆FeJ
(Tm) =∆FJ

(Tm) +

∞∑
k=1

χk

nkk!

k−1∏
p=0

(n− (m + pn))Tm+kn ⊗ T k
0 Π

m
n
+n. (4.148)

If there is no k ∈ N such that n = m + kn there appear infinite power series that also

contain infinitely many different generators. Excluding either m > 1 and choosing n = 1 or

m < −1 with n = −1 solves the latter problem as the sum over k in (4.147)-(4.148) terminates.

Choosing the former then results in finite coproducts, i.e. the sums in (4.147) and (4.148)

terminate at k = 1 − m (for m = 1 the sum is set to zero) which also allows to iteratively

compute the antipodes from

SeJ(lm) = −
(
lm + (1 −m)χl0Tm+1Π

−1
+ + mχl1Tm − (1 −m)χ2l1T0Tm+1Π

−1
+

)
Π−m

+

−
1−m∑
k=1

χk

k!

k−1∏
p=0

(1 − (m + p))S(lm+k)T k
0 , (4.149)

SeJ(Tm) = − TmΠ−m
+ −

1−m∑
k=1

χk

k!

k−1∏
p=0

(1 − (m + p))S(Tm+k)T k
0 . (4.150)

Because the Ti form an abelian ideal all the formulas for the Jordanian twist remain finite

and all embeddings are possible. The extended Jordanian twist on the other hand behaves

more like the Jordanian twist in W⊕W as the one-sided algebra has to be chosen to obtain



finite coalgebra structures.

As in section 4.1.4, the theorem 5 has a one-sided analogon proven in Appendix A.

Theorem 6. The first cohomology group H1
(
B3+,

∧2B3+

)
vanishes.

Specialization

The specialization of the Hopf algebra deformed by the abelian twist can be performed anal-

ogously to section 4.1.4. This means we add the elements

K ≡ eηT0 , K−1 ≡ e−ηT0 (4.151)

to the algebra and then the coalgebra structures can be reformulated as

∆FA
(lm) = 1 ⊗ lm −mηl0 ⊗ Tm + lm ⊗K−m, (4.152)

∆FA
(Tm) = 1 ⊗ Tm + Tm ⊗K−m, (4.153)

SFA
(lm) = −(lm + mηl0Tm)Km, SFA

(Tm) = −TmKm (4.154)

and

∆FA
(K) = K ⊗K, ∆FA

(K−1) = K−1 ⊗K−1. (4.155)

In the algebraic sector the extra relations read

[lm,K] = −mηTmK, [lm,K−1] = mηTmK−1, (4.156)

[Tm,K] = [Tm,K−1] = [K,K−1] = 0 (4.157)

and everything is well defined for all complex η so we can set η = i
κ . In the classical limit

κ → ∞ ↔ η → 0 the elements K,K−1 become central.

When deforming the primitive Hopf algebra with a Jordanian twist only a finite number

of generators appear. However, the coproducts (4.140)-(4.141) involve fractional powers in

Π+n. Thus, after singling out an embedding for the twist we add the elements

Π ≡ Π
1
n
+n, Π−1 ≡ Π

− 1
n

+n (4.158)

to the algebra and the coalgebra sector can be expressed using only finite powers

∆FJ
(lm) = 1 ⊗ lm − n−m

n
χl0 ⊗ Tm+nΠ−n + lm ⊗ Πm, (4.159)
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∆FJ
(Tm) = 1 ⊗ Tm + Tm ⊗ Πm. (4.160)

Furthermore we have

∆FJ
(Π) = Π ⊗ Π, ∆FJ

(Π−1) = Π−1 ⊗ Π−1. (4.161)

Adding the fractional powers of Π+n comes at the cost of slightly more complicated algebraic

relations

[Π
1
n
+n, lm] =

∞∑
j=0

(1/n)j

j!
χj [T j

n, lm] = (n−m)Tm+n
dΠ

1
n
+n

dTn
= χ

(n−m)

n
Tm+nΠ

1
n
−1

+n , (4.162)

[Π
− 1

n
+n , lm] = − χ

(n−m)

n
Tn+mΠ

− 1
n
−1

+n , (4.163)

[Π
1
n
+n, Tm] =[Π

− 1
n

+n , Tm] = 0, (4.164)

but all formulas are well defined for general complex χ. Again, the classical limit χ → 0

results in central Π,Π−1.

We thus find that the q-analog can be constructed on the full algebra for this particular

twist deformation which contains elements with non-zero index in contrast to the situation

in W ⊕W where this was true only for the deformation defined by the abelian r ∼ L0 ∧ L̄0.

In section 4.2.2 we saw that while the r-matrix corresponding to FJ can be obtained as a

contraction limit from the triangular r2′ ∈
∧2 (W⊕W), the same limit does not work on the

level of the twist. Such a result is compatible with the different behavior in the specialization

of the Jordanian twist and the twist for r2′ . Again, we conclude that the flat case is more

than just the contraction of (A)dS but in this example the difference appeared only at the

level of the full quantum group.

For the extended Jordanian twist , implementing the light-like κ-Poincaré, it is obvious

that one has to restrict to the one-sided BMS algebra (B3,−), generated by {lm, Tp|m, p ≤ 1}
(or B3,+), to avoid infinite series in the deformed coproducts. Adding the elements from

(4.158) to the algebra one can reexpress (4.147)-(4.148) so that it contains finite powers in

the deformation parameter. As we added the same elements as for the Jordanian twist, the

extra relation for the algebra sector are again (4.162)-(4.164).

4.2.5 Deformations of the Surface Charge Algebra

When considering the algebra of the surface charge generators in asymptotically flat three

dimensional spacetime B3,c we, somewhat surprisingly, find (proved in Appendix A)



Theorem 7. The first cohomology group H1(B3,c,
∧2B3,c) contains only the cocycle δα.

Here,

δα : lm 7→ 0, Tm 7→ αc′L ∧ Tm, (4.165)

and this cocycle clearly defines a Lie bialgebra as the co-Jacobi identity is trivially satisfied.

This result pinpoints a clear situation where the flat case can not be seen as just a limit from

the (A)dS case.

Besides this single possibility of a non-coboundary LBA let us investigate how the clas-

sification of r-matrices is affected by the central element. First, we calculate the Schouten

brackets of (4.99)-(4.103) in B3c and find that all of them vanish with the exception that if

we consider a different embedding (l1, T1 → ln, Tn ) then we have to demand Θ1 = −Θ−1 for

r3 and Θ−1 = 2Θ0 for r4. As the P3 automorphisms do not necessarily extend to Aut(B3c) it

is not surprising that there exist r-matrices classified up to Aut(B3) that are not triangular

in B3c. This is the case for r̂1′,b, which is a contraction of r1′ and we already noted in sec-

tion 4.1.5 that the a1 part of r1′ is not triangular in Vir ⊕Vir. However, the other possible

contraction r̂1′,a is triangular in B3c.

Furthermore, the addition of the central element makes it possible to define triangular

r-matrices which are any linear combination of

r = c′L ∧ lm, r = c′L ∧ Tm. (4.166)

A tedious but straightforward computation reveals that also the following combinations with

the r-matrices we discussed in 4.2.2 define coboundary LBA

r1′′ = c′L ∧ (αT0 + βl0) + l0 ∧ T0, r2′′ = c′L ∧ T0 + αln ∧ Tn + βT0 ∧ Tn, (4.167)

r3′′ = c′L ∧ (αTn + βT0 + γT−n) + T0 ∧ (Θ1Tn + Θ−1T−n) + Θ0Tn ∧ T−n, (4.168)

r4′′ = c′L ∧ (αTn + βln) + χ(ln ∧ T0 − l0 ∧ Tn) − ζln ∧ Tn

+ Θ1Tn ∧ T0 + δβ,0δζ,χ/2Θ−1T0 ∧ T−n, (4.169)

r5′′ = c′L ∧ (αT0 + βTn + γln) + χl0 ∧ Tn + Θ1T0 ∧ Tn + δγ,0Θ0Tn ∧ T−n, (4.170)

r6′′ = c′L ∧ (ln + αl0) + χ1ln ∧ Tn + δα,0χ2ln ∧ l0, (4.171)

r7′′ = c′L ∧ (αTn + βT0) + Tn ∧ (χ1ln + χ2l0). (4.172)

As in the asymptotically (A)dS setting also LBA from r-matrices that do not contain
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central elements can receive extra contributions, e.g. with r = χl0 ∧ Tn we get

δr(l−n) = χ
(
(−n)l−n ∧ Tn − 2nl0 ∧ T0 − l0 ∧ (n3 − n)c′L

)
. (4.173)

Quantization

Here we want to qualitatively analyze how the Lie bialgebras discussed in the previous sec-

tion can be quantized to quantum groups in all orders of the deformation parameter(s) and

highlight this with several examples.

We already established that there is one LBA, defined by the cobracket (4.165) that is not

coboundary and consequently the associated Hopf algebra can not be obtained by a twist.

However, we simply make an educated guess, namely

∆α(lm) = lm ⊗ 1 + 1 ⊗ lm, ∆α(c′L) = c′L ⊗ 1 + 1 ⊗ c′L, (4.174)

∆α(Tm) = Tm ⊗ 1 + eαc
′
L ⊗ Tm, (4.175)

Sα(lm) = −lm, Sα(c′L) = −c′L, (4.176)

Sα(Tm) = −e−αc′LTm. (4.177)

This indeed defines a Hopf algebra with a coassociative coalgebra and the correct limit. When

trying to find quantum groups for LBA with a cobracket δ = δr + δα it is in general not clear

that there exists a constructive method even if we know the twist associated with δr. For

r = −χ
n l0∧Tn+ α

ncL∧l0, containing our standard example, we are in luck though; the situation

exactly resembles method 5 from [100] if we identify − l0
n = H, eαc

′
L = C, Tn = D. Then the

coalgebra (4.174)-(4.177) can be deformed with the twist

F = exp

(
− l0
n
⊗ log

(
eαc

′
L + χTn

))
. (4.178)

For the supertranslations this then yields

∆F ,α(Tm) = F∆α(Tm)F−1 = Tm ⊗
(
eαc

′
L + χTn

)m
n

+ eαc
′
L ⊗ Tm, (4.179)

which has indeed δ = δr + δα as a classical limit.

While the twist implementing the deformation defined by (linear combinations of) (4.166)

is just an abelian twist, it is not easy to find explicit twists for the combined r-matrices

in (4.167)-(4.172) in general. In some cases we can use automorphisms on the subalgebra

spanned by the elements appearing in the r-matrix. E.g. by redefining l0 → l′0 = l0 + β
χc

′
L we



can bring r5′′(γ = 0 = Θ1 = Θ0) in the form r = χl′0∧Tn +αc′L∧T0 consisting of a Jordanian

part and a second term commuting with everything else. Thus, the twist is given by

F = exp

((
l0 +

β

χ
c′L

)
⊗ log (1 + χTn)

)
exp(αc′L ⊗ T0). (4.180)

r-matrices that do not contain c′L explicitly admit the same twist as in the B3 algebra,

however, there can be extra contributions to the coalgebra sector. We illustrate this fact with

the standard example (4.139) leading to (4.140)-(4.141) except for l−n where we obtain

∆FJ
(l−n) = 1 ⊗ l−n − 2χl0 ⊗ Π−1

+n

(
T0 + c′L(n2 − 1)

)
+ l−n ⊗ Π−1

+n. (4.181)

Specialization

The process of specialization is not much different in the centrally extended BMS algebra.

For example, adding the simple redefinition Πc = eαc
′
L to the Hopf algebra with coalgebra

sector (4.174)-(4.177) allows the expression in finite powers.

Still, the general comment applies that any Hopf algebra derived from an r-matrix con-

taining lm,m ̸= 0 will not admit a q-analog on the whole algebra. It is noteworthy though

that the restriction to the one-sided algebra does not make much sense as then no central

charge appears in the algebra sector.

4.3 Deformations of Asymptotically Flat Symmetries in 4D

Gravity

After the investigation of quantum groups in the three dimensional toy model we will now

try to carry the insights over to the realistic four dimensional spacetime. Again, first the “in-

finitesimal deformations”, i.e. the Lie bialgebras, are studied. Then, full quantum groups will

be constructed and analyzed, focusing on the comparison between three and four dimensions.

4.3.1 Lie Bialgebras and Classification of Triangular r-matrices

As expected, it is fairly straightforward to prove the following theorem similar to theorem 5

for the three dimensional case.

Theorem 8. The first cohomology group H1(B4,
∧2B4) vanishes.

Furthermore, all Lie bialgebras have to be triangular and are uniquely determined by
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equivalence classes of r-matrices since(
3∧
B4

)
B4

=

(
2∧
B4

)
B4

= {0}. (4.182)

For the four dimensional Poincaré algebra a classification of the r-matrices was carried out

in [98] (see Appendix B). Even though it is not complete, the only missing parts are some

quasi-triangular solutions. By calculating the Schouten brackets of the r-matrices we can filter

out their triangular parts that are listed in Appendix B (in the basis (3.19)-(3.24)). We will

mostly focus on the l∧T part for the sake of simplicity and because it corresponds to the Lie

algebra type non-commutativity. Then the distinct r-matrices of this form are

r2 = S11 ∧ k̄0, r7 = S11 ∧ k0 + S01 ∧ k1 + A01 ∧ k̄1 + βS11 ∧ k1, (4.183)

r9 = S01 ∧ k̄1 + S11 ∧ k1, r10 = A01 ∧ k1, (4.184)

r13 = (S11 − S00) ∧ k̄0, r14 = S11 ∧ k̄0, (4.185)

r17 = S11 ∧ (k0 + βk̄0). (4.186)

In their general form all of these are not part of the B3 subalgebra. It is easy to find a

twist for r2, r10, r12, r13, r14 since they are abelian and r17 corresponds to a Jordanian twist.

Furthermore, r7 is the four dimensional light-cone r-matrix and thus the deformation can be

performed with an extended Jordanian twist. Only for r9 no twist is explicitly known8.

Another difference to the three dimensional setting is that the only deformation that does

not single out a particular embedding is given by the abelian r-matrix k0 ∧ k̄0 which does not

lead to a non-commutativity of Lie algebra type. The simple reason for this is that in four

dimensions the embeddings do not “overlap” in the supertranslation sector.

4.3.2 Full Deformations via Twist

Quantum groups in all orders of the deformation parameter are constructed again by using the

twist deformation of the coalgebra sector. The abelian twist and the Jordanian twist are also

twists in B4 and the corresponding deformations from section 4.2.4 define Hopf subalgebras

of four dimensional Hopf algebras. For example, the Jordanian twist

FJ = exp

(
−k0

n
⊗ log (1 + χS1−m,1−m)

)
(4.187)

8One can show that finding a twist for r9 is equivalent to finding one for a matrix of th form l ∧ T + T ∧ T
in three dimensions.



leads to

∆FJ
(Spq) = Spq ⊗ Π

− 1−p−q
n

+,1−m + 1 ⊗ Spq, (4.188)

∆FJ
(Apq) = Apq ⊗ Π

− 1−p−q
n

+,1−m + 1 ⊗Apq, (4.189)

∆FJ
(kp) = kp ⊗ Π

p
n
+,1−m + 1 ⊗ kp − χ

k0
n

⊗ (n− p)S1−m+p,1−mΠ−1
+,1−m, (4.190)

∆FJ
(k̄p) = k̄p ⊗ Π

p
n
+,1−m + 1 ⊗ k̄p − χ

k0
n

⊗ (n− p)A1−m+p,1−mΠ−1
+,1−m, (4.191)

with

Π+,n ≡ (1 + χSnn), 1 − 2m = n. (4.192)

The antipodes are given by

SFJ
(Spq) = −SpqΠ

1−p−q
n

+,1−m, SFJ
(Apq) = −ApqΠ

1−p−q
n

+,1−m, (4.193)

SFJ
(kp) = −

(
kp +

χ

n
(n− p)SFJ

(k0)S1−m−p,1−mΠ−1
+,1−m

)
Π

− p
n

+,1−m, (4.194)

SFJ
(k̄p) = −

(
k̄p +

χ

n
(n− p)SFJ

(k0)A1−m−p,1−mΠ−1
+,1−m

)
Π

− p
n

+,1−m, (4.195)

where

SFJ
(k0) = −k0(1 − χS1−m,1−m)Π−1

+,1−m. (4.196)

The extended Jordanian twist on the other hand includes the momentum generators from

the extra spatial dimension but the general form is analogous to that of section 4.2.4

FeJ = exp
(χ
n

(kn ⊗ S1−m,m − k̄n ⊗A1−m,m

)
FJ . (4.197)

This complicates the calculations of the deformed coproducts and we find

∆FeJ
(Spq) = exp

(χ
n

(kn ⊗ S1−m,m − k̄n ⊗A1.m,m

)
(∆FJ

(Spq))

× exp
(
−χ

n
(kn ⊗ S1−m,m − k̄n ⊗A1.m,m

)
(4.198)

=1 ⊗ Spq +

∞∑
l=0

1

l!

(χ
n

)l ∑
r+s=l

(
r

l

)(
Ap+rn,q+sn ⊗ g(pq)rs Π

p+q−1
n

+,1−m

+ Sp+rn,q+sn ⊗ f (pq)
rs Π

p+q−1
n

+,1−m

)
, (4.199)
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∆FeJ
(Apq) =1 ⊗Apq +

∞∑
l=0

1

l!

(χ
n

)l ∑
r+s=l

(
r

l

)(
Ap+rn,q+sn ⊗ h(pq)rs Π

p+q−1
n

+,1−m

+ Sp+rn,q+sn ⊗ j(pq)rs Π
p+q−1

n
+,1−m

)
, (4.200)

with the recursively defined coefficients

g
(pq)
00 = 0, f

(pq)
00 = 1, (4.201)

g
(pq)
10 = −(1 −m− pn)A1−m,m, g

(pq)
01 = (1 −m− qn)A1−m,m, (4.202)

f
(pq)
10 = (1 −m− pn)S1−m,m, f

(pq)
01 = (1 −m− qn)S1−m,m, (4.203)

g
(pq)
r+1,s = (1 −m− (p + r)n)S1−m,mg(pq)rs − (1 −m− (p + r)n)A1−m,mf (pq)

rs , (4.204)

g
(pq)
r,s+1 = (1 −m− (q + s)n)S1−m,mg(pq)rs + (1 −m− (q + s)n)A1−m,mf (pq)

rs , (4.205)

f
(pq)
r+1,s = (1 −m− (p + r)n)S1−m,mf (pq)

rs + (1 −m− (p + r)n)A1−m,mg(pq)rs , (4.206)

f
(pq)
r,s+1 = (1 −m− (q + s)n)S1−m,mf (pq)

rs − (1 −m− (q + s)n)A1−m,mg(pq)rs , (4.207)

h
(pq)
00 = 1, j

(pq)
00 = 0, (4.208)

h
(pq)
10 = (1 −m− pn)S1−m,m, h

(pq)
01 = (1 −m− qn)S1−m,m, (4.209)

j
(pq)
10 = −(1 −m− pn)A1−m,m, j

(pq)
01 = (1 −m− qn)A1−m,m, (4.210)

h
(pq)
r+1,s = (1 −m− (p + r)n)S1−m,mh(pq)rs − (1 −m− (p + r)n)A1−m,mj(pq)rs , (4.211)

h
(pq)
r,s+1 = (1 −m− (q + s)n)S1−m,mh(pq)rs + (1 −m− (q + s)n)A1−m,mj(pq)rs , (4.212)

j
(pq)
r+1,s = (1 −m− (p + r)n)S1−m,mj(pq)rs + (1 −m− (p + r)n)A1−m,mh(pq)rs , (4.213)

j
(pq)
r,s+1 = (1 −m− (q + s)n)S1−m,mj(pq)rs − (1 −m− (q + s)n)A1−m,mh(pq)rs , (4.214)

and similarly

∆FeJ
(kp) =∆FJ

(kp) −
χ

n
kn ⊗

((
p + 1

2
− (1 −m)

)
S1−m+p,m +

(
p + 1

2
−m)

)
S1−m,m+p

)
− χ

n
k̄n ⊗

(
−
(
p + 1

2
− (1 −m)

)
A1−m+p,m −

(
p + 1

2
−m)

)
A1−m,m+p

)
− χ(n− p)

(
kn ⊗ S1−m,m − k̄n ⊗A1−m,m

) (
1 ⊗ S1−m+p,1−mΠ−1

+,1−m

)
+

∞∑
l=1

1

l!

(χ
n

)l ∑
r+s=l

(
r

l

)(
kp+rn ⊗ g̃(p)r Π

p
n
+,1−m + k̄p+sn ⊗ f̃ (p)

s Π
p
n
+,1−m

)
, (4.215)



∆FeJ
(k̄p) =∆FJ

(k̄p) −
χ

n
kn ⊗

((
p + 1

2
− (1 −m)

)
A1−m+p,m −

(
p + 1

2
−m)

)
A1−m,m+p

)
− χ

n
k̄n ⊗

((
p + 1

2
− (1 −m)

)
S1−m+p,m −

(
p + 1

2
−m)

)
S1−m,m+p

)
− χ(n− p)

(
kn ⊗ S1−m,m − k̄n ⊗A1−m,m

) (
1 ⊗A1−m+p,1−mΠ−1

+,1−m

)
+

∞∑
l=1

1

l!

(χ
n

)l ∑
r+s=l

(
r

l

)(
kp+rn ⊗ h̃(p)r Π

p
n
+,1−m + k̄p+sn ⊗ j̃(p)s Π

p
n
+,1−m

)
, (4.216)

with

g̃
(p)
1 = (n− p)S1−m,m, f̃

(p)
1 = −(n− p)A1−m,m, (4.217)

g̃
(p)
r+1 = (n− (p + r)n)S1−m,mg̃(p)r − (n− (p + r)n)A1−m,mf̃ (p)

r , (4.218)

f̃
(p)
s+1 = (n− (p + s)n)S1−m,mf̃ (p)

r + (n− (p + s)n)A1−m,mg̃(p)r , (4.219)

h̃
(p)
1 = (n− p)A1−m,m, j̃

(p)
1 = (n− p)S1−m,m, (4.220)

h̃
(p)
r+1 = (n− (p + r)n)S1−m,mh̃(p)r + (n− (p + r)n)A1−m,mj̃(p)r , (4.221)

j̃
(p)
s+1 = (n− (p + s)n)S1−m,mj̃(p)r − (n− (p + s)n)A1−m,mh̃(p)r . (4.222)

Despite the more involved relations the extended Jordanian twist on B3 and B4 share most

conceptual properties. E.g. also for (4.199),(4.200),(4.215), (4.216) the expressions admit only

a finite number of generators if the one-sided B4− (spanned by {kp, k̄p, Spq, Apq|p, q ≤ 1}) is

considered, implying the embedding with m = 0=̂n = 1. In that case one can also calculate

the antipodes recursively from

0 =S(Spq) +

∞∑
l=0

1

l!
(χ)l

∑
r+s=l

(
r

l

)(
Ap+r,q+sS

(
g(pq)rs Πp+q−1n

+

)
+ Sp+r,q+sS

(
f (pq)
rs Πp+q−1

+

))
, (4.223)

starting from

∆FeJ
(S11) = ∆FJ

(S11) = S11 ⊗ Π+ + 1 ⊗ S11, (4.224)

∆FeJ
(k1) = ∆FJ

(k1) = k1 ⊗ Π+ + 1 ⊗ k1, ∆FeJ
(k̄1) = k̄1 ⊗ Π+ + 1 ⊗ k̄1 (4.225)

→ SFeJ
(S11) = −S11Π

−1
+ , SFeJ

(k1) = −k1Π
−1
+ , SFeJ

(k̄1) = −k̄1Π
−1
+ . (4.226)

Thus we were able to implement the unique deformed Hopf algebra that contains the light-like

κ-Poincaré as a sub Hopf algebra in the symmetry algebra of a three and four dimensional
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asymptotically flat spacetime. In both cases the restriction to the respective one-sided algebras

is necessary to assign a numerical value to the deformation parameter 1/κ.

4.3.3 Comparison with 3D Deformations

Since, as exemplified by the extended Jordanian twist discussed above, most aspects of the

deformation are similar in three and four dimensions even though the formulas tend to be

more bloated, we will mostly discuss key differences and similarities in this section.

A first distinction, that there is no deformation leading to Lie algebra type non-

commutativity which does not single out an embedding, was already noted in section 4.3.1.

This implies, in contrast to the three dimensional case, that any deformation qualitatively

changes the picture of the asymptotic symmetries as presented in chapter 3. Namely, no

choice of vacuum is preferred a priori but the deformation would violate this ambiguity.

Specialization

We already saw that the formulas for the coproducts deformed by an extended Jordanian

twist contain a finite amount of generators under the same conditions as in three dimensions

and it is straightforward to show that these also allow for a specialization. Similarly one finds

that the Jordanian twist deformation admits a specialization on the entire B4 by extending

it with the elements (cf. (4.192))

Π
1
n
+,1−m, Π

− 1
n

+,1−m. (4.227)

Even though we excluded r-matrices that combine different embeddings for physical rea-

sons (cf. section 4.1.2) we can make some general statements about all mathematically possible

deformations. In the three dimensional case every r-matrix containing lp, p ̸= 0 will not have

a quantization with q-analog. Thus, the only allowed (in the sense of the specialization) terms

are either of the form T ∧ T or the Jordanian l0 ∧ Tn. Focusing only on the latter we find

that these r-matrices can not contain multiple embeddings since e.g. l0 ∧ (Tn + Tn′) is not

triangular for n ̸= n′. In B4, however, there are triangular r-matrices of the form

r = k̄0 ∧ (Spp + Sp′p′) (4.228)

which admit a q-analog for arbitrary p, p′ (cf. section 5.3.3). The right tensor leg in (4.228)

can also contain more generators Sp′′p′′ but otherwise this is the only possibility as can be

checked by directly computing the Schouten brackets of general r-matrices containing k0, k̄0.



Surface Charge Algebra

Despite the different algebraic structure of the algebra of surface charges in four dimensional

asymptotically flat spacetime B4,c we obtain a similar result in Appendix B

Theorem 9. The first cohomology group H1(B4,c,
∧2B4,c) contains only δα,ᾱ.

Here the cocycle

δα,ᾱ : lm 7→ 0, l̄m 7→ 0, Tpq 7→ (αcl + ᾱcl̄) ∧ Tpq (4.229)

defines a LBA since the co-Jacobi identity is also satisfied.

The rest of the LBA are derived from classical r-matrices and in contrast to the three

dimensional BMS all of the r-matrices in B4 of the form l ∧ T are triangular in B4c as well

due to the different form of the central extension. Furthermore, any linear combination of

r = (αcl + ᾱcl̄) ∧ Tpq, r = (αcl + ᾱcl̄) ∧ lp, r = (αcl + ᾱcl̄) ∧ l̄p (4.230)

defines a LBA. We refrain from classifying all possible combinations with (4.183)-(4.186)

except for our standard example, the Jordanian r = χk0 ∧ S1−m,1−m, where we find

r =χk0 ∧ S1−m,1−m + (αcl + ᾱcl̄) ∧ (β1Sm,1−m + β2Am,1−m

+ β3S1−m,1−m + β4k̄n + β5k̄−n + β6k̄0). (4.231)

While it is still true that some LBA defined by r-matrices in
∧2B4 receive extra terms

with central charges in the cobrackets, these do not extend to Hopf algebras which admit a

q-analog on the entire algebra because they necessarily contain kn or k̄n with n ̸= 0.

The rest of the discussion of the coalgebr sector of full quantum groups in section 4.2.5

carries over to the four dimensional case similarly. In particular, the Hopf algebra associated

with δα,ᾱ only has the non-primitive coproducts

∆α,ᾱ(Tpq) = Tpq ⊗ 1 + eαcl+ᾱcl̄ ⊗ Tpq (4.232)

and the example with the twist (4.178) can be defined in four dimensions if we replace l0 →
k0, Tn → S1−m,1−m, αc′L → αcl + ᾱcl̄. The same redefinition also works to define the twist

(4.180) in B4c.



Chapter 5
Applications and Phenomenology

In the last chapter all Lie bialgebra structures and (almost all) Hopf algebras that are compat-

ible with the asymptotic symmetry algebras in three and four dimensions were constructed.

Now, let us examine applications and consequences for these deformations some of which are

motivated from the finite dimensional symmetry algebras and the κ-Poincaré in particular

(cf. also chapter 2). Of special interest is the interplay of constraints on the deformations

and the gravitational aspects of the asymptotic symmetries. Furthermore, novel applications

that require the existence of the infinite dimensional symmetry algebra are investigated in

the context of the black hole information loss paradox. Even though the three dimensional

spacetime does not fully capture the universe we live in it will again be a useful toy model

that allows for many explicit calculations.

5.1 Dual Lie Bialgebras and Non-commutative Spacetime

In section 2.2.1 it was shown that the coordinates dual to a non-cocommutative Hopf algebra

of momenta satisfy non-vanishing commutation relations. A direct interpretation of the dual

of an infinite dimensional “momentum algebra” is of course hard to justify and the symmetry

only holds asymptotically so we demand that a local observer that picks a vacuum (embedding)

should find just the (deformed) spacetime dual to the finite embedding. This requirement will

turn out to be non-trivial which is not surprising from a mathematical point of view, i.e. in

general the set which is dual to a subalgebra is not necessarily a closed subalgebra itself.

Recall from section 2.1.3 that for a finite dimensional Lie bialgeba (g, [, ], δ) a dual can be

constructed on the dual vector space by simply dualizing the bracket and cobracket. The dual

Lie bialgebra is not necessarily coboundary also if (g, δ) is. In the infinite dimensional case



we will encounter two types of problems with performing this dualization. First, a general

problem is that, given an infinite dimensional vector space V , the tensor product of its dual

is not necessarily the dual of the tensorproduct, i.e. V ∗⊗V ∗ ?
= (V ⊗V )∗. Thus the cobracket

δ◦ ≡ [, ]∗ : g∗ → (g ⊗ g)∗ might not be closed. To fix this, one can define a subspace g◦ ⊆ g∗

as a sum of all so-called good subspaces, i.e. subspaces S ⊂ g∗ such that δ◦(S) ⊆ S ⊗ S (see

e.g. [101, 102, 103]). The second problem will be discussed in a concrete setting in the next

section.

Looking at the examples in section 2.2.1, one can see that the first order deformation

of the coproduct is enough to determine the dual brackets for the Lie algebra type non-

commutativity and so we will be content with studying only the LBA and its duals in order

to spare ourselves the burden of constructing full Hopf algebras for the dual spaces.

5.1.1 Three Dimensional Case

Consider a Lie bialgebra consisting of the BMS algebra in three dimension and a cobracket

defined by a classical r-matrix from (4.99)-(4.103). The generators of B3 can be expressed in

terms of monomials in a formal commuting parameter a and its formal inverse (cf. e.g. [104]),

i.e. as a Laurent polynomials algebra from C[a±1]

lm ≡ (am+1, 0), Tm ≡ (0, am+1). (5.1)

For the complex, associative and commutative algebra A ≡ C[a±1] with basis {xj |j ∈ Z} the

algebraic dual A∗ admits a pseudo basis {εj |j ∈ Z} [102, 105]. This means that while each

element f ∈ A can be decomposed into f =
∑

n fna
n with only a finite number of non-zero

coefficients, the decomposition A∗ ∋ h =
∑

n hnε
n has no restrictions on the coefficients.

From [108] we have the following theorem.

Theorem 10. For the dual A∗ of A ≡ C[a±1] the good subspace A◦ is the subspace of all

sequences (hn)n∈Z satisfying linearly recursive relations of the form hn =
∑r

j=1 cjhn−j for

some 1 ≤ r ∈ N and some coefficients c1, ..., cr ∈ C, cr ̸= 0.

Since for a direct sum B = B1 ⊕ B2 the good subspace is given by B◦ = B◦
1 ⊕ B◦

2 and

B3 ∼ A⊕A we have B◦
3 ∼ A◦ ⊕A◦. Dual to the pseudo basis of B3 we set

ζm ≡ (εm+1, 0), χm ≡ (0, εm+1), (5.2)

which is technically only valid in the one-sided BMS (or Witt) algebra. This is due to the
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second problem, namely that the dual to the Witt algebra bracket is given by

δ◦(εm) =
∑

i+j=m

(j − i)εi ⊗ εj , (5.3)

which is only an expression with finitely many terms if the indices are restricted to e.g. i, j ≤ 1.

Upon closer inspection we find that it is only necessary to consider the one-sided part of the

superrotation sector and the supertranslations and their duals could have indices from Z.

This is in contrast with the requirements from the specialization for certain deformations but

it still would single out the n = 1 embedding. In the following we shall only focus on the

supertranslations and calculate the dual algebra for specific deformations based on the Lie

bialgebras discussed in chapter 4.

Abelian Twist

The cobracket associated with the abelian twist (defined by eq.(4.134) with η = i
nκ)

δA(lm) = m
i

nκ
(lm ∧ T0 + l0 ∧ Tm), δA(Tm) = m

i

nκ
Tm ∧ T0, (5.4)

leads to

⟨χk ⊗ χj , δA(Tm)⟩ = ⟨[χk, χj ]A, Tm⟩ , (5.5)

→ [χk, χj ]A =
i

κ
(kδj0χ

k − jδk0χ
j). (5.6)

Considering an embedding with the dual coordinates

x± ≡ −i
√

2χ±n, x2 ≡ iχ0, (5.7)

results in

[x+, x2]A =
1

κ
x+, [x−, x2] = −1

κ
x−, (5.8)

with all other commutators vanishing. Thus, the three dimensional (deformed) Minkowski

subalgebra closes as required.



Jordanian Twist

Similarly for the Jordanian twist (defined by eq. (4.139) with χ = i√
2κ

)

δJ(lm) =
i

n
√

2κ
(mlm ∧ Tn + (m− n)l0 ∧ Tn+m, δJ(Tm) =

i

n
√

2κ
mTm ∧ Tn, (5.9)

is dual to

[χk, χj ]J =
i

n
√

2κ
(kδjnχ

k − jδknχ
j) (5.10)

and the deformed Minkowski algebra closes again as

[x+, x−]J = −1

κ
x−. (5.11)

Extended Jordanian Twist

In the case of the extended Jordanian (or light-cone) twist (defined by eq.(4.146) with χ =
i√
2κ

) one has

δeJ(lm) = δJ(lm) − i

n
√

2κ
((m− n)lm+n ∧ T0 + mln ∧ Tm), (5.12)

δeJ(Tm) = δJ(Tm) − i

n
√

2κ
(m− n)Tm+n ∧ T0, (5.13)

[χk, χj ]eJ =
i

n
√

2κ
(kδjnχ

k − jδknχ
j − (k − 2n)δj0χ

k−n + (j − 2n)δk0χ
j−n, (5.14)

yielding

[x+, x−]eJ = −1

κ
x−, [x+, x2]eJ = −1

κ
x2, (5.15)

[x−, x2]eJ = −3i

κ
χ−2n. (5.16)

This subalgebra does not close and even the restriction to the one-sided B3 can not remedy

this fact. Note that the other one-sided subalgebra with indices ≥ −1 would close the algebra

but then the construction of the q-analog were not possible.

When we compare (5.15)-(5.16) with the three dimensional light-cone κ Minkowski algebra

from section 2.2.1 (i.e. with τ2 = 0), it can be seen that they are identical up to the extra

term ∼ χ−2n that leads to the algebra being not closed. Thus, one of our main motivations,

to generalize the κ-Poincaré to the infinite dimensional asymptotic symmetry algebras can

not be realized in such a way that it remains a sub (Hopf) algebra in momentum space and
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its dual.

Furthermore, it is noteworthy that all other deformations (from r-matrices that correspond

to Lie algebra type non-commutativity (NC)) which do not admit a q-analog on the full algebra

also do not close the dual Minkowski subalgebra.

Automorphisms on the Dual Algebra

A potential caveat could arrise by using duals of automorphisms. In general one has

⟨δφ̃(r)φ(T ), χ⊗ χ′⟩ = ⟨φ̃(δr(T )), χ⊗ χ′⟩

= ⟨T, [φ†(χ), φ†(χ′)]r⟩ , (5.17)

where φ̃ = φ⊗ φ, φ† is the adjoint of φ and the lhs is also equal to

⟨δφ̃(r)φ(T ), χ⊗ χ′⟩ = ⟨T, φ†([χ, χ′]φ̃(r))⟩ , (5.18)

so that

[χ, χ′]φ̃(r) =
(
φ†
)−1

[φ†(χ), φ†(χ′)]r. (5.19)

For the r-matrix r = (l1 − l−1) ∧ (T1 − T−1) ⊂ r3 with

δr(Tm) = (m− 1)T1+m ∧ (T1 − T−1) − (m + 1)Tm−1 ∧ (T1 − T−1), (5.20)

[χk, χj ]r = (k − 2)χk−1(δj1 − δj−1) − (k + 2)χk+1(δj1 − δj−1) − (k ↔ j) (5.21)

one could apply the P3 automorphism

φ(l±1) = −1

2
(l1 + l−1) ± l0, φ(l0) =

1

2
(l1 − l−1), (5.22)

φ(T±1) = −1

2
(T1 + T−1) ± T0, φ(T0) =

1

2
(T1 − T−1), (5.23)

so that φ(r) = l0 ∧ T0. From the dual automorphism

φ†(χ±1) = −1

2
(χ1 + χ−1) ± χ0 (5.24)

and (5.19), (5.6)

[χ1, χ−1]r = 2χ0, [χ1, χ0]r = 2(χ1 + χ−1), (5.25)



[χ−1, χ0]r = −2(χ1 + χ−1) (5.26)

follows. Thus, the deformed Minkowski algebra closes in contrast to (5.21) leading e.g. to

[χ1, χ−1]r = 2χ0 + 3(χ2 + χ−2). (5.27)

However, φ does not extend to an automorphism of B3 and consequently the closing subal-

gebra (5.25) is not dual to the whole three dimensional BMS.

5.1.2 Four Dimensional Case

In a completely analogous way one can construct the dual algebra to the supertranslation

sector of B4. We first define the dual pseudo basis as

χpq
S , χpq

A , (5.28)

⟨Skj , χ
pq
S ⟩ = δpkδ

q
j , ⟨Akj , χ

pq
A ⟩ = δpkδ

q
j , (5.29)

with p ≤ q.

A deformation with the Jordanian twist (defined in eq.(4.187) with χ = −i
√
2

κ ) leads to

the cobrackets

δJ(kp) = −ipkp ∧ S1−m,1−m − i(p− n)S1−m+p,1−m, (5.30)

δJ(k̄p) = −ipk̄p ∧ S1−m,1−m − i(p− n)A1−m+p,1−m, (5.31)

δJ(Spq) = i(1 − p− q)Spq ∧ S1−m,1−m, δJ(Apq) = 0, (5.32)

which in turn imply

[χkj
S , χk′j′

S ]J = −i(1 − k − j)χkj
S δk

′
1−mδj

′

1−m − ((kj) ↔ (k′j′)). (5.33)

With

x+ ≡ i√
2
χ1−m,1−m
S , x− ≡ − i√

2
χmm
S , x1 = iχm,1−m

S , x2 = iχm,1−m
A (5.34)

we finally obtain the closed deformed Minkowski algebra

[x+, x−]J = −1

κ
x−. (5.35)

The cobracekts for the extended Jordanian twist (defined by eq.(4.197) with χ = −i
√
2

κ )
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reads

δeJ(Spq) =δJ(Spq) − i

(
n + 1

2
− p

)
Sp+n,q ∧ S1−m,m − i

(
n + 1

2
− q

)
Sp,q+n ∧ S1−m,m

+ i

(
n + 1

2
− p

)
Ap+n,q ∧A1−m,m − i

(
n + 1

2
− q

)
Ap,q+n ∧A1−m,m, (5.36)

δeJ(Apq) = − i

(
n + 1

2
− p

)
Ap+n,q ∧ S1−m,m − i

(
n + 1

2
− q

)
Ap,q+n ∧ S1−m,m

− i

(
n + 1

2
− p

)
Sp+n,q ∧A1−m,m − i

(
n + 1

2
− q

)
Sp,q+n ∧A1−m,m. (5.37)

This is dual to

[χkj
S , χk′j′

S ]eJ =[χkj
S , χk′j′

S ]J + i

((
n + 1

2
− (k − n)

)
χk−n,j
S δk

′
1−mδj

′
m

+

(
n + 1

2
− (j − n)

)
χk,j−n
S δk

′
1−mδj

′
m − ((kj) ↔ (k′j′))

)
, (5.38)

[χkj
A , χk′j′

A ]eJ =i

(
−
(
n + 1

2
− (k − n)

)
χk−n,j
S δk

′
1−mδj

′
m

+

(
n + 1

2
− (j − n)

)
χk,j−n
S δk

′
1−mδj

′
m − ((kj) ↔ (k′j′))

)
, (5.39)

[χkj
A , χk′j′

S ]eJ =i

((
n + 1

2
− (k − n)

)
χk−n,j
A δk

′
1−mδj

′
m

+

(
n + 1

2
− (j − n)

)
χk,j−n
A δk

′
1−mδj

′
m − ((kj) ↔ (k′j′))

)
, (5.40)

and thus we obtain

[x+, x−]eJ =
1

κ
x−, [x+, x1]eJ =

1

κ
x1, (5.41)

[x+, x2]eJ =
1

κ
x2, [x−, x1]eJ =

2i

κ
χ3m−1,m
S , (5.42)

[x−, x2]eJ =
2i

κ
χ3m−1,m
A , (5.43)

so the Minkowski algebra does not close as in the three dimensional case.

In the previous section we remarked that deformations that do not admit a specialization

on the full algebra do not close the dual Minkowski subalgebra which is also true in four

dimensions. Furthermore, the converse is only true if we insist on the requirement that only

one embedding is present in the r-matrix. Otherwise there is the counterexample (4.228)

which admits a q-analog on B4 but does not close the Minkowski sector for p ̸= p′.

Thus, we can conclude that imposing the constraint that the sector dual to the Poincaré



subalgebra has to be a closed subalgebra as well would, in combination with the specializa-

tion requirement, rule out all (but in four dimensions not only) deformations which can be

specialized only on the one-sided BMS algebra.

Other Types of Non-commutativity

Recall from section 2.2.2 that also other types of non-commutativity are possible. In partic-

ular, r-matrices of the form T ∧ T lead to canonical NC. For example from r = ΘT0 ∧ Tn

with

F−1
r ≡ f̄α ⊗ f̄α = exp

(
−Θ

2
T0 ∧ Tn

)
(5.44)

one obtains

[χp, χq] =
(
f̄α ▷ χp

) (
f̄α ▷ χq

)
− (p ↔ q) = −Θ(δp0δ

q
n − δpnδ

q
0), (5.45)

→ [x2, x+] = −
√

2Θ, [x+, x−] = [x2, x−] = 0. (5.46)

Here we have used the definition (2.120) and (5.7). In this specific example the deformed

Minkowski algebra closes which is not necessarily true for arbitrary r-matrices. Since the

supertranslations commute all r-matrices are mathematically allowed. Only in combination

with terms of the form l ∧ T there are restrictions for the canonical NC (zeroth order in

(2.122)). Unfortunately, already in the three dimensional case we do not know the explicit

form of the twist for those r-matrices.

Similarly, the classifications (4.99)-(4.103) and (B.50)-(B.63) allow us to infer constraints

on mixed Lie algebra type NC and quadratic NC1. From the former it is easy to see that in the

three dimensional case there are no r-matrices that would result in such mixed NC, whereas in

the four dimensional asymptotic symmetry algebras they are possible but much more restricted

than each of the NC individually. The same is also true for combinations of canonical and

quadratic NC and all three types of NC are not allowed simultaneously in three and four

dimensions. Note that some of these constraints are direct consequences of the triangularity

requirements. For example, in the finite dimensional P3 where also quasitriangular r-matrices

exist combinations of quadratic and Lie algebra NC are allowed (cf. the classification of [88]).

Similarly, it is known that combinations of all three types of NC are possible in P4 with

quasitriangular r-matrices (cf. [98]).

Concerning the centrally extended algebra of the surface charges, it is easy to see that

1Cf. [51] for detailed construction in the Poincaré algbra.



93

contributions to the cobrackets containing central charges do not alter the dual brackets as

we have ⟨cl, χp⟩ = 0.

In principle, non-commutative spacetime coordinates could have directly observable con-

sequences like uncertainty relations (implying a minimal unvertainty) (see e.g. [106] or [107])

but these would be out of reach for experiments in the near future. From a conceptional point

of view the idea also adopted in this thesis is that the entire concept of spacetime breaks down

at the smallest scales and is only valid as an emergent phenomenon. The dual momentum

quantum group is the more fundamental and directly accessible object and potentially also

allows to test deformations in current experiments as we explore in the following sections.

5.2 Quantum Lie Algebra and Deformed Dispersion Relations

Recall from section 2.1.10 that the property (2.89) of the deformed coproduct in the so-called

quantum Lie algebra basis is crucial to define a deformed differential calculus and a deformed

wave operator expressed in the formulation admitting said property. As all the deformations

we studied in chapter 4 are given by a twist, we can readily construct the isomorphism D and

calculate the wave operator of any given Poincaré subalgebra, i.e.

□F = D(□) = PF
µ PµF . (5.47)

A scalar field with mass m in the non-commutative spacetime described by a wave function

ϕ(p) in momentum space then satisfies

(
□F + m2

)
ϕ(p) = 0, (5.48)

leading to a potentially deformed vacuum dispersion relation. If the non-commutativity is seen

as an effective phenomenon from QG one could interpret these effects on the propagation

in vacuum as arising from interactions with the non-trivial structure (at the QG scale) of

spacetime itself.

For all generators of the Poincaré algebra we have

[PF
µ ,□F ]⋆ ≡ PF

µ (1F )□
FSF (Pµ (2F )) = 0, (5.49)

[MF
µν ,□

F ]⋆ = 0, (5.50)

i.e. the wave operator is the quadratic Casimir of the quantum Lie algebra. Since (5.49)-(5.50)

obviously also holds for the undeformed wave operator and the undeformed adjoint action, it



follows that □F is always undeformed if the n = 1 embedding is used for the twist. Only if

we allow for deformations that include different embeddings there are potentially differences

in the wave operator involving generators of soft charges and thus the wave equation can be

influenced by soft charges.

Three Dimensional Case

The most trivial example is the abelian twist deformation in three dimensions (cf. section

4.2.4). Since it does not single out an embedding the quadratic Casimir has to be undeformed

by the previous remarks. Indeed, expressing it in terms of the algebra generators2

PµP
µ = TnT−n − T 2

0 (5.51)

and calculating

DA(Tm) = TmemηT0 , (5.52)

we find

DA(□) = TnT−n − T 2
0 = □. (5.53)

For the Jordanian twist deformation we know that one could consistently use different

embeddings but from

DJ(Tm) = TmΠ
m
n′
+,n′ (5.54)

where Π+,n′ = (1 + χTn′), we find that

DJ(□) = □ (5.55)

again, i.e. the wave operator is undeformed independently from the embedding.

Our third standard example, the light-cone κ-Poincaré defined on the BMS with an ex-

tended Jordanian twist, requires the restriction to the one-sided B3− for the specialization

of the deformation parameter (cf. section 4.2.4) which only admits one Poincaré subalge-

bra resulting in an undeformed □F . In general the quantum Lie algebra generators can be

2Summation convention applies to “relativistic indices” (greek letters) but not to “BMS indices” (latin
letters).
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calculated from

DeJ(Tm) =
∞∑

k,k′=0

1

k!k′!
(−χ)k

′
(lk0 l

k′
n′) ▷ (Tm)(log(1 + χTn′))kT k′

0 , (5.56)

lk
′

n′ ▷ Tm =

k′−1∏
r=1

(n′ − (m + rn′))Tm+k′ , (5.57)

which also contains infinitely many generators for unrestricted m. Ignoring the technical

constraints for a moment and treating the deformation as an effective theory, one has in first

order of the deformation parameter

DeJ(Tm) = Tm − χ(n′ −m)Tn′+mT0 − χmTmTn′ + O(χ2) (5.58)

resulting in

DeJ(□) = □− χ
(
(n′ − n)Tn+n′T0T−n + (n′ + n)T−n+n′T0Tn + 2n′Tn′T 2

0

)
+ O(χ2). (5.59)

For n′ = n = 1 this is just the undeformed □ as it should be but otherwise the wave operator

is deformed. Unlike the scenario in [43], where a dilation operator is included in the algebra

and used for deformation, □F is not proportional to □ and thus the wave equation would be

also altered for massless fields.

Including the central charges does not change the conclusions considerably. In that case

only the n = 1 embedding has a quadratic Casimir operator and if we only permit deformations

which allow for q-analog on the full B3c algebra □F is undeformed. For the non-coboundary

LBA and the corresponding Hopf algebra it is not even clear how to define a deformed Casimir

operator.

Four Dimensional Case

In the four dimensional spacetime there is no abelian twist that does not single out an embed-

ding and corresponds to non-commutative geometry of Lie algebra type (see section 4.3.3).

For the Jordanian and extended Jordanian twist the results are qualitatively similar to the

three dimensional scenario. In particular, for the Jordanian twist from (4.187) we find

DJ(Spq) = SpqΠ
p+q−1

n′
+,1−m (5.60)



and the quadratic Casimir for a given embedding

□ ≡ PµP
µ = S1−m,1−mSmm − S2

1−m,m −A2
1−m,m (5.61)

is undeformed, i.e.

DJ(□) = □. (5.62)

The light-cone κ-Poincaré in four dimensions from the twist (4.197) is not well defined in

all orders for general elements Spq, Apq but in a first order approximation one obtains

DeJ(Spq) =DJ(Spq) + χ

((
n′ + 1

2
− p

)
Sp+n′,q +

(
‘n + 1

2
− q

)
Sp,,q+n′

)
S1−m′,m′

− χ

((
n′ + 1

2
− p

)
Ap+n′,q −

(
n′ + 1

2
− q

)
Ap,,q+n′

)
A1−m′,m′ , (5.63)

DeJ(Apq) =DJ(Apq) + χ

((
n′ + 1

2
− p

)
Ap+n′,q +

(
n′ + 1

2
− q

)
Ap,,q+n′

)
S1−m′,m′

− χ

(
−
(
n′ + 1

2
− p

)
Sp+n′,q +

(
n′ + 1

2
− q

)
Sp,,q+n′

)
A1−m′,m′ , (5.64)

leading to the deformed wave operator

DeJ(□) =□ + χ((n′ − n)S1−m+n′,1−mS1−m′,m′ − (n′ − n)A1−m+n′,1−mA1−m′,m′)Sm,m

+ χ((n′ + n)Sm+n′,mS1−m′,m′ − (n′ + n)Am+n′,mA1−m′,m′)S1−m,1−m

− χ(((n′ − n)S1−m+n′,m + (n′ + n)S1−m,m+n′)S1−m′,m′

− ((n′ − n)A1−m+n′,m − (n′ + n)A1−m,m+n′)A1−m′,m′)S1−m,m

− χ(((n′ − n)A1−m+n′,m + (n′ + n)A1−m,m+n′)S1−m′,m′

− (−(n′ − n)S1−m+n′,m + (n′ + n)S1−m,m+n′)A1−m′,m′)A1−m,m. (5.65)

For n′ = n this expression vanishes and otherwise the deformation is not purely multiplicative

as in three dimensions.

Without explicitly presenting the calculations3 we note that for all deformations associ-

ated to Lie algebra type non-commutativity the wave operator is either undeformed for all

embeddings or the deformation can not be consistently performed in all orders if we insist on

the specialization.

3In four dimensions only twists from r-matrices of the form (4.228) have to be checked additionally.



97

5.2.1 Phenomenology of Deformed Dispersion Relations

Deformed dispersion relations are one of the most studied consequences of various versions

of non-commutativity as a QG effect because of the possibility to offset the suppression of

the effect size by the smallness of the QG length scale lQG = 1/κ with large distances over

which e.g. cosmic rays can travel as we will see below. In the context of κ-Poincaré deformed

dispersion relations can arise for example when a basis is chosen such that the deformation

affects also the algebra (cf. section 2.2) and consequently the Casimir operator of that algebra

is deformed. Note that this is different from the choices made in this thesis where the algebra

of symmetries itself is undeformed.

Also other frameworks like Loop Quantum Gravity or theories involving Lorentz invariance

violation appear to predict deformed dispersion relations and usually (but not always, as we

shall see) this results in an energy dependent speed of light v(E) ≡ dE/dp [110]. A model

independent ansatz (in this limited sense) [109]

p2 = E2
(
1 + ξ(lQGE)α + O(lQGE)α+1

)
, (5.66)

⇒ v(E) ≈ 1 + ξ
1 − α

2
(lQGE)α, (5.67)

with the parameters α ∈ N and ξ = ±1 leads to the time delay at the detector of photons of

different energy emitted simultaneously from a source at distance L

|∆t| = L

∣∣∣∣ 1

v(E)
− 1

v(E + ∆E)

∣∣∣∣ ≈ L

∣∣∣∣∣(1 − α)αlαQGE
α−1

2

∣∣∣∣∣∆E. (5.68)

From this formula, one can see that a larger effect size can be achieved either by observing

very high energy photons or having a large distance to the source. The former is very hard to

obtain as it is currently not possible to produce them terrestrially. Even though high energy

photons from astronomical sources are rare, they have the advantage that also the distance

they traveled can be gigantic.

Some data has been collected for example on high-energy Gamma-ray bursts [111], [112]

and analyzed for signatures of deformed dispersion relations [113]. While the raw accuracy

of the experiments should already be high enough to detect such signatures, a big conceptual

problem remains, namely that the emission process in astronomical sources is not understood

very well (see [114] and references therein). This makes it currently impossible to estimate

whether photons were emitted sufficiently simultaneously but an improved understanding or

larger effect sizes in the near future could make it possible to test deformed dispersion relations

of the form (5.66).



In the previous section it was already noted that the twist performed in [43] causes a mul-

tiplicative deformation of □ and thus massless fields have to satisfy an undeformed equation

of motion. Only massive fields would obey a deformed dispersion relation in such a scenario.

The only scenarios from all deformations we discussed in chapter 4 that predict an effect

in the dispersion relation (which is only possible if the specialization requirement is relaxed)

would not just cause a multiplicative change in □. However, the deformed wave operator (e.g.

(5.59), (5.65)) contains generators of supertranslations and in analogy to the calculations in

(5.66) we might compute v(E, T ). For example from the dispersion of a massless field with

(5.59) which moves in the P2 direction (P1 = 0) it follows that

v2 ≡
dE

dP2
≈ ±1 ± χ4n′Tn′ +

χ

2
[(n′ + n)Tn′−n + (n′ + n)Tn′+n] + O

(
χ2
)
. (5.69)

Thus, any deviations in the time of flight would not be depending on the energy of the quanta

but on soft charges which makes this effect practically undetectable.

5.3 Deformed Leibniz Rule and Black Hole Information

An important application of a (deformed) coproduct on momentum space is that it induces

a recipe for the addition of the total momentum of multi-particle states. This aspect will be

explored in the following by applying it not only to the classical “hard” momenta but also

to supertranslation and superrotation charges introduced in section 3.1.1. We then inves-

tigate a potential connection to the proposal by Hawking, Perry and Strominger [115] that

superrotation charges can (at least partially) solve the black hole information loss paradox.

5.3.1 Addition of Momenta, Supertranslation/-rotation Charges

With the additional structure of a Hopf algebra with primitive coproduct on the Poincaré

algebra one can write the usual simple addition of momenta as the consequence of eq.(2.43).

To be more explicit, let us denote a single-particle state |pµ⟩ by its momentum eigenvalue (it

may also have other discrete quantum numbers which we ignore for the moment) and in the

momentum space representation the momentum operator Pµ acts via

Pµ ▷ |pν⟩ = pµ |pν⟩ (5.70)

and

Pµ ▷ (|p1,ν⟩ ⊗ |p2,ν⟩) = Pµ(1) ▷ |p1,ν⟩ ⊗ Pµ(2) ▷ |p2,ν⟩ = (p1,µ + p2,µ) (|p1,ν⟩ ⊗ |p2,ν⟩) (5.71)
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for two-particles states, where the primitivity of the coproduct was used in the last equality.

In other words, the total momentum of a multi-particle state is just the sum of the single-

particle states. However, the addition might involve other, non-linear terms if the coproduct

is deformed. This feature, sometimes referred to as deformed Leibniz rule, was discussed for

example in [116], [117] and more recently also in [43]. In some scenarios the addition rules lead

to a saturation at the QG scale (a maximal momentum) as discussed e.g. in [117] and ideas

to use this feature for automatic UV regularization were early motivations to study deformed

symmetries [118].

Another peculiarity about the deformed Leibniz rule is the apparent lack of symmetry un-

der the exchange of particles (via the flip of the tensorproduct) resulting from a non-symmetric

coproduct. But recall from section 2.1.7 that in the deformed setting the representation of

the braid group is not given by the flip but instead dictated by a quantum R-matrix [43]

|p1⟩ ⊗ |p2⟩ 7→ R̃−1(|p1⟩ ⊗ |p2⟩) = R̄α ▷ |p2⟩ ⊗ R̄α ▷ |p1⟩ , (5.72)

restoring some form of symmetry. Here R−1 ≡ R̄α ⊗ R̄α = FF−1
21 is known from the twist of

the deformation.

When using the standard Leibniz rule to add up momenta, one does not need to care

whether the individual momenta already belong to composite systems or elementary parti-

cles. Such a prescription applied to the deformed Leibniz rule would immediately lead to a

contradiction with experiment because the momenta of macroscopic objects (as e.g. a soccer

ball) can easily be bigger than the mass scale κ ∼ mPl that might appear for a κ-deformed

coproduct in (5.71) leading to noticeable differences. For elementary particles on the other

hand momenta of this scale are unobtainable in current experiments by orders of magnitude

and the deviations for the resulting total momentum would be minuscule. The necessity to

distinguish between elementary and composite states is, however, a big conceptual issue dis-

cussed in the literature under the term soccer-ball problem (see [119], [120], [121] and also

[122]).

All the deformations discussed in this thesis imply a deformed Leibniz rule (see section

5.3.3 for two examples) which (depending on the embedding for the deformation) persists also

if only the Poincaré sector is considered.

5.3.2 Black Hole Information Loss Paradox and Soft Hair Solution

Black holes, astronomical objects so dense that not even light rays can escape their gravita-

tional pull beyond the event horizon, are a prime example of a phenomenon where the necessity



of a theory combining gravitational as well as quantum mechanical features becomes apparent.

For once, this is due to the singularity of physical quantities like the curvature at the cen-

ter of a black hole as predicted by GR. Another, more subtle point is that Hawking showed

in 1974 [123] that black holes, contrary to what was previously believed, lose mass in the

form of thermal radiation called Hawking radiation. Hawking used a semi-classical approach,

meaning that the background geometry of the black hole is described by classical GR and

the matter/radiation fields in the vicinity of the horizon by a quantum field theory. This

simplification seems to be justified as the gravitational tidal forces are weak at the horizon

for large black holes. In the original calculation the spectrum of the Hawking radiation is

completely thermal, i.e. it is described by a mixed state. Since we can form a black hole out

of matter from which we have perfect information, i.e. a pure state, the decay into thermal

radiation and a unique vacuum is incompatible with the unitary (therefore reversible) evolu-

tion in quantum mechanics of the matter/black hole/radiation that would evolve pure states

to pure states and this tension is called the black hole information loss paradox. A central

argument for the paradox to persist is the so-called no-hair theorem stating that a black hole

is characterized solely by the Poincaré momenta and gauge charges. In particular, multipole

moments of infalling matter settle into a completely spherical black hole configuration long

before the process of Hawking radiation starts if the black hole is large enough because the

power radiated away is inversely proportional to the cube of the mass [124], [125].

Several proposed solutions of the black hole information loss paradox have been put for-

ward as e.g. recently in [126] but the debate remains, so far, inconclusive. As stated above,

here we will only consider the proposal by Strominger et. al.

Poincaré Hair

The existence of the ten Poincaré charges does introduce correlations between early and late

radiation but it is by far not enough to purify the state completely. These correlations are not

included in Hawkings calculation and lead to a slight departure from a completely thermal

spectrum. As a warm-up for the soft charges, we explicitly describe the hard Poincaré charges

as follows [127]. We start with a black hole with mass M described by |M⟩ from which some

early quanta with total mass m were emitted (or alternatively in which an object of mass m

was dropped) and that decays into the configuration |X⟩, i.e.

S |M⟩ = |X⟩ =
∑
p

SM→p |p⟩ , (5.73)
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where S is a unitary S-matrix and |p⟩ =
∏

i a
†
pi |0⟩ are radiation modes with measurable

momentum pi created by a†pi acting on the vacuum. Boosting the state |M⟩ with a Lorentz

transformation U(Λ) such that the energy differs by m then leads to

SU(Λ) |M⟩ = U(Λ) |X⟩ =
∑
p

SM→p |Λp⟩ (5.74)

as Lorentz invariance implies the commutation of the S-matrix with U . The radiation gets

boosted and the vacuum remains invariant, i.e. U(Λ) |0⟩ = |0⟩ and thus an observer measuring

the late radiation can distinguish between the black hole states with and without the early

radiation (or the infalling object) corresponding to |M⟩ and U(Λ) |M⟩ respectively. In other

words, the existence of the ten Poincaré charges (“hair”) is measurable by the observer.

Soft Hair Proposal

The question is now whether charges related to the supertranslations and -rotations allow to

retrieve some information in the same way. In [115] (cf. also [61]) Strominger et.al. argue

that this is indeed the case. The crucial caveat in the argumentation leading to the paradox,

they argue, is that while the no-hair theorem (correctly) implies that all stationary black hole

solutions are diffeomorphic to the Kerr spacetime (a black hole described by angular momen-

tum, mass and charge), the diffeomorphisms do not necessarily act trivial. We saw in section

3.1.1 that the onset of a supertranslation changes the Bondi news NAB and superrotations

similarly lead to physically inequivalent states. Corresponding to these transformation there

exist conserved surface charges (cf. section 3.1.2 and [61]) of the form

Q+[f ] =
1

4πG

∫
I+
−

d2zγzz̄fmB =
1

4πG

∫
I+

dud2zγzz̄f

[
Tuu − 1

4

(
D2

zN
zz + D2

z̄N
z̄z̄
)]

, (5.75)

where Tuu = 1/4NABN
AB +4πG lim

r→∞

[
r2TM

uu

]
is the uu component of the stress energy tensor

containing contributions from the matter stress energy tensor TM . From (5.75) one observes

that the charges are split into a “hard” and a “soft” part (the first and second term on the rhs).

The soft part in particular is unchanged by Poincaré (=̂n = 1 embedding) transformations

but can receive contributions from supertranslations and -rotations by the same arguments

that were used in section 3.1.1. In analogy to the electromagnetic case discussed in section

2.5 of [61] the soft charge here promoted to an operator creates a zero energy graviton mode.

So far the surface charges have been defined on future/past null infinity I±. However,

in the presence of e.g. a Schwarzschild black hole I+ is no longer a Cauchy surface (a

submanifold of the spacetime at a specific time for which the evolution equations of GR can



be solved uniquely) and one has to include the future event horizon of the black hole H+

on which surface charges are defined analogously. Strominger et. al. proceed to show that

dropping matter into a black hole by e.g. sending in a shockwave induces a supertranslation

which does change the superrotation horizon charges, which means soft (zero energy) gravitons

are created at the horizon. While these soft modes are basically by definition not directly

observable (or the detection would take longer and longer time as the energy goes to zero),

they are related to the supertransformations which (as mentioned in section 3.1.1) can be

observed in principal via memory effects in finite time [61]. Thus, after the entire black hole

is evaporated information might be stored in the degenerate vacuum.

5.3.3 Decoupling of Soft and Hard Modes

The soft hair proposal has been met with a series of papers ([127], [128],[129]) refuting that

the soft hair have any bearing on the information loss paradox. A central argument, which

will be detailed below, is that the soft and hard modes decouple completely and thus the

change of the soft charges altered e.g. by infalling matter have no effect on late, measurable

(i.e. hard) radiation.

We start our review of this critique (mostly following [127]) by noting that the splitting

of the charges in a hard and a soft part also implies the factorization of the in- and outgoing

Hilbert space H± according to

H± = H±
h ⊗H±

s , (5.76)

where H±
h/s contain hard and soft modes respectively. An ingoing state can then be written

as |φin⟩ = |a⟩ |α⟩ and a generic process is described by

⟨β| ⟨b| S |a⟩ |α⟩ ≡ Sb,β;a,α. (5.77)

Weinbergs soft theorem4 [130] in the form

Sb,β;a,α =
⟨β|Ω(b)Ω†(a) |α⟩
⟨0|Ω(b)Ω†(a)|0⟩

Sb,0;a,0 (5.78)

implies

⟨β| ⟨b| S |a⟩ |α⟩ = ⟨b|Ŝ|a⟩ ⟨β|Ω(a)|α⟩ , (5.79)

4This theorem is a gravitational generalization of soft theorems originally developed to tame infrared diver-
gences in quantum electrodynamics by [131].
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with the soft graviton operators Ω and Ŝb,a ≡ Sb,0;a,0

⟨0|Ω(b)Ω†(a)|0⟩ . The Weinberg theorem and the

independence of Ŝ in particular of the soft operators is a direct consequence of the conservation

of the surface charges Q. For an extensive discussion of the relation between asymptotic

symmetries and soft theorems also in the electromagnetic case see [61]. Using the “dressing”

[127]

||a, α⟩⟩ ≡ Ω(a) |a⟩ |α⟩ , (5.80)

the decoupling of soft and hard part of the scattering amplitude

⟨⟨b, β|| S ||a, α⟩⟩ = ⟨b|Ŝ|a⟩ ⟨β|α⟩ (5.81)

follows directly from (5.79) using the unitarity of Ω.

In analogy to the case of the Poincaré hair discussed above let us consider a black hole

of mass M from which some early soft radiation has been emitted which is described by the

action of a generator of supertranslations |M̃⟩ = Q |M⟩ that creates a soft graviton with the

associated charge β. But, using the dressed states with decoupled dynamics of soft and hard

modes derived above, infalling hard matter could not be responsible for this change. Suppose

now |M⟩ decays into |X⟩, i.e.

S |M̃⟩ = Q |X⟩ =
∑
p

ŜM→pQ ||p, 0⟩⟩ =
∑
p

ŜM→p ||p, β⟩⟩ , (5.82)

where the commutation of Ŝ with Q is a consequence of the BMS invariance. While the state

|β⟩ is in principle distinguishable for different β, it can only be used to retrieve information

on the early soft modes which evolve trivially but not on the early hard infalling matter (or

outgoing radiation). Thus, the authors of [127] conclude that soft hair are not contributing

to solving the black hole information loss paradox.

Deformed Leibniz Rule for Surface Charges

A natural question we investigate in the following is whether the deformed Leibniz rule for

the surface charges can change the conclusion that soft hair have no influence on the hard

scattering.

This time we start directly in four spacetime dimensions with the Jordanian twist (cf.



section 4.3.2). Its R-matrix is given by

R−1 = FF−1
21 = exp

(
−k0
n′ ⊗ log

(
1 + χS1−m′,1−m′

))
=

∞∑
s,t=0

1

s!t!

(
−k0
n′

)s (
log
(
1 + χS1−m′,1−m′

))t ⊗ (log
(
1 + χS1−m′,1−m′

))s(k0
n′

)t

(5.83)

and then eq.(2.87) yields

∆⋆(S
F
pq) = SF

pq ⊗ 1 +
∞∑
t=0

1

t!

(
log
(
1 + χS1−m′,1−m′

))t ⊗ (1 − p− q

n′

)t

SF
pq

= SF
pq ⊗ 1 + Π

1−p−q
n′

+,n′ ⊗ SF
pq. (5.84)

To express also Π+,n′ in terms of the deformed generators the general formula

SF
pq = SpqΠ

1−p−q
n′

+,n′ (5.85)

is used so that

S1−m′,1−m′ =
SF
1−m′,1−m′

1 − χSF
1−m′,1−m′

, (5.86)

Π+,n′ =
1

1 − χSF
1−m′,1−m′

(5.87)

can be plugged into (5.84)

∆⋆(S
F
pq) = SF

pq ⊗ 1 +
1

1 − χSF
1−m′,1−m′

⊗ SF
pq, (5.88)

∆⋆(A
F
pq) = AF

pq ⊗ 1 +
1

1 − χSF
1−m′,1−m′

⊗AF
pq. (5.89)

Choosing an embedding n′ = n ((3.19)-(3.24)) and χ = i
√
2

nκ the addition of Poincaré momenta

is dictated by the coproduct

∆⋆(P
F
µ ) = PF

µ ⊗ 1 +
1

1 + PF
+ /κ

⊗ PF
µ . (5.90)

Since the Poincaré sector forms a sub Hopf algebra (as demanded), the addition of hard

momenta is not influenced by soft charges. On the other hand, the coproduct of generators

of soft charges involves Poincaré generators and thus their addition rule depends on the
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hard charges as well. But the soft factor Ω from the soft theorems already depends on the

hard momenta in the undeformed case and even though the altered Leibniz rule changes this

dependence it is not enough to invalidate the decoupling.

The only way for the deformation to have any bearing on the information loss paradox

would be if the soft charges influence the hard scattering. In [128] the authors acknowledge

this possibility but immediately dismiss it because in that case “experiments at the LHC

could not be analyzed without detailed knowledge of the cosmic microwave background”. In

our formalism these concerns can be rebutted because of the suppression of the effect size by

the small scale 1/κ. However, the deformation would have to include generators belonging to

an embedding that does not correspond to the choice of the observer/detector. This could be

realized by setting n′ (the index of the deformation) to a different value than n = 1 (vacuum

choice of the observer) in (5.88)-(5.89). Then instead of (5.90) one finds

∆⋆(P
F
µ ) = PF

µ ⊗ 1 +
1

1 − χSF
1−m′,1−m′

⊗ PF
µ . (5.91)

Another possibility would be to pick a deformation that encompasses multiple embeddings.

As we saw in section 4.3.3, this is compatible with specialization only in four dimensional

spacetime e.g. by the r-matrix (4.228) with p = 1−m, p′ = 1−m′. Then the inverse R-matrix

is given by

R−1 =
∞∑

s,t=0

1

s!t!
(−k̄0)

s (log (Π+))t ⊗ (log (Π+)) (k̄0)
t, Π+ ≡ (1 + χS1−m,1−m + χ′S1−m′,1−m′),

(5.92)

resulting in the coproducts

∆⋆(S
F
pq) = SF

pq ⊗ 1 + cos ((p− q)Π+) ⊗ SF
pq − sin ((p− q)Π+) ⊗AF

pq, (5.93)

∆⋆(A
F
pq) = AF

pq ⊗ 1 + cos ((p− q)Π+) ⊗AF
pq + sin ((p− q)Π+) ⊗ SF

pq, (5.94)

with Π+ = ΠF
+ because

SF
pq = Spq cos ((p− q)Π+) −Apq sin ((p− q)Π+) , (5.95)

S1−m,1−m = SF
1−m,1−m. (5.96)

The hard momenta of the embedding n then add according to the coproducts

∆⋆(P
F
± ) = PF

± ⊗ 1 + 1 ⊗ PF
± , (5.97)



∆⋆(P
F
1/2) = PF

1/2 ⊗ 1 + cos (nΠ+) ⊗ PF
1/2 ∓ sin (nΠ+) ⊗ PF

2/1. (5.98)

Note, however, that both of these examples which break the decoupling of the soft and

hard modes do not form a sub Hopf algebra when restricted to the Poincaré algebra (n = 1)

in the bulk. This fact is not changed by including the central extension of the algebra of

surface charges but there are additional deformations that only alter the Leibniz rules for the

rotation/boost sector. For example from r = χTpq ∧ cl with F = exp(χTpq ⊗ cl) we get

∆⋆(l
F
n ) = lFn ⊗ 1 + 1 ⊗ lFn − χcl ⊗

(
n + 1

2
− p

)
TF
p+n,q, (5.99)

∆⋆(T
F
rs) = ∆0(T

F
rs). (5.100)

Furthermore, the constraint of being able to define a q-analog ensures that the Poincaré

momenta only depend on supertranslations but not on superrotations. But as we reviewed at

the end of section 5.3.2, the superrotation charges act as soft hair and hence on the full B4

one can not avert the decoupling of soft and hard modes in a way that rescues the soft hair

proposal.

5.4 BMS Phenomenology

In this section we will briefly discuss possible experiments which can give us information about

the nature of the asymptotic symmetries of spacetime. Since there is no widely agreed-upon

theoretical criterion (cf. section 3.1.1) one has to be open-minded about different possibilities

and we are particularly interested in the implications for the deformation of the corresponding

symmetry algebras.

5.4.1 Gravitational Waves and Memory Effect

The discovery of gravitational waves in 2015 [132] marked the beginning of a new era in

cosmology that enables us to investigate aspects of GR out of reach of previous methods. As

already mentioned in section 3.1.1, one of the most interesting phenomena for our purposes

is the gravitational (displacement) memory effect. In principle this effect is observable by

the same means as the gravitational wave itself since it leads to the residual displacement of

the detectors (according to (3.30)) and the wave is detected by a temporary displacement.

However, the effect size is much smaller for the memory effect and therefore the stacking

of multiple waves in the same direction would be necessary for the current generation of

experiments (LIGO/Virgo) to detect it [133]. With future setups like LISA (cf. [134], [133])
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also direct detection might be possible.

Such a discovery would directly confirm the existence of physically distinct vacua and

thus the transformations relating them, i.e. the supertranslations, have to be asymptotic

symmetries of our spacetime.

By the same argument the detection of the spin memory effect would prove the existence

of superrotations as asymptotic symmetries. This effect would be observable in the relative

delay between counter orbiting circular light beams [135] but since it is subleading (in the 1/r

expansion) the detection is even harder.

While the details of the asymptotic symmetries (inclusion of superrotations, supertrans-

lations with poles, cf. also next section) are not universally agreed upon, the most restrictive

requirement imposed on the deformations, the triangularity, is already a consequence of the

existence of supertranslations. In other words, all subalgebras of the various asymptotic sym-

metry algebras we discussed that contain at least the supertranslations (Tp or Tpq with index

≥ −1) and the Poincaré algebra have no ad-invariant element in the triple exterior product.

Without a central extension we can also conclude from our findings that all consistent LBA

are coboundary.

5.4.2 Decay of Cosmic Strings

As we will detail in the following, cosmic strings also provide an opportunity to probe the

nature of the asymptotic symmetries and potentially also deformations.

Recall from section 3.1.1 that cosmic strings are one-dimensional topological defects of

cosmological size. They might have formed after a stage of the universe when it was not

simply connected yet or could be inflated fundamental strings from string theory.

Even though there has been to date no conclusive evidence for the existence of cosmic

strings, there have been attempts to identify gravitational lensing effects in which light-sources

appear to be doubled due to cosmic strings [136]. Further experimental signatures could be

found in gravitational waves from the following mechanism. In the collision of cosmic strings

kink structures could emerge, leading to the breaking off of loops. These loops would then form

cusps and kinks as the string velocity reaches the speed of light momentarily, subsequently emit

gravitational waves and decay. Strominger and Zhiboedov [70] also describe the possibility

that the string snaps and decays via black hole pair creation where the black holes are at the

endpoints of the snapped string and are dragged towards null infinity.

As mentioned in section 3.1.1, the decay of a cosmic string would be a transition between

inequivalent asymptotically locally flat and globally asymptotically flat vacua and therefore

show that the asymptotic symmetries of our spacetime include superrotations and not just



Lorentz rotations/-boosts. Furthermore, we emphasized in 3.1.1 that vector fields that gener-

ate superrotations with index m ∈ Z have singularities at 0,∞ corresponding to the endpoints

of a cosmic string. Restricting to the one-sided B4+, which is necessary for several deformed

quantum groups to have well-defined q-analog, implies that the BMS generators only have

singularities for z, z̄ → ∞. In combination with the previous argument the evidence for cosmic

strings would then exclude the possibility of said quantum groups. Conversely, the existence

of general superrotations (m ∈ Z) and the closure of the BMS algebra necessitates also general

supertranslations with poles [68]. Some authors argued that these lead to several technical

problems, which can, however be remedied (see [68] and references therein).



Chapter 6
Conclusion

Before summarizing our results let us quickly recap the main ideas and theories underlying this

thesis. On the one hand, this is a version of non-commutative geometry implemented by Hopf

algebras. We reviewed its mathematical foundations in chapter 2 and noted that a distinctive

feature is the appearance of an observer independent scale. In this DSR interpretation of

the κ-Poincaré and other quantum groups the symmetries realized by the algebra of the

momenta are the fundamental objects and the spacetime takes a back seat; its properties as

a smooth manifold are merely emergent. A key function of the coalgebra structure defined

on the momentum space is to induce covariant representations on the multiparticle states

requiring the coassociativity of the coproduct, which in turn implies the (modified) Yang

Baxter equation for the associated classical r-matrix. A further important constraint arises

when we want to interpret the deformation parameter of the quantum group as an observable

quantity so we have to be able to assign a real value to it. On the other hand, there is the

exciting field of asymptotic symmetries. One of its most striking features is the existence of

distinguishable, degenerate vacua, intimately related to sub-algebras (embeddings) isomorphic

to the Poincaré (or an analogous bulk symmetry algebra) in the infinite dimensional BMS

algebras. This fact opens a connection to the theory of quantum groups and motivated our

quest to study the deformations on the asymptotic symmetry algebras. In particular, we were

interested in consistently implementing those quantum groups that are studied and applied

in the Poincaré algebra.

After reviewing the relevant asymptotic symmetry algebras in three and four dimensions,

the strategy in chapter 4 to achieve this goal was to start from the Lie bialgebras which, by

the results of Etingof and Kazhdan cited in chapter 2, exhausts all possible QUE. Since the

cobracket of a LBA has to satisfy a 1-cocycle condition, a major step in its classification is the



calculation of the corresponding cohomology group. For the asymptotically (A)dS spacetimes

in three dimensions we first proved that H1
(
W⊕W,

∧2 (W⊕W)
)

vanishes and, together

with the simple observation that there are no ad-invariant elements in (the exterior product

of) the W⊕W algebra, we thus reduced the search for LBA to the classification of triangular

r-matrices up to automorphism. Motivated by the fact that in the interior of the spacetime

only the rigid symmetries (Poincaré or (A)dS) survive, we imposed the constraint that the

Hopf algebra resulting from the deformation should form a sub-Hopf algebra when restricted

to the embedding corresponding to the bulk-symmetry. With such a constraint the full r-

matrix classification up to Aut′ (W⊕W) was achieved starting from earlier results on the

embedded o(4,C) algebra.

For the subsequent quantization of the LBA by a Drinfeld twist we again used results

known from the finite dimensional algebras and occasionally automorphisms from the quotient

Aut(o(4))/Aut′(W ⊕ W). By performing the explicit twisting procedure of the coalgebra

sector for selected LBA, we noticed that except for a specific abelian twist all twists lead

to coproducts containing both infinite power series in the deformation parameter as well

as infinitely many different generators. This peculiarity of the infinite dimensional algebras

makes a specialization of the deformation parameter to a complex/real value for physical

interpretation ill-defined, a conclusion that could only be averted if we restricted to one-sided

Witt algebras.

As reviewed in section 3.1.2, the charges associated with the asymptotic symmetries satisfy

the Lie algebra of the asymptotic Killing vectors up to potential central extensions. The

inclusion of the central charges, explicitly calculated in the seminal work by Brown and

Henneaux, does not change the fact that all LBA are triangular and coboundary on W⊕W.

However, the classification of the r-matrices is affected in several ways. For once, there are a

variety of new r-matrices containing the central element and we classified which combinations

with the original W ⊕W r-matrices are allowed. We furthermore noticed that the Schouten

bracket of some r-matrices which are triangular in the algebra without central extension

receive extra terms and also that the resulting coalgebra structures corresponding to r-matrices

without central elements can nonetheless contain contributions from the central extension.

While there are some important conceptual differences between AdS and dS in the study

of asymptotic symmetries, in the algebraic description we simply view them as different real

forms of one complex algebra. The corresponding reality conditions for the r-matrices turned

out to be more restrictive for the asymptotically dS spacetime, excluding r-matrices that have

important contraction limits in the B3 algebra. But the deformation of asymptotically (A)dS

spacetime symmetries is relevant in its own right for several reasons. For once, a positive
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cosmological constant, which after all seems to be the relevant case in our universe, was also

the starting point of [20], where a connection between a model of quantum gravity (Loop

Quantum Gravity) and the time-like κ-Poincaré variant was established in a non-perturbative

way. Furthermore, by the AdS/CFT correspondence the asymptotic symmetries in the bulk

become the global symmetries of the boundary theory and thus a “dual” deformation of the

conformal symmetries can be expected. Such quantum groups have been discussed for example

in [137].

In the algebraic description the contraction of the (asymptotically) (A)dS to the (asymp-

totically) flat symmetry algebra is quite straightforward. We thus set out to investigate the

properties of the contraction limit on the level of Lie bialgebras and Hopf algebras in three

dimensions. Note that the three dimensional structures including the Hopf algebras are con-

tained in the four dimensional case except for the centrally extended algebras. Beyond this

trivial sense we did not explicitly study the deformations of the asymptotically (A)dS sym-

metries and its contractions in four dimensions due to the lack of a notion of quantum groups

on Lie algebroids.

For the contraction of the r-matrices of (real forms of) W ⊕ W we found a remarkably

rich behavior. In particular, depending on the parameter choices and their rescaling, there

are different possibilities of contracting an r-matrix and this process is also not injective. One

could have hoped that if the contraction of triangular r-matrices is surjective, we can use our

knowledge of the twists on W⊕W to be able to construct all Hopf algebras in B3. Even though

the surjectivity can be established on the finite dimensional embeddings by including sums of

contractions and contractions along different axis, a result consistent with the findings of [94],

this hope does not quite materialize as the contraction on the level of twists can not necessarily

be performed in the same way as those of the corresponding r-matrices. The reason behind this

is that the triangular classical r-matrices are in an anti-symmetric form which does not need

to hold for the twists and thus some terms might not cancel during contraction. Note that the

lack of a straightforward contraction limit of the twists is merely a practical inconvenience; we

know that they have to exist even though we did not explicitly showed how to construct them

except for twists related to the Lie algebra type non-commutativity. Without central charges

we showed that triangular coboundary LBA are all there is on B3 by calculating the relevant

cohomology group. When taking into account the central extension this picture is changed

considerably; the first cohomology group does not vanish but consists of a one-parameter

family of cocycles which consequently define a Lie bialgebra that can not be quantized by a

twisting procedure. We nonetheless find the corresponding Hopf algebra by simply guessing

its form. It is interesting that this poses a clear example of how the asymptotically flat case is
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A further example of this distinction became apparent when we compared the process of

specialization for Hopf algebras on B3 with those in W ⊕ W. Even though the contraction

limit could be performed on the level of the LBA, the same limit applied to the twist (F2′)

was divergent, consistent with the fact that the twist deformed Hopf algebra in B3 admits a

specialization and the Hopf algebra deformed with F2′ does not. Thus, in this example the

conclusion that the quantum groups on the asymptotically flat symmetry algebras behave not

just as contraction limits can not be seen already on the infinitesimal Lie bialgebra structure

in contrast to the non-coboundary LBA mentioned above.

We already noted that apart from the central extension the asymptotic symmetry algebras

and their deformations in a three dimensional spacetime are sub (Hopf) algebras of the alge-

bras in the realistic four dimensional spacetime. In the asymptotically flat case (B4) we were

able to show that all LBA are coboundary and triangular just as in B3. Besides much more

convoluted calculations also a few key differences stood out. First, it is noteworthy that all

the deformations corresponding to a Lie algebra type non-commutativity single out a Poincaré

embedding in B4 because there is no longer a supertranslation generator that is present in all

of the embeddings. Furthermore, in the four dimensional case it is possible to find r-matrices

and twists containing generators from multiple embeddings and lead to Hopf algebras with

q-analog. In the algebraic sector the possible central extension appears in a different form

but nonetheless calculating the cohomology group of B4c with values in the exterior product

of the adjoint module leads to an almost identical result with just a two parameter LBA that

is not triangular. The different form of the central extension does, however, have an influence

on the classification of triangular r-matrices which we illustrated on a few examples.

With the classifications of Lie bialgebras and Hopf algebras on the three and four dimen-

sional BMS at hand in chapter 5 we first investigated the fate of one of our initial motivations

to study quantum groups; the non-commutativity of the “dual” spacetime. It turned out that

the requirement that the dual sector of an embedding closes a subalgebra, interpreted as a

deformed Minkwoski spacetime, is a non-trivial constraint. In particular, the commutation

relations dual to the LBA of the extended Jordanian twist resemble those of the well-known

light-cone κ-Poincaré but also contain extra terms so that the Minkowski sector is indeed no

subalgebra, posing another technical obstruction for this particular quantum group. Simi-

larly, other deformations that did not admit a q-analog on the whole BMS algebra also do

not clear this hurdle but the LBA corresponding to the abelian and Jordanian twist with its

dual do and thereby define a non-commutative Minkowski spacetime of Lie algebra type. This

also implies the introduction of a length scale we again call 1/κ and in the limit κ → ∞ the
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classical commuting spacetime is recovered.

Our hopes of finding phenomenological effects detectable at mesoscopic scales were mainly

resting on the deformed in-vacuo dispersion relations also (but not only) reported in the

context of deformed Hopf algebras, albeit derived in various ways. In this thesis we employed

a construction of wave operators of a given embedding in terms of a special basis (generating

the so-called Quantum Lie algebra endowed with a star product). As all quantum groups we

studied, with the sole exception of a quantization of the non-coboundary LBA from sections

4.2.5 and 4.3.3, are defined by a twisting procedure the quantum R-matrix and “deformed

generators” can be readily derived in order to calculate the potentially deformed wave operator

describing the propagation through the non-commutative spacetime. By construction it is

clear that a deformation constructed from elements of the same (n = 1) embedding as the wave

operator does not lead to deformed dispersion relations so in order to obtain an observable

effect we would need to loosen our restriction and allow for deformations including (soft charge)

generators from different embeddings. But even then the requirement that a q-analog can be

defined prohibits any resulting deformation of the in-vacuo dispersion relation. So far, we thus

return empty-handed from our search for new mesoscopic phenomena implemented by Hopf

algebra structures on the asymptotic symmetry algebras that correspond to non-commutative

geometry of Lie algebra type with a physical scale 1/κ.

Another phenomenon that was investigated is the deformed Leibniz rule resulting from

the covariant representations of the symmetry algebra on multiparticle states induced by the

coproduct. While this effect occurs in one form or another in all deformations listed in this

thesis, potential experiments to detect it lack a way to counter-balance the smallness of the

Planck scale. A further obvious possibility that could enable the detection of signatures of a

deformed Leibniz rule would be that 1/κ is significantly larger than lPl which, however, has

the drawback that it is no longer backed by most of the motivation from quantum gravity like

the thought experiment leading to a maximal resolution due to black hole creation.

Irrespective of the status of experimental evidence for a κ-deformed Leibniz rule in the

BMS algebras, a new proposal for its application in the black hole information loss paradox

was brought forward in this thesis. The main ideas can be summarized as follows. Strominger,

Hawking and Perry suggested that information of the matter falling into the black hole might

be stored in the form of “soft hair”, i.e. supertransformation surface charges defined on the

horizon. Bousso, Poratti and others then critically remarked that the Poincaré and soft charges

decouple and thus concluded that the soft hair can not retain any “hard” information. If the

momentum conservation in the relevant scattering processes is described using the deformed

Leibniz rule, the soft and hard modes might cease to decouple. In particular, we found
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on supertranslation charges but, due to the restriction from the specialization requirement,

not for superrotation charges. Since the latter act as the soft hair, according to Strominger

et.al., we conclude that on the full B4 the decoupling can not be averted in a way that rescues

the original soft hair proposal.

Finally, we briefly discussed how the exact form of the asymptotic symmetry algebras

might be inferred from experiments and how this affects the rest of our results. Experimental

verification of the existence of ordinary supertranslations as asymptotic symmetry transfor-

mations can be reasonably expected to be established in the near future which is enough

for some of the most restrictive constraints on consistent quantum groups to persist. I.e. in

the absence of central charges all Hopf algebra structures constructed on said algebras are

quasitriangular and derived from a twist. Whether supertransformations parametrized by

functions of the angular coordinates without poles have to be included marks an important

distinction because if this is not the case and we can use the one-sided BMS algebras for de-

scribing asymptotic symmetries the specialization of the deformation parameter to real values

is possible for a much wider class of deformations. We reviewed that this distinction has been

linked to the (snapping of) cosmic strings and experimental evidence consequently constrains

the Hopf algebras with potentially physical interpretation in this sense.

Looking back to what we set out to achieve we made progress in the classification and

analysis of quantum groups (QUE) on a variety of asymptotic symmetry algebras. Both tech-

nical and physical constraints led to the exclusion of consistent generalizations of quantum

groups studied in the Poincaré algebra. We found interesting behavior in particular by study-

ing the so-called contraction limit of spacetimes with cosmological constant and the inclusion

of central charges on the level of Lie bialgebras and Hopf algebras. Somewhat disappointingly,

the search for phenomenological signatures of momentum spaces with the remaining deformed

Hopf algebra structures did not yield promising results at least in a regime accessible by current

experiments.

Future research may follow up on a variety of points. First, it is conceivable to relax both

some of the mathematical and physical requirements, e.g. one may consider the κ-deformed

theory to be only an effective theory valid at the first order on 1/κ and consequently the

specialization can be applied trivially. Another straightforward extension of our results is to

take into account further newly found variants of BMS-type algebras e.g. from [138], [139]. To

address the problem of identifying phenomenological signatures on mesoscopic scales despite

a deformation parameter of the order of lPl, one could turn to deformed discrete symmetries,

an idea recently discussed in the context of κ-Poincaré [140] (see also [141]). The mechanisms
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that could lead to large enough effect sizes range from higher precision in time measurements

to the appearance of the inverse of small mass differences e.g. in neutral Kaon systems. Last

but not least, one could proceed to explore the application of the Lie bialgebras and Hopf

algebras discussed in this thesis in related branches of pure and applied mathematics. For

example, in the study of integrable systems and in particular in the quantum inverse scattering

method (see [142], [143] and references therein) quantum R-matrices play a vital role which,

incidentally, was one of the first motivations to introduce quantum groups.





Appendix A
Proof of the Cohomology

Theorems

Proof of Theorem 1

We structure the proof by first noting that the 1-cocycles δ can be separated by their degree

d ∈ Z. This degree is derived from the grading of W, i.e.

δ(Lm) = Li ∧ Lj (A.1)

has degree d = i+j−m. The separation by degree follows from the fact that a cocycle which,

applied to elements of W, results in terms with different degree can be split into cocycles of

homogeneous degree which have to fulfill the cocycle condition (2.10) independently. Let us

first consider cocycles of degree d ̸= 0. We will show that all such cocycles δ are cohomolog

to 0, i.e. that δ′(Lm) = δ(Lm)−(∂0r)(Lm) = 0 for all m ∈ Z. Let δ be a cocycle of homogenous

degree d such that

δ(Lm) =
∑

im,jm∈Im

αm
imjmLim ∧ Ljm , (A.2)

where αm
imjm

∈ R; im, jm ∈ Z and Im are finite subsets of Z. Choose a 0-cochain

r = −
∑

i0,j0∈I0

α0
i0j0

i0 + j0
Li0 ∧ Lj0 . (A.3)



Then we have

δ′(L0) =
∑

i0,j0∈I0

α0
i0,j0Li0 ∧ Lj0 − [L0 ⊗ 1 + 1 ⊗ L0, r]

=
∑

i0,j0∈I0

α0
i0,j0Li0 ∧ Lj0 −

∑
i0,j0∈I0

α0
i0j0

i0 + j0
(i0 + j0)Li0 ∧ Lj0 = 0. (A.4)

From the cocycle condition

δ′([L0, Lm]) = [L0 ⊗ 1 + 1 ⊗ L0, δ
′(Lm)] − [Lm ⊗ 1 + 1 ⊗ Lm, δ′(L0)], (A.5)

for m ̸= 0, we infer

mδ(Lm) =
∑

im,jm∈Im

(im + jm)αm
imjmLim ∧ Ljm

= (d + m)δ′(Lm) (A.6)

⇒ δ′(Lm) = 0, (A.7)

which concludes the proof for cocycles of degree d ̸= 0.

Next, let us consider cocycles of degree d = 0 which can be written in the form

δ(Lm) =
∑
im∈I

γmimLm−im ∧ Lim . (A.8)

Note that without loss of generality we can restrict the indices im to be smaller than m/2

due to the following observation. If there were an index im > m/2, we simply substitute

i′m = m − im and γ′mi′m = γmim − γmim−m to describe the same cocycle. We will make repeated

use of this restriction in the rest of the proof.

The conditions

δ([L0, Lm]) = [L0 ⊗ 1 + 1 ⊗ L0, δ(Lm)] − [Lm ⊗ 1 + 1 ⊗ Lm, δ(L0)]

= (−m)δ(Lm) − [Lm ⊗ 1 + 1 ⊗ Lm, δ(L0)] (A.9)

⇔ 0 = [Lm ⊗ 1 + 1 ⊗ Lm, δ(L0)] (A.10)

implie that all degree 0 cocycles vanish on L0 because it has to hold for all m and there is no

ad-invariant element in
∧2 (W⊕W).

As a next step we show that all cocycles are cohomolog to 0 on L±1. Let us assume
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without loss of generality that the indices of

δ(L1) =
∑
i1∈I1

γ1i1L1−i1 ∧ Li1 (A.11)

are given by i1 ∈ I1 = {−p1,−p2, ...,−pn|p1 > p2 > ... > pn > 1, n ∈ N}. From the cocycle

condition we get

δ([L1, L−1]) = [L1 ⊗ 1 + 1 ⊗ L1, δ(L−1)] − [L−1 ⊗ 1 + 1 ⊗ L−1, δ(L1)] (A.12)

⇔ 0 =
∑

i−1∈I−1

(γ−1
i−1

(2 + i−1)L−i−1 ∧ Li−1︸ ︷︷ ︸
typeI

+γ−1
i−1

(i−1 − 1)L1+i−1 ∧ L−1−i−1︸ ︷︷ ︸
typeII

)

+
n∑

j=1

(γ1−pj (2 + pj)Lpj ∧ L−pj + γ1−pj (pj − 1)L−1−pj ∧ L1+pj ). (A.13)

Lets focus on the first term in the second line of (A.13) with p1; it can only be canceled by

any of the other pj terms if p2 = p1 − 1 which we discuss below. In the case p2 ̸= p1 − 1

there are two terms that can contribute, one from the first and the second summand in the

first line in (A.13) which we will call type I and type II terms respectively 1. The type II

term would correspond to i−1 = −1 − p. If it existed with non-zero γ−1
−1−p it would imply the

existence of a type I term of the form γ−1
−1−p(1 − p1)L1+p1 ∧ L−1−p1 which in turn can only

be canceled by a type II term with i−1 = −2− p1. Since also none of the prefactors (2 + i−1)

and (i−1−1) vanishes if p1 ̸= 1 this would go on forever so that we need infinitely many terms

in δ(L−1) which is not possible. Thus γ−1
−1−p = 0 and we need a type I term with i−1 = −p1

γ−1
1−p1

(2 + p1)Lp1 ∧ L−p1 (A.14)

which implies a type II term with the same i−1

γ−1
−p1(−1 − p1)L1−p1 ∧ Lp1−1. (A.15)

This term can be canceled only by a type I term with i−1 = 1 − p1

γ−1
1−p1

(3 − p1)L1−p1 ∧ Lp1−1 (A.16)

1Here and in the following we use the index restriction. Otherwise also e.g. a type I term with i−1 = pj
could be used.



and the corresponding type II term

γ−1
1−p1

p1L2−p1 ∧ Lp1 (A.17)

requires again a type I term with i−1 = −p1

γ−1
−p1(2 − p1)L2−p1 ∧ Lp1 (A.18)

ending the sequence. The cancellation of (A.17) with (A.18) implies the following ratio of the

coefficients

γ−1
−p1

γ−1
1−p1

=
2 − p1
p1

. (A.19)

When considering the 0-cochain

r = γsL−s ∧ Ls (A.20)

with s = 1 − p1, implying

(∂0r)(L−1) ≡ δr(L−1) = γ1−p1((−p1)L−2+p1 ∧ L1−p1 + (−2 + p1)Lp1−1 ∧ L−p1 , (A.21)

we find the same ratio between the two summands. Thus setting γ1−p1(p1) = γ−1
1−p1

in the

cocycle

δ′ = δ + δr (A.22)

both coefficients γ′−1
−p1 , γ

′−1
1−p1 vanish and therefore also γ′1p1 has to be zero.

Next, we have to consider the case p2 = p1 − 1. In (A.13) the term

γ1−p1(p1 − 1)L1+p1 ∧ L−1−p1 (A.23)

can be canceled by a type I term with i−1 = 1 − p1 or a type II term with i−1 = −2 − p1.

If the second term does not vanish, this implies the existence of a type I term with the same

i−1 which can only be eliminated by a type II term with i−1 = −3 − p1 and so on, so that

infinitely many terms are necessary, ruling out this option. Using the same cochain as above

in (A.20) with the same choice for s and γs we can eliminate the coefficient γ′−1
1−p1 and thus

the possibility to cancel (A.23) with a type I term is not possible which means that γ′1−p1 has
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to vanish.

For the rest of the pj, j > 1 we can iteratively use the same argumentation. In particular

the arguments with the infinite number of terms in δ(L−1) can be extended to the higher j

as the sequence would stop at the terms with i−1 = −pj−1 which already has to vanish.

Furthermore, one has to add coboundaries from the cochains

rj = γjL−(1−pj) ∧ L1−pj , j > 1 (A.24)

with suitable coefficients γj(pj) = γ′...′
−1
1−pj where we define

δ′
′
= δ′ + δr2 , ... (A.25)

iteratively so that the required terms in δ′...′(L−1) are eliminated.

Finally, let us explicitely consider the case p1 = 1 that was excluded in the argumentation

above. In that case

δ(L1) = γ1−1L0 ∧ L1 (A.26)

and from the cocycle condition we infer that

δ(L−1) = γ1−1L−2 ∧ L1. (A.27)

On L±1 δ then coincides with δr, where r = γ1−1/2L1 ∧ L−1 and thus δ′ = δ − δr is zero on

these elements. This concludes the proof that δ is cohomolog to 0 on L1.

In the next step it will be shown that δ(L1) = 0 implies that δ(Lm) = 0 for m > 1.

Starting from

δ(L2) =
∑
i2∈I2

γ2i2L2−i2 ∧ Li2 , (A.28)

one explicitly obtains by using (2.10) with m = 1, n = 2; m = 1, n = 3 and m = 1, n = 4

δ(L3) = −
∑
i2∈I2

γ2i2((i2 − 1)L3−i2 ∧ Li2 − (1 − i2)L2−i2 ∧ Li2+1) (A.29)

δ(L4) =
∑
i2∈I2

γ2i2
2

(i2 − 1)((i2 − 2)L4−i2 ∧ Li2 + 2(1 − i2)L3−i2 ∧ Li2+1 − i2L2−i2 ∧ Li2+2)

(A.30)



δ(L5) = −
∑
i2∈I2

γ2i2
6

(i2 − 1)

(
(i2 − 2)(i2 − 3)L5−i2 ∧ Li2 + 3(1 − i2)(i2 − 2)L4−i2 ∧ Li2+1

+ 3(1 − i2)i2L3−i2 ∧ Li2+2 + i2(1 + i2)L2−i2 ∧ Li2+3

)
. (A.31)

Using the same argumentation as above, we can restrict i2 to be bigger than 1 and we consider

the largest index i′2. Then, (2.10) with m = 2, n = 3 yields

0 =
∑
i2∈I2

(
L5−i2 ∧ Li2γ

2
i2

(
1

6
(i2 − 1)(i2 − 2)(i2 − 3) − (i2 − 1)2 − (i′2 + 1)

)
+ L4−i2 ∧ Li2+1γ

2
i2

(
1

2
(i2 − 1)2(2 − i2) + (i2 − 1)i2

)
+ L3−i2 ∧ Li2+2γ

2
i2

(
1

2
(i2 − 1)2i2 + (i2 − 1)(i2 − 2)

)
+ L2−i2 ∧ Li2+3

(
(i2 − 1)2 − (3 − i2) −

(i2 − 1)(i2 + 1)i2
6

))
(A.32)

⇒ 0 = L2−i′2
∧ Li′2+3

(
(i′2 − 1)2 − (3 − i′2) −

(i′2 − 1)(i′2 + 1)i′2
6

)
(A.33)

and (A.33) implies for i′2 > 1, γ2i′2
̸= 0 the solutions i′2 = 3, 4. i2 can therefore only take the

values i2 = 2, 3, 4 and one can calculate explicitly that e.g. the term proportional to L1 ∧ L5

in (A.32) does not vanish so γ1i′2
= 0. Thus δ(L2) = 0 and iteratively one shows that (2.10)

with m = 1 implies δ(Ln) = 0 for n > 2. For arbitrary positive m one finds

δ([L−1, Lm]) = −[Lm ⊗ 1 + 1 ⊗ Lm, δ(L−1)] (A.34)

⇒ 0 = −
∑

i−1∈I−1

γ−1
i−1

((m + 1 + i−1)Lm−1−i−1 ∧ Li−1 + (m− i−1)L−1−i−1 ∧ Li−1+m)

(A.35)

which yields γ−1
i′−1

= 0 for the largest index i′−1 and thus δ(L−1) = 0.

Finally, one shows explicitly that (2.10) with m = 1, n = −2 results in δ(L−2) = 0 and,

similarly to the case of positive m that can be used to show that δ(Lm) = 0 for all m < −2,

completing the proof of the first theorem.

Proof of Theorem 2

Note that a 1-cocycle δ applied to an element of W can be split into three parts δI , δII , δIII ,

mapping to W∧W, W∧W or W∧W respectively, which have to satisfy the cocycle condition

separately2. From the previous theorem it follows that δI is cohomolog to zero and from

2In other words the cocycles decompose into Z(W⊕W,
∧2 W) ⊕ Z(W⊕W,

∧2 W) ⊕ Z(W⊕W,W ∧W).
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(2.10) one can easily see that δII has to vanish. Thus we only need to consider the part

δIII which again can be separated by the degree d, which we define such that

δ(Lm) = Li ∧ L̄j (A.36)

has d = i−m. A general cocycle of homogenous degree d ̸= 0 is given by

δ(L0) =
∑
j0∈I0

α0
j0Ld ∧ L̄j0 (A.37)

on L0. Setting

r =
∑
j0∈I0

α0
j0

d
Ld ∧ L̄j0 (A.38)

we then have

δ′(L0) = δ(L0) − δr(L0) = 0. (A.39)

Using this in

δ′([L0, Lm]) = [L0 ⊗ 1 + 1 ⊗ L0, δ
′(Lm)] − [Lm ⊗ 1 + 1 ⊗ Lm, δ′(L0)] (A.40)

it follows that

−mδ′(Lm) = −(d + m)δ′(Lm) ⇒ δ′(Lm) = 0 (A.41)

concluding the proof for d ̸= 0.

A general degree 0 cocycle has the form

δ(Lm) =
∑

im∈Im

γmimLm ∧ L̄im (A.42)

and by choosing

r =
∑
i1∈I1

γi1L0 ∧ L̄i1 (A.43)

it follows that

δ′(L1) = δ(L1) − δr(L1) = 0. (A.44)



Then for m ̸= 1

δ′([Lm, L1]) = −[L1 ⊗ 1 + 1 ⊗ L1, δ
′(Lm)] (A.45)

⇒
∑

im+1∈Im+1

(m− 1)γm+1
im+1

Lm+1 ∧ L̄im+1 =
∑

im∈Im

(m− 1)γmimLm+1 ∧ L̄im (A.46)

and it follows that

γm+1
im+1

= γmim . (A.47)

If m = 0 in (A.45) we conclude

0 = −
∑
i0∈I0

γ0i0L1 ∧ L̄i0 (A.48)

and thus γ0i0 = 0. Because of (A.47) γmim = γ0i0 for m < 0 and for m > 0 all coefficients are

given by γmim = γ2i2 . However, from (2.10) with m = 2, n = 3 we find

−
∑
i2∈I2

γ2i2L5 ∧ L̄i2 =
∑
i2∈I2

γ2i2(−2)L5 ∧ L̄i2 (A.49)

and thus γ2i2 = 0, concluding the proof.

Proof of Theorem 3

As a first step we will now show that H1
(
W+,

∧∧∧2
W+

)
= {0}. Before starting the

actual proof of the theorem let us note that we can not simply reuse the proof of theorem 1

because there we made use of the index restriction which is not possible in the one-sided Witt

algebra. However, for cocoycles of degree d ̸= 0 this does not apply and thus only the d = 0

part is left. Vanishing degree of a cocycle δ on W+ implies that

δ(L0) = γ01L−1 ∧ L1, δ(L−1) = γ−1
1 L0 ∧ L−1, (A.50)

δ(L1) = γ12L−1 ∧ L2 + γ11L0 ∧ L1, δ(L2) = γ23L−1 ∧ L3 + γ22L0 ∧ L2, (A.51)

δ(L3) = γ34L−1 ∧ L4 + γ33L0 ∧ L3 + γ32L1 ∧ L2, (A.52)

for the first few generators. The only possible 0-cochain that induces a coboundary of degree

0 is of the form r = αL1∧L−1. Setting α = −γ11/2 the new cocycle δ−δr (which is cohomolog
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to δ) has γ11 = 0. By imposing the cocycle condition

δ([L1, L0]) = [L1 ⊗ 1 + 1 ⊗ L1, δ(L0)] − [L0 ⊗ 1 + 1 ⊗ L0, δ(L1)], (A.53)

⇒ δ(L1) = 2γ01L0 ∧ L1 + δ(L1), (A.54)

we infer δ(L0) = 0. Furthermore, the cocycle conditions with δ([L1, L−1]), δ([L2, L−1]),

δ([L1, L2]) yield the equations

γ−1
1 + 3γ12 = 0, (A.55)

3γ12 = −4γ23 − γ22 + 2γ−1
1 , −3γ22 − 3γ−1

1 = 0, (A.56)

−γ34 = −2γ23 , −γ33 = 2γ23 − γ22 , −γ32 = γ22 − 3γ12 , (A.57)

which do not have a non-trivial solution and thus δ(L−1,1,2,3) = 0. From cocycle conditions

with δ([L1, Lm]) it is then easy to iteratively show that δ(Lm) = 0,m ≥ −1. This concludes

the first part of the proof.

Showing that H1
(
W+ ⊕W+,

∧2(W+ ⊕W+)
)

= {0} with the help of the first part is then

completely analogous to the proof of theorem 2 since there is no use of the index restriction.

Proof of Theorem 4

We first prove that H1
(
Vir,

∧∧∧2
Vir

)
= {0}. Let δ be a 1-cocycle on Vir with values

in
∧2Vir. It can be decomposed into δ = δW + δc, where δW : Vir →

∧2W and δc :

Vir → cL
∧
W. Let Xc = X + αcL and Yc = Y + α′cL be generic elements in Vir with

X,Y ∈ W, α, α′ ∈ C. The cocycle condition then reads

δ([Xc, Yc]) = [Xc ⊗ 1 + 1 ⊗Xc, δ(Yc)] − [Yc ⊗ 1 + 1 ⊗ Yc, δ(Xc)], (A.58)

resulting in the separate equations

δW([X,Y ]) = [δW(Xc), Y ⊗ 1 + 1 ⊗ Y ]W − [δW(Yc), X ⊗ 1 + 1 ⊗X]W, (A.59)

δc([X,Y ]) = [δW(Xc), Y ⊗ 1 + 1 ⊗ Y ]c − (X ↔ Y ) + [δc(Xc), Y ⊗ +1 ⊗ Y ]W − (X ↔ Y ),

(A.60)

where [, ]W denotes the part of the induced bracket on ⊗2 (Vir) that conserves the number of

central elements in the input (e.g. mapping from ⊗4 (W) to ⊗2 (W)) and [, ]c the rest (e.g.

mapping ⊗4 (W) to CcL ⊗W).

From (A.58) with the commutator [cL, Y ] = 0 on the lhs it is easy to see that δ(cL) = 0

as there are no ad-invariant elements (cf. section 4.1.1). Thus (A.59) is independent from the



central charge and one can apply theorem 1 to show that δW is a coboundary from a cochain

r ∈
∧2 (W).

Redefining δ → δ − δr we find that δW(Lm) = 0 without affecting δc(L0,±1). Without

loss of generality the remaining part of the cocycle is of the form

δc(Lm) =
∑

im∈Im

γmimcL ∧ Lim , (A.61)

which again can be separated by the degree d = m − im. We still have the freedom to

choose a cochain r ∈ cL
∧
W and for d ̸= 0 we redefine the cocycle as δ → δ − δrc . Setting

rc =
∑

i0∈I0
−γ0

i0
i0

cL∧Li0 results in δc(L0) = 0 except if there is one index i0 = 0. In that case,

consider the cocycle condition (A.60) with X = L1, Y = L0, yielding

∑
i1∈I1

γ1i1cL ∧ Li1 =
∑
i1∈I1

γ1i1cL ∧ (i1)Li1 − γ00cL ∧ (−1)L1. (A.62)

The last term can only cancel if there is a i1 = 1 but then γ00 = 0 follows nonetheless. Thus

we can set δc(L0) = 0.

Next, we set X = Lm, Y = L0 in (A.60) and because d = m− im ̸= 0 we find δc(Lm) = 0.

For d = 0 we instead use the freedom of choosing a cochain to set δc(L1) = 0 which

can be achieved with rc = γ11cL ∧ L0. Then (A.60) can be used with X = L1, Y = Lm and

one finds that the resulting equations are equivalent to those in the last part of the proof of

theorem 2. Thus we find δc(Lm) = 0 in the d = 0 case as well. Note that this means that after

we set δW = 0 the remaining part of the proof is basically equivalent to H1 (W,W) = {0}.

Now we are ready to prove the actual theorem and set cL = cL̄
3. Let δ be a 1-cocycle

on Vir⊕Vir with values in
∧2 (Vir⊕Vir) and it again splits according to δ = δW⊕W +δc +δc̄

where δc maps to cL ∧ W and δc̄ to cL ∧ W. The cocycle condition results in separate

equations and the analogue of (A.59) implies that δW⊕W is a coboundary due to theorem 2.

Redefining the cocycle accordingly causes δW⊕W to vanish and the analogue of (A.60) used

with X = Lm, Y = Ln implies an equation with terms in cL ∧W that can be used to show

that δc is cohomolog to zero as in the first part of the proof. Similarly with X = L̄m, Y = L̄n

we infer δc̄ is derived from a cochain concluding the proof.

Proof of Theorem 5

Following [98] we start with some general statements on semi-direct products of the form

g = n ⋊ h, where h is semi-simple and n is an ideal. If h admits only coboundary cocycles

3This is physically motivated. If cL ̸= cL̄ a bit more work is needed because also terms of the form cL ∧ cL̄
can appear.
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then for each cocycle δ ∈ Z(g,
∧2 g) there exists an r ∈

∧2 h such that δ0 = δ − ∂0r satisfies

δ0|h = 0 and it is a cocycle if and only if δ0|n ∈ Z(n,
∧2 g)∩Morh(n,

∧2 g), where Morh(n,
∧2 g)

denotes the morphisms between the h modules n,
∧2 g, i.e.

δ(x ▷ n) = x ▷ δ(n), x ∈ h, n ∈ n. (A.63)

The latter follows from the fact that the cocycle condition involving [h, n] reduces to (A.63)

if δ0|h = 0.

Here we have g ≡ B3, h ≡ W, n ≡ V and the plan for the proof is as follows. First, we

show that on W all cocycles are indeed coboundary, i.e. Z(W,
∧∧∧2

B3) = B(W,
∧∧∧2

B3).

In the second step it is shown that Z(V,
∧∧∧2

B3)∩MorW(V,
∧∧∧2

B3) vanishes.

The cocycles (and similarly the coboundaries) can be decomposed according to

Z(W,
2∧
B3) = Z(W,

2∧
W) ⊕ Z(W,

2∧
V ) ⊕ Z(W, V ∧W).

From theorem 1 it is known that Z(W,
∧2W) = B(W,

∧2W) and we can use the same

arguments to show Z(W,
∧2 V ) = B(W,

∧2 V ). Namely, all the formula in the proof of

theorem 1 with Lm → Tm in all terms with a wedge product, including the r-matrices, and

Lm ≡ lm in the rest can be used verbatim to establish the latter statement.

Defining the degree of a cocycle δ ∈ Z(W, V ∧W) to be im + jm −m for

δ(lm) = lim ∧ Tjm (A.64)

the statement Z(W, V ∧W) = B(W, V ∧W) follows for cocycles of degree d ̸= 0 similarly

as in the proof of theorem 1. For degree zero cocycles we again have δ(l0) = 0 from the

cocycle condition with l0, lm. Considering the cocycle condition

δ([l1, l−1]) =
∑

i−1∈I−1

γ−1
i−1

(
(2 + i−1)l−i−1 ∧ Ti−1 + (1 − i−1)l−1−i−1 ∧ T1+i−1

)

−
∑
i1∈I1

γ1i1

(
(−2 + i1)l−i1 ∧ Ti1 + (−1 − i1)l1−i1 ∧ T−1+i1

)
, (A.65)

=0, (A.66)

where we used the ansatz

δ(l1) =
∑
i1∈I1

γ1i1 l1−i1 ∧ Ti1 , δ(l−1) =
∑

i−1∈I−1

γ−1
i−1

l−1−i−1 ∧ Ti−1 , (A.67)



the situation is a bit different than in the proof of theorem 1 as we can not make use of

the index restriction. Instead, we have to distinguish two different cases for the ordered set

of non-zero indices i1 = −pj , j = 1, ..., n. If the largest index is bigger than zero we call it

p1 ≥ pj . Then the corresponding fourth term (type IV term) of (A.65) can not be canceled

by a type III term. Thus it can be only canceled by a type I or II term and we use a

coboundary to eliminate the potential type I term analogously to the proof of theorem 1.

The type II term would require i−1 = −2− p1 to cancel the first type IV term which implies

the existence of a type I term of the form l2+p1 ∧ T−2−p1 which necessitates again a type II

term with i−1 = −3−p1. This would lead to an infinite tower of terms which is not allowed as

I−1 has to be a finite set. The only caveat arises if p1 = 1 because a factor in the first line of

(A.65) vanishes in that case, which we discuss below. If the largest index is smaller or equal

to zero we call the smallest index p1 and use the coboundary to eliminate the type II term.

Then a type I term would be necessary to cancel the type IV term with p1. Again this would

lead to an infinite tower except for the case p1 = 0. Using the same iterative arguments as in

the proof of theorem 1 yields that γ1−pj = 0 except for the two special cases p1 = 1, 0, i.e.

δ(l1) = l0 ∧ T1, δ(l1) = l1 ∧ T0. (A.68)

One can use the r-matrices

r = l−1 ∧ T1, r = l1 ∧ T−1 (A.69)

with appropriate scaling to explicitly show that also in these cases δ is cohomolog to zero on

l1.

When proving that δ(l2) is cohomolog to zero we can reuse the equations (A.28)-(A.33)

where every right tensor leg is replaced by T and the left with l. The only difference is that

without the index restriction there is also the solution i′2 = −1 to (A.33). Plugging it into

(A.32) one finds that e.g. the term proportional to l4 ∧T1 does not vanish and thus δ(l2) = 0.

The rest of the proof of Z(W, V ∧ W) = B(W, V ∧ W) is completely analogous to that of

theorem 1.

In the second step we start by noting that

Z(V,

2∧
B3) = Z(V,

2∧
W) ⊕ Z(V,

2∧
V ) ⊕ Z(V, V ∧W),
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and similar for the morphisms. For a δ ∈ Z(V,
∧∧∧2

W) we make the ansatz

δ(Tm) =
∑
im,jm

αm
im,jm lim ∧ ljm (A.70)

and if the degree of δ, i.e. d = im + jm −m,does not vanish then the condition (from (A.63))

yields

l0 ▷ δ(Tm) = δ(l0 ▷ Tm), (A.71)∑
im,jm

(−im − jm)αm
im,jm lim ∧ ljm =

∑
im,jm

(−m)αm
im,jm lim ∧ ljm (A.72)

and δ has to be zero. For a degree zero cocycle we set

δ(Tm) =
∑
im

αm
im lm−im ∧ lim , (A.73)

with the index restriction im > m/2. From the cocycle condition

0 = δ([T0, T1]) = [T0 ⊗ 1 + 1 ⊗ T0, δ(T1)] − [T1 ⊗ 1 + 1 ⊗ T1, δ(T0)] (A.74)

we get

0 =
∑
i0

α0
i0((1 + i0)T1−i0 ∧ li0 + (1 − i0)l−i0 ∧ T1+i0)

−
∑
i1

α1
i1((i1 − 1)T1−i1 ∧ li1 − i1l1−i1 ∧ Ti1 . (A.75)

Canceling the term proportional to T1−i0 ∧ li0 with the largest index i′0 ≥ i0 we find that it

can be done with the first term in the first line of (A.75) with i1 = i′0. A cancellation with

the second term and i1 = 1− i′0 is not possible because of the index restriction. Thus we have

α0
i′0

(1 + i′0) = α1
i′0

(1 − i′0). (A.76)

From (A.71) with m = 1 and m and 0 exchanged on the other hand one has

∑
i0

α0
i0((1 + i0)l1−i0 ∧ li0 + (1 − i0)l−i0 ∧ li0+1) =

∑
i1

α1
i1 l1−i1 ∧ li1 . (A.77)

Cancellation of the first term on the lhs with the largest index can only be done by the rhs



and we find

(1 + i′0)α
0
i′0

= α1
i′0
, (A.78)

which would imply i′0 = 0 together with (A.76) violating the index restriction. Thus, we

conclude that for δ ∈ Z(V,
∧2W) ∩ MorW(V,

∧2W) δ(T0) = 0 and by (A.71) also δ(Tm) = 0

for all m.

Next, consider a cocycle δ ∈ Z(V,V ∧ W) ∩ MorW(V,V ∧ W). If its degree is not

zero then the first line in (A.71) results in δ(Tm) = 0 similar to the case before. A degree zero

cocycle has the form

δ(Tm) =
∑
im

αm
im lm−im ∧ Tim (A.79)

and from the cocycle condition (A.74) we get

0 =
∑
i0

α0
i0(m + i0)Tm−i0 ∧ Ti0 −

∑
im

αm
im(im −m)Tm−im ∧ Tim . (A.80)

If we set m sufficiently large, the term with the smallest index i′0 on the lhs has to be canceled

by im = i′0 leading to

(m + i′0)α
0
i′0

= (i′0 −m)αm
i′0
. (A.81)

From the condition that δ is a morphism of modules ((A.71) with m and 0 exchanged) we

have furthermore

∑
im

αm
i1mlm−im ∧ Tim =

∑
i0

α0
i0((m + i0)lm−i0 ∧ Ti0 + (m− i0)l−i0 ∧ Ti0+m) (A.82)

leading to

αm
i′0
m = α0

i0(m + i′0), (A.83)

which can not be satisfied for all (large enough) m together with (A.81). Thus, δ(T0) = 0 and

by (A.71) the cocycle vanishes also on all other generators of V .

Finally, a cocycle δ ∈ Z(V,
∧∧∧2 V )∩MorW(V,

∧∧∧2 V ) of degree d ̸= 0 vanishes also by
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virtue of (A.71). If the degree is zero it can be written as

δ(Tm) =
∑
im

αm
imTm−im ∧ Tim (A.84)

and from the morphism condition one extracts

∑
im

αm
immTm−im ∧ Tim =

∑
i0

α0
i0((m + i0)Tm−i0 ∧ Ti0 + (m− i0)T−i0 ∧ Ti0+m). (A.85)

With the index restriction im < m/2 and m < 0 the second term on the rhs with a fixed index

i′0 can be canceled by the first with some i0 = i′0 + m or by the lhs with im = i′0, requiring

that i′0 < m/2. Since the set of indices i0 is finite these two conditions can not be met for

sufficiently large |m| and thus all δ ∈ Z(V,
∧2 V )∩MorW(V,

∧2 V ) have to vanish concluding

the proof.

Proof of Theorem 6

We will structure the proof in the same way as the proof of theorem 5 and as already

noted in the proof of theorem 3 all results that do not use the index restriction carry over

directly. For the first part we are then left to show that Z
(
W+,

∧2 V+

)
= B

(
W+,

∧2 V+

)
which follows from the proof of H1

(
W+,

∧2W+

)
= {0} if in all wedge products we replace

Lm → Tm and Lm → lm in the single generators.

In the second part of the proof we need to show that degree 0 cocycles in Z
(
V+,

∧2W+

)
∩

MorW+

(
V+,

∧2W+

)
and Z

(
V+,

∧2 V+

)
∩ MorW+

(
V+,

∧2 V+

)
vanish. The former cocycle

has the form

δ(T0) = γ01 l0 ∧ l1, δ(T1) = γ12 l−1 ∧ l2 + γ11 l0 ∧ l1 (A.86)

and imposing the cocycle condition yields

δ([T0, T1]) = [T0 ⊗ 1 + 1 ⊗ T0, δ(T1)] − [T1 ⊗ 1 + 1 ⊗ T1, δ(T0)], (A.87)

⇒ γ12 = 0, γ11 = −2γ01 . (A.88)

From the morphism condition on the other hand we have

l1 ▷ δ(T0) = δ(l1 ▷ T0), ⇒ 2γ01 = γ11 , (A.89)



which is only possible if δ(T0) = 0. Then we can use cocycle conditions

0 = δ([T0, Tm]) = −mδ(Tm) (A.90)

for m ≥ −1 to show that δ has to vanish on V+.

Finally, for a degree 0 cocycle δ ∈ Z
(
V+,

∧2 V+

)
we use the same argumentation as above

with lm → Tm in all wedge products to conclude the proof.

Proof of Theorem 7

Similarly to the proof of theorem 4 we start by splitting a cocycle δ ∈ Z
(
B3c,

∧2B3c

)
into δ = δB + δc so that δB maps to

∧2B3 and δc to cL
∧
B3. Then the cocycle condition

(A.58) reads

δB([X,Y ]) = [δB(X), Y ⊗ 1 + 1 ⊗ Y ]B − [δB(Y ), X ⊗ 1 + 1 ⊗X]B, (A.91)

δc([X,Y ]) = [δB(X), Y ⊗ 1 + 1 ⊗ Y ]c − (X ↔ Y ) + [δc(X), Y ⊗ +1 ⊗ Y ]B − (X ↔ Y ),

(A.92)

where the brackets are defined analogously to the proof of theorem 4 and we already omitted

any parts of X,Y ∈ B3 containing the central element. Equation (A.91) then implies with

theorem 5 that δB is a coboundary derived from a cochain r ∈
∧2B3 and we redefine

δ → δ − δr. Thus the first terms on the rhs of (A.92) vanish and for δc we proceed similarly

as in the proof of theorem 5. This means we first consider cocycles in Z (W, cL
∧

B3) =

Z (W, cL
∧
W) ⊕ Z (W, cL

∧
V3). For the first summand the proposition Z (W, cL

∧
W) =

B (W, cL
∧

W) follows as in the last part of the proof of theorem 2 by replacing Lm → lm

and L̄m → cL in all the formulas. The same formulas can also be used with the replacement

Lm → Tm, L̄m → cL in all wedge products including the r-matrices and Lm → lm, L̄m → cL

in the single tensors to show that Z (W, cL
∧
V3) = B (W, cL

∧
V3).

After redefining the cocycle so that δc|W = 0 the cocycle condition involving ln, Tm reduces

to the morphism condition. In particular, for δc ∈ Z (V3, cL
∧∧∧

W) we additionally have to

demand

δc(ln, Tm]) = −[ln ⊗ 1 + 1 ⊗ ln, δc(Tm)]. (A.93)

This equation and the cocycle condition

δc([Tm, Tn]) = [Tm ⊗ 1 + 1 ⊗ Tm, δc(Tn)] − [Tn ⊗ 1 + 1 ⊗ Tn, δc(Tm)] (A.94)
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have to be satisfied separately for cocycles with different degree which we define to be d =

im −m for

δc(Tm) = αm
imcL ∧ lim . (A.95)

For d ̸= 0 the morphism condition (A.93) with n = 0 implies −mδc(Tm) = −imδc(Tm) →
δc(Tm) = 0. If d = 0 the morphism condition with lm, T0 yields

mαm
mcL ∧ Tm = mα0

0cL ∧ Tm (A.96)

which contradicts the cocycle condition with T0, Tm leading to α0
0 = αm

m unless δc vanishes.

Finally, we have to deal with cocycles in Z (V3, cL
∧∧∧

V3). The degree is defined anal-

ogously and for d ̸= 0 the morphism condition (A.93) with n = 0 and the ansatz δc(Tm) =

αm
im
cL ∧ Tim yields −mδc(Tm) = −imδc(Tm) → δc(Tm) = 0. For d = 0 on the other hand

the morphism condition with lm, T0 implies αm
m = α0

0 for all m ∈ Z. As the other cocycle

conditions are trivially satisfied we showed that

δα : lm 7→ 0, Tm 7→ αcL ∧ Tm (A.97)

is indeed a cocycle in Z
(
B3,

∧2B3

)
. Is it easy to see that it can not be derived from a

cochain since the only possibility that has the correct grading (r ∼ cL ∧ l0) produces the

wrong coefficients. Thus we showed that H1
(
B3,

∧2B3

)
= δα.

Proof of Theorem 8

By the arguments from the proof of theorem 5 for the four dimensional BMS algebra

B4 = (W⊕W) ⋊ V4 it suffices to show that

Z((W⊕W),
2∧
B4) = B((W⊕W),

2∧
B4) (A.98)

and

Z(V4,

2∧
B4) ∩ MorW⊕W(V4,

2∧
B4) = 0. (A.99)

In order to show (A.98) one can decompose

Z((W⊕W),
2∧
B4) =Z((W⊕W),

2∧
W) ⊕ Z((W⊕W),

2∧
W) ⊕ Z((W⊕W),

2∧
V4)



⊕ Z((W⊕W),W ∧W) ⊕ Z((W⊕W),W ∧ V4) ⊕ Z((W⊕W),W ∧ V4)

(A.100)

and from Theorem 1,2 and 5 we know that

Z(W,

2∧
W) = B(W,

2∧
W), Z(W,W ∧W) = B(W,W ∧W), (A.101)

Z(W,

2∧
W) = 0 (A.102)

and similar for W ↔ W. Considering a cocycle δ ∈ Z(W,W∧ V4)) we make the ansatz

δ(lm) =
∑

im,jm,km

αm
im,jm,km lim ∧ Tjm,km . (A.103)

Choosing the cochain

r =
∑

i0,j0,k0

α0
i0,j0,k0

−1

i0 + j0 − 1/2
li0 ∧ Tj0,k0 (A.104)

the cocycle δ′ = δ − ∂0r
4 vanishes on l0 and thus the cocycle condition

δ′([l0, lm]) = [l0 ⊗ 1 + 1 ⊗ l0, δ
′(lm)] − [lm ⊗ 1 + 1 ⊗ lm, δ′(l0)], (A.105)

→ (−im + 1/2 − jm)δ′(lm) = −mδ′(lm) (A.106)

implies that it is indeed zero on all generators irrespective of the degree as the indices take

only values in Z.

Similar, for δ ∈ Z(W,W∧ V4)) with the ansatz

δ(lm) =
∑

im,jm,km

αm
im,jm,km l̄im ∧ Tjm,km (A.107)

and

r =
∑

i0,j0,k0

α0
i0,j0,k0

−1

j0 − 1/2
l̄i0 ∧ Tj0,k0 (A.108)

the cocycle δ′ = δ − ∂0r vanishes on l0. The cocycle condition (A.105) again yields

(1/2 − jm)δ′(lm) = −mδ′(lm) (A.109)

4We redefine the ansatz so that (A.103) holds for δ′ except that α0 vanishes.
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proving that Z(W,W ∧ V4)) = B(W,W ∧ V4)).

This leaves only Z(W,
∧∧∧2 V4)) in the first step of the proof. For a cocycle δ of the form

δ(lm) =
∑

im,jm,km,sm

αm
im,jm,km,smTim,jm ∧ Tkm,sm (A.110)

we define the (left) degree dL to be dL = m− im − km and analogously the right degree dR.

Then for a cocycle of degree dL ̸= 1 (or similarly for dR ̸= 1) the cochain

r =
∑

i0,j0,k0,s0

α0
i0,j0,k0,s0

−1

1 − i0 − k0
Ti0,j0 ∧ Tk0,s0 (A.111)

can be used to show that δ′ = δ − ∂0r vanishes on l0. In that case the cocycle condition

(A.105) yields

−mδ′(lm) = (1 − im − km)δ′(lm), (A.112)

which has to vanish.

A cocycle of (left) degree one can be written as

δ(lm) =
∑

im,jm,sm

αm
im,jm,smTm−im,jm ∧ Tim+1,sm , (A.113)

with im < m/2. From (A.105) one obtains

−mδ(lm) = −mδ(lm) − [lm ⊗ 1 + 1 ⊗ lm, δ(l0)], (A.114)

which has to hold for all m and thus δ(l0) = 0. Then the cocycle condition

δ([l1, l−1]) = [l1 ⊗ 1 + 1 ⊗ l1, δ(l−1)] − [l−1 ⊗ 1 + 1 ⊗ l−1, δ(l1)] (A.115)

yields the equation

0 =
∑

i1,j1,s1

α1
i1,j1,s1 ((i1 − 1)T−i1,j1 ∧ Ti1+1s1 − (i1 + 1)T1−i1,j1 ∧ Ti1,s1)

−
∑

i−1,j−1,s−1

α−1
i−1,j−1,s−1

(
(2 − i−1)T−i−1,j1 ∧ Ti−1+1,s−1 − i−1T−1−i−1,j−1 ∧ Ti−1+2,s−1

)
.

(A.116)

Comparing with (A.13) shows that the index structure (neglecting the second index of the T )



is almost the same, except that the index of the T on the rhs of the wedge product and the

prefactors on the second terms in the first and second line of (A.116) are always higher by one.

Because of the index restriction, the ordering of the wedge product is fixed (so that a left and

a right term never have to coincide) and thus the same argumentation can be used. This is

also consistent with the prefactors as any commutators with the right wedge product legs are

higher by one compared to the situation in the proof of theorem 1. Therefore δ(l1) = 0 and

we use the same strategy to show that δ(l2) = 0, i.e. we iteratively use the cocycle condition

to compute δ(l5) and then compare with the cocycle condition with l2 and l3. As a result, we

obtain in analogy with (A.33)

0 = T2−i′2,j2
∧ Ti′2+4,s2

(
−
(

1

2
+ i′2

)
i′2 + (i′2 − 1) − 1

6
i′2(1 + i′2)(2 + i′2)

)
(A.117)

for the largest index i′2 and since this equation has no solution in Z, δ(l2) = 0. Then δ(lm) =

0,m > 0 follows easily and

0 = δ([l−1, lm]) = −[lm ⊗ 1 + 1 ⊗ lm, δ(l−1)] (A.118)

for all positive m yields δ(l−1) = 0. Showing that δ(l−2) = 0 and subsequently for all negative

m is again obtained in an analogous way and thus Z(W,
∧2 V4)) = B(W,

∧2 V4)).

In the second step it will be shown that Z(V4,
∧∧∧2

B4)∩MorW⊕W(V4,
∧∧∧2

B4) = {0}.

Using a decomposition as in (A.100) we start with MorW⊕W(V4,
∧∧∧2

W). The general

ansatz

δ(Tmk) =
∑
i,j

li ∧ lj (A.119)

and the morphism condition

l0 ▷ δ(Tmk) = δ(l0 ▷ Tmk) (A.120)

yield

∑
i,j

(
1

2
−m

)
li ∧ lj =

∑
i,j

(−i− j)li ∧ lj (A.121)

and thus MorW⊕W(V4,
∧2W) = {0}. Similarly, one has MorW⊕W(V4,

∧∧∧2
W) = {0} and

MorW⊕W(V4,W∧W) = {0}.
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For a cocycle δ ∈ MorW⊕W(V4,
∧∧∧2 V4) (A.120) results in

∑
imk,jmk,kmk,smk

αmk
imk,jmk,kmk,smk

(
1

2
−m

)
Timk,jmk

∧ Tkmk,smk

=
∑

imk,jmk,kmk,smk

αmk
imk,jmk,kmk,smk

(1 − imk − kmk)Timk,jmk
∧ Tkmk,smk

, (A.122)

with the ansatz

δ(Tmk) =
∑

imk,jmk,kmk,smk

αmk
imk,jmk,kmk,smk

Timk,jmk
∧ Tkmk,smk

(A.123)

and therefore MorW⊕W(V4,
∧2 V4) = {0}.

Finally, for a cocycle δ ∈ MorW∧W(V4, V4 ⊕W) we define the degree such that

δ(Tmk) =
∑

imk,jmk,kmk

αmk
imk,jmk,kmk

limk
∧ Tjmk,kmk

(A.124)

has degree d = imk + jmk −m. If d ̸= 0 the equation(
1

2
−m

) ∑
imk,jmk,kmk

αmk
imk,jmk,kmk

limk
∧ Tjmk,kmk

=
∑

imk,jmk,kmk

αmk
imk,jmk,kmk

(
1

2
− imk − jmk

)
limk

∧ Tjmk,kmk
(A.125)

from (A.120) implies δ = 0. Otherwise, i.e. for a degree zero cocycle, we set

δ(Tmk) =
∑

imk,smk

αmk
imk,smk

lm−imk
∧ Timk,smk

(A.126)

and the cocycle condition

0 = δ([T0k, Tmk′ ]) = [T0k ⊗ 1 + 1 ⊗ T0k, δ(Tmk′)][Tmk′ ⊗ 1 + 1 ⊗ Tmk′ , δ(T0k)] (A.127)

results in

0 =
∑

imk′ ,smk′

αmk′
imk′ ,smk′

(
−m− imk + 1

2
Tm−imk′ ∧ Timk′ ,smk′

)

−
∑

i0k,s0k

α0k
i0k,s0k

((
−1 − i0k

2
−m

)
Tm−i0k,k ∧ Ti0k,sok

)
, (A.128)



→ αmk
i′0k,s0k

m− i′0k + 1

2
=α0k

i′0k,s0k

(
1 − i′0k

2
−m

)
(A.129)

for the smallest index i′0k and sufficiently large m. Additionally, the morphism condition

yields

lm ▷ δ(T0k) =δ(lm ▷ T0k), (A.130)

∑
i0k,s0k

α0k
i0k,s0k

(
(m + i0k)lm−i0k ∧ Ti0k,s0k +

(
m + 1

2
− i0k

)
l−i0k ∧ Ti0k+m,s0k

)

=
∑

imk,smk

αmk
imk,smk

(
m + 1

2
lm−imk

∧ Timk,smk

)
, (A.131)

→ α0k
i′0k,s0k

(m + i′0k) = αmk
i′0k,s0k

m + 1

2
(A.132)

under the same conditions. Since the equations (A.129) and (A.132) can not be satisfied si-

multaneously for all m we have MorW∧W(V4, V4∧W) = {0} and analogously MorW∧W(V4, V4∧
W) = {0}. This completes the proof.

Proof of Theorem 9

The proof is structured similarly as for theorem 7. A generic cocycle in Z
(
B4c,

∧2B4c

)
can be split into the parts δ = δB + δc + δc̄ + δc,c̄ mapping to

∧2B4, cl
∧
B4, cl̄

∧
B4 and

cl
∧

cl̄C respectively. The cocycle condition with X,Y ∈ B4

δ([X,Y ]) = [δ(X), Y ⊗ 1 + 1 ⊗ Y ] − (X ↔ Y ) (A.133)

splits into

δB([X,Y ]B) = [δB(X), Y ⊗ 1 + 1 ⊗ Y ]B − (X ↔ Y ), (A.134)

δc([X,Y ]B) = [δB(X), Y ⊗ 1 + 1 ⊗ Y ]c + [δc(X), Y ⊗ 1 + 1 ⊗ Y ]B − (X ↔ Y ), (A.135)

δc̄([X,Y ]B) = [δB(X), Y ⊗ 1 + 1 ⊗ Y ]c̄ + [δc̄(X), Y ⊗ 1 + 1 ⊗ Y ]B − (X ↔ Y ), (A.136)

δc,c̄([X,Y ]B) = [δc(X), Y ⊗ 1 + 1 ⊗ Y ]c̄ + [δc̄(X), Y ⊗ 1 + 1 ⊗ Y ]c − (X ↔ Y ), (A.137)

where [, ]B, [, ]c and [, ]c̄ conserves or respectively increases the number of central charges in

the input. Equation (A.134) implies with theorem 8 that δB is a coboundary with a cochain

r ∈
∧2B4. After redefining δ → δ − δr we next turn to the semi-simple “factor” W ⊕W of
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the semi-direct product B using equations (A.135)-(A.136) where the first term on the rhs

vanishes. We further decompose

Z
(
W⊕W, cl

∧
(W⊕W)

)
=Z

(
W, cl

∧
W
)
⊕ Z

(
W, cl

∧
W
)

⊕ Z
(
W, cl

∧
W
)
⊕ Z

(
W, cl

∧
W
)

(A.138)

and (A.135) for δc ∈ Z (W, cl
∧∧∧

W) can be used as in the last part of the proof of theorem

2 by replacing Lm → lm, L̄m → cl to show that δc has to be a coboundary from a cochain

r ∈ cl
∧
W. Similarly Z

(
W, cl

∧∧∧
W
)
= B

(
W, cl

∧∧∧
W
)

and the remaining parts have to

vanish because e.g. the rhs of (A.135) is alwas zero for δc ∈ Z
(
W, cl

∧
W
)
. Equation (A.136)

completely analogously asserts the same statements for cl → cl̄.

Next we consider cocycles δc ∈ Z (W⊕W, cl
∧∧∧

V4). With the general ansatz

δc(lm) =
∑

pm,qm

αm
pm,qmcl ∧ Tpm,qm (A.139)

the cochain r =
∑

p0,q0
α0
p0,q0

1
1/2−p0

cl ∧ Tp0,q0 can be used so that δc → δc − δr vanishes on l0.

Then the cocycle condition (A.135) with X = lm, Y = l0 gives

mδc(lm) =

(
p− 1

2

)
δc(lm) (A.140)

and thus δc(lm) = 0 and similarly also δc(l̄m) = 0 = δc̄(lm) = δc̄(l̄m).

Equation (A.135) for δc ∈ Z (V4, cl
∧∧∧

W) (and similarly for W → W) with X = l0, Y =

Tpq is just a morphism condition and with the ansatz

δc(Tpq) =
∑
ipq

αpq
ipq

cl ∧ lipq (A.141)

it yields (
1

2
− p

)
δc(Tpq) = δc(Tpq)ipq (A.142)

which thus has to vanish.

This leaves us with δc ∈ Z (V4, cl
∧∧∧

V4) where the morphism condition with X = l0, Y =

Tpq and the ansatz

δc(Tpq) =
∑

ipq ,jpq

αpq
ipq ,jpq

cl ∧ Tipq ,jpq (A.143)



results in (
p− 1

2

)
δc(Tpq) = δc(Tpq)

(
ipq −

1

q

)
, (A.144)

which implies δc(Tpq) = 0 unless the left degree dL ≡ ipq −m is zero. Similarly one finds that

any cocycle with right degree dR ≡ jpq −m ̸= 0 has to vanish, leaving only the possibility

δα,ᾱ : lm 7→ 0, l̄m 7→ 0, Tpq 7→ (αcl + ᾱcl̄) ∧ Tpq, (A.145)

which satisfies all the cocyle conditions and can not be written as a coboundary because the

only r-matrices with the correct grading (r ∼ cl/l̄ ∧ l0, r ∼ cl/l̄ ∧ l̄0) do not reproduce the

coefficients.

Finally, we have to consider cocycles mapping to cl
∧∧∧

cl̄C. To this end we simply use

the cocycle condition (A.137) with X = lm, Y = ln (respectively X = l̄m, Y = l̄n) and that δc

(δc̄) is cohomolog to zero to show that δc,c̄(lm) (δc,c̄(l̄m)) has to vanish. The same equations

with X = lm, Y = Tpq imply δc,c̄(Tpq) = 0 if we take into account that on the rhs δc(Tpq) (or

δc̄(Tpq)) is cohomolog to at most δα,ᾱ and thus the brackets [, ]c, [, ]c̄ vanish.

From cocycle conditions with X = cl and Y ∈ B4 we again conclude that δ(cl) (or δ(cl̄))

has to be ad-invariant. Contrary to the proof of theorems 4 and 7 this at first sight leaves

open the possibility that δ(cl) ∼ cl ∧ cl̄. However, from

δ([ln, l−n]c) = [δ(ln), l−n ⊗ 1 + 1 ⊗ l−n]c − (n ↔ −n) (A.146)

and the previous results that δ is cohomolog to zero on W we see that δ(cl) = δ(cl̄) = 0

concluding the proof.



Appendix B
Classification of r-matrices

B.1 Classification of Triangular r-matrices in o(4)

First, note that since o(4,C) = sl(2) ⊕ s̄l(2) and
∧2 o(4,C) = sl(2) ∧ sl(2) ⊕ sl(2) ∧ s̄l(2) ⊕

s̄l(2) ∧ s̄l(2) each r-matrix can be split according to

r = a + ā + b, a ∈ sl(2) ∧ sl(2), ā ∈ s̄l(2) ∧ s̄l(2), b ∈ sl(2) ∧ s̄l(2). (B.1)

Starting with a generic

a = α+L1 ∧ L0 + α0L1 ∧ L−1 + α−L−1 ∧ L0, (B.2)

triangularity [[a, a]] = 0 enforces

α2
0 = −α+α−. (B.3)

Using the automorphism (4.8) with γ =
√
−α−

α+
, ϵ = 1 in the case α0 ̸= 0 and with ϵ = −1(+1)

if α− = 0(α+ = 0) we find that there are two one-parameter r-matrices in sl(2) ∧ sl(2)

a1 = α(L1 ∧ L0 + L1 ∧ L−1 − L−1 ∧ L0), (B.4)

a2 = αL1 ∧ L0 (B.5)

and similar for s̄l(2) ∧ s̄l(2)

ā1 = ᾱ(L̄1 ∧ L̄0 + L̄1 ∧ L̄−1 − L̄−1 ∧ L̄0), (B.6)

ā2 = ᾱL̄1 ∧ L̄0. (B.7)



For r-matrices that only contain terms of type b one has to demand [[b, b]] = 0 and the general

result (before applying any automorphisms) as obtained in [95] reads

(β+L1 + β0L0 + β−L−1) ∧ (β̄+L̄1 + β̄0L̄0 + β̄−L̄−1). (B.8)

Taking into account the automorphisms (4.8), (4.9) one can represent this as eleven r-matrices

with up to four parameters

b1 =(βL1 + β0L0 + βL−1) ∧ (β̄L̄1 + β̄0L̄0 + β̄L̄−1), (B.9)

b2 =(L1 + L0) ∧ (β̄L̄1 + β̄0L̄0 + β̄L̄−1), (B.10)

b3 =(L1 + L−1) ∧ (β̄L̄1 + β̄0L̄0 + β̄L̄−1), (B.11)

b4 =β(L1 + L0) ∧ (L̄1 + L̄0), b5 = β(L1 + L−1) ∧ (L̄1 + L̄−1), (B.12)

b6 =β(L1 + L−1) ∧ (L̄1 + L̄0), b7 = L1 ∧ (β̄L̄1 + β̄0L̄0 + β̄L̄−1), (B.13)

b8 =L1 ∧ β̄(L̄1 + L̄0), b9 = L1 ∧ β̄(L̄1 + L̄−1), (B.14)

b10 =L1 ∧ L̄1, b11 = L1 ∧ L̄0. (B.15)

When combining a, ā and b terms there are two different cases, [[b, b]] = 0 and [[b, b]] =

−2[[b, a]] − 2[[b, ā]] ̸= 0, that will be analyzed separately. In the first case (for the moment

considering only a terms) one infers [[b, a]] = 0 and [[a, a]] = 0. With the general ansatz (B.2)

for a and

b =β1L1 ∧ L̄1 + β2L1 ∧ L̄0 + β3L1 ∧ L̄−1

+ β4L0 ∧ L̄1 + β5L0 ∧ L̄0 + β6L0 ∧ L̄−1

+ β7L−1 ∧ L̄1 + β8L−1 ∧ L̄0β9L−1 ∧ L̄−1 (B.16)

we extract the equations

−2β1α0 + β4α1 = 0, −β4α−1 − 2β7α0 = 0, (B.17)

β1α−1 + β7α1 = 0, −2β2α0 + β5α1 = 0, (B.18)

−β5α−1 − 2β8α0 = 0, β2α−1 + β8α1 = 0, (B.19)

−2β3α0 + β6α1 = 0, −β6α−1 − 2β9α0 = 0, (B.20)

β3α−1 + β9α1 = 0 (B.21)
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from [[b, a]] = 0. For the coefficients of a triangularity entails (B.3) and for b we additionally

use the automorphisms to bring them in the form (B.9)-(B.15). For b = b1, implying

β1 = β3 = β7 = β9, β2 = β8, β4 = β6,

the equations (B.17)-(B.21) yield

α−1 = −α1, β4 = 2β1, β5 = 2β2,

resulting in

r = (L1 + L−1 + 2L0) ∧ (β1(L̄1 + L̄−1) + β2L̄0) + a1. (B.22)

Similarly, for the other r-matrix components of type b one has

r ≡ b2 + a =L1 ∧ (β1(L̄1 + L̄−1) + β2L̄0) + a2, (B.23)

r ≡ b3 + a =b3 + α(L1 − L−1) ∧ L0, (B.24)

r ≡ b4 + a =βL1 ∧ (L̄1 + L̄0) + a2, (B.25)

r ≡ b4 + a =β(L1 + L0) ∧ L̄1 + a2, (B.26)

r ≡ b5 + a =b5 + α(L1 − L−1) ∧ L0, (B.27)

r ≡ b6 + a =b6 + a1, (B.28)

r ≡ b7 + a =L1 ∧ L̄0 + a2, (B.29)

r ≡ b8 + a =L1 ∧ (L̄1 + L̄0) + a2, (B.30)

r ≡ b9 + a =L1 ∧ (L̄1 + L̄−1) + a2, (B.31)

r ≡ b10 + a =L1 ∧ L̄1 + a2. (B.32)

To classify r-matrices of the form b + ā one can use (4.9) and that the coefficients of b̄ with

(B.16) are just the transposed coefficients (if they are represented by a 3 × 3 matrix) of b

and a global minus sign. In the symmetric cases b1, b4, b5, b10 the results are automorphic to

(B.23)-(B.28) with φ′ and for the rest one has

r = −b̄2 + a =β(L1 + L−1 + 2L0) ∧ (L̄1 + L̄0) + a1, (B.33)

r = −b̄4 + a =β(L1 + L−1 + 2L0) ∧ (L̄1 + L̄−1) + a1, (B.34)

r = −b̄6 + a =b6 + αL1 ∧ (L0 + 2L−1), (B.35)

r = −b̄7 + a =L1 ∧ (L̄1 + L̄−1 + 2L̄0) + ā1. (B.36)



While the r in (B.24) and (B.35) are solutions of [[b, a]] = 0, the a part is not triangular so

they have to be discarded. Combining the previous results (and explicitly calculating some

”overlaps” of the form [[b, ā]]), we find for b + a + ā the following possibilities

r ≡b1 + a + ā = (L1 + L−1 + 2L0) ∧ (L̄1 + L̄1 + 2L̄0) + a1 + ā1, (B.37)

r ≡b2 + a + ā = βL1 ∧ (L̄1 + L̄−1 + 2L̄0) + a2 + ā1, (B.38)

r ≡b4 + a + ā = L1 ∧ (L̄1 + L̄0) + a2 + ā2, (B.39)

r ≡b10 + a + ā = L1 ∧ L̄1 + a2 + ā2. (B.40)

In the case [[b, b]] ̸= 0 we again make use of the results found in [95]. In particular, the

general solution for the equation

0 ̸= [[b, b]] = −2[[b, a]] − 2[[b, ā]] (B.41)

up to Aut(o(4,C)) has the form

αL1 ∧ L−1 − αL̄1 ∧ L̄−1 + b, αL1 ∧ L0 + αL̄1 ∧ L̄0 + b′, (B.42)

with specific b, b′ that are not of interest for now. The first r-matrix in (B.42) is quasitriangular

with ad-invariant (in o(4,C)) element containing Ω = 4α2L1 ∧ L0 ∧ L−1 + ... and since the

solutions of (B.41) up to Aut(W⊕W) are in the orbits of o(4,C) automorphisms φ containing

(B.42) we would need

φ(Ω) = 4α2φ(L1 ∧ L0 ∧ L−1) + ... = 0 (B.43)

to obtain a triangular solution. This, however, would entail that the matrix of the coefficients

of φ has determinant zero but then it would not be invertible and thus φ no automorphism.

Furthermore, there can be no o(4,C) automorphism that maps the a terms of the second

solution of (B.42) to a1 because a1 can not be written in the form (α1L1 + α2L0 + α3L−1) ∧
(α′

1L1 +α′
2L0 +α′

3L−1). We conclude that only r-matrices of the form b+ a2 + ā2 have to be

considered. To this end we extract the equations

β1β5 − β2β4 + β42α = 0, −β4β8 + β7β5 = 0, (B.44)

β1β8 − β2β7 + β72α = 0, 2β1β6 − 2β3β4 + β52α = 0, (B.45)

−2β4β9 + 2β6β7 = 0, 2β1β9 − 2β3β7 + β82α = 0, (B.46)

−β3β5 + β2β6 + β62α = 0, −β5β9 + β6β8 = 0, (B.47)
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−β3β8 + β2β9 + β92α = 0 (B.48)

from (B.41). Additionally, we also get the same equations with α → −ᾱ and in the terms

proportional to ᾱ the coefficients of b are transposed. Solving these equations yields only the

solution

β1L1 ∧ L̄1 + β2(L1 ∧ L̄0 + L̄1 ∧ L0) + β2L1 ∧ L0 + β2L̄1 ∧ L̄0, (B.49)

i.e. the same as in [95]. After removing duplicates, all the r-matrices we found can be casted

into the classes (4.10)-(4.17).

B.2 Triangular r-matrices in P4

In table 1 in [98] the classification of r-matrices in the four dimensional Poincaré algebra is

given. It is not quite complete, however, only certain quasitriangular r-matrices are miss-

ing. After calculating the Schouten brackets we obtain the following triangular part of this

classification.

r1 = k̄0 ∧ k0 + αS11 ∧ S00, r2 = k̄1 ∧ k1 + βS11 ∧ k̄0, (B.50)

r3 = k̄1 ∧ k1 + αS11 ∧ S01, r4 = α1S11 ∧ S01 + α2S11 ∧A01, (B.51)

r5 = k0 ∧ k1 − k̄0 ∧ k̄1 + γk̄1 ∧ k1, r6 = k0 ∧ k1, (B.52)

r7 = S11 ∧ k0 + S01 ∧ k1 + A01 ∧ k̄1 + βS11 ∧ k1, (B.53)

r8 = S11 ∧ (k0 + k1) + αS11 ∧A01, (B.54)

r9 = S01 ∧ k̄1 + S11 ∧ k1 + α1S00 ∧ S01 + α2S11 ∧A01, (B.55)

r10 = A01 ∧ k1 + α1S11 ∧ S01 + α2S00 ∧A01, (B.56)

r11 = S11 ∧ k1 + S00 ∧ (αS11 + α1S01 + α2A01) + α̃S11 ∧A01, (B.57)

r12 = (S11 + S00) ∧ k̄0 + α1S11 ∧ S00 + α2S01 ∧A01, (B.58)

r13 = (S11 − S00) ∧ k̄0 + α1S11 ∧ S00 + α2S01 ∧A01, (B.59)

r14 = S11 ∧ k̄0 + α1S11 ∧ S00 + α2S01 ∧A01, (B.60)

r15 = S01 ∧ k0 + α1S11 ∧ S00 + α2S01 ∧A01, (B.61)

r16 = S11 ∧ k0 + α1S11 ∧ S00 + α2S01 ∧A01, (B.62)

r17 = S11 ∧ (k0 + βk̄0) + αS01 ∧A01. (B.63)





Bibliography

[1] V. G. Drinfeld, “Hopf algebras and the quantum Yang-Baxter equation,” Sov. Math.
Dokl. 32 (1985), 254-258

[2] M. Jimbo, “A q difference analog of U(g) and the Yang-Baxter equation,” Lett. Math.
Phys. 10 (1985), 63-69 doi:10.1007/BF00704588

[3] L. D. Faddeev, N. Y. Reshetikhin and L. A. Takhtajan, “Quantization of Lie Groups and
Lie Algebras,” Alg. Anal. 1 (1989) no.1, 178-206 LOMI-E-14-87.

[4] S.L. Woronowicz, “Compact matrix pseudogroups,” Communications in Mathematical
Physics, 111, 613, 1987

[5] J. Lukierski, H. Ruegg and W. J. Zakrzewski, “Classical quantum mechanics of free
kappa relativistic systems,” Annals Phys. 243 (1995), 90-116 doi:10.1006/aphy.1995.1092
[arXiv:hep-th/9312153 [hep-th]].

[6] M. Santander, “The Dawn of Multi-Messenger Astronomy,”
doi:10.1142/9789814759410 0009 [arXiv:1606.09335 [astro-ph.HE]].

[7] S. Doplicher, K. Fredenhagen and J. E. Roberts, “Space-time quantization induced by
classical gravity,” Phys. Lett. B 331 (1994), 39-44 doi:10.1016/0370-2693(94)90940-7

[8] S. Doplicher, K. Fredenhagen and J. E. Roberts, “The Quantum structure of space-time
at the Planck scale and quantum fields,” Commun. Math. Phys. 172 (1995), 187-220
doi:10.1007/BF02104515 [arXiv:hep-th/0303037 [hep-th]].

[9] R. Wulkenhaar, “Field theories on deformed spaces,” J. Geom. Phys. 56 (2006), 108-141
doi:10.1016/j.geomphys.2005.04.019

[10] J. Lukierski, A. Nowicki and H. Ruegg, “New quantum Poincare algebra and k deformed
field theory,” Phys. Lett. B 293 (1992), 344-352 doi:10.1016/0370-2693(92)90894-A

[11] P. Kosinski, P. Maslanka, J. Lukierski and A. Sitarz, “Towards kappa-deformed D = 4 rel-
ativistic field theory,” Czech. J. Phys. 48 (1998), 1407-1414 doi:10.1023/A:1021661323795



[12] L. Freidel, J. Kowalski-Glikman and S. Nowak, “Field theory on kappa-Minkowski space
revisited: Noether charges and breaking of Lorentz symmetry,” Int. J. Mod. Phys. A 23
(2008), 2687-2718 doi:10.1142/S0217751X08040421 [arXiv:0706.3658 [hep-th]].

[13] M. Arzano and A. Marciano, “Fock space, quantum fields and kappa-Poincare
symmetries,” Phys. Rev. D 76 (2007), 125005 doi:10.1103/PhysRevD.76.125005
[arXiv:0707.1329 [hep-th]].

[14] M. Daszkiewicz, J. Lukierski and M. Woronowicz, “Kappa-deformed oscillators, the
choice of star product and free kappa-deformed quantum fields,” J. Phys. A 42 (2009),
355201 doi:10.1088/1751-8113/42/35/355201 [arXiv:0807.1992 [hep-th]].
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matical physics 185.2 (1997): 285-311.

[99] A. Borowiec, A. Meljanac, D. Meljanac and A. Pachol ”Interpolations between Jordanian
twists induced by coboundary twists.” SIGMA. Symmetry, Integrability and Geometry:
Methods and Applications 15 (2019): 054.

[100] V.D. Lyakhovsky, “Twist deformations of κ-Poincaré algebra,” Rep. Math. Phys. 61
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